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Abstract. We present a fast algorithm for sorting on a linear array with a re-
configurable pipelined bus system (LARPBS), one of the recently proposed par-
allel architectures based on optical buses. Our algorithm gértsumbers in
O(log N loglog N) worst-case time usiny processors. To our knowledge, the
previous best sorting algorithm on this architecture has a running ti@élog? N).

1 Introduction

Recent advances in optical and opto-electronic technologies indicate that optical in-
terconnects can be used effectively in massively parallel computing systems involving
electronic processors [1]. The delays in message propagation can be precisely con-
trolled in an optical waveguide and this can be used to support high bandwidth pipelined
communication. Several different opto-electronic parallel computing models have been
proposed in the literature in recent years. These models have opened up new challenges
in algorithm design. We refer the reader to the paper by Sahni [8] for an excellent
overview of the different models and algorithm design techniques on these models.
Dynamically reconfigurable electronic buses have been studied extensively in re-
cent years since they were introduced by Milkdral. [3]. There are two related
opto-electronic models based on the idea of dynamically reconfigurable optical buses,
namely, theArray with Reconfigurable Optical Bus¢AROB) and theLinear Array
with Reconfigurable Pipelined Bus SystginSRPBS). The LARPBS model has been
investigated in [2,4—6] for designing fast algorithms from different domains. There are
some similarities between these two models. For example, the buses can be dynamically
reconfigured to suit computational and communication needs and the time complexities
of the algorithms are analyzed in terms of the number of bus cycles needed to perform
a computation, where a bus cyetds the time needed for a signal to travel from end
to end along a bus. However, there is one crucial difference between these two models.
In the AROB model, the processors connected to a bus are able to count optical pulses
within a bus cycle, whereas in the LARPBS model counting is not allowed during a
bus cycle. In the LARPBS model, processors can set switches at the start of a bus cycle
and take no further part during a bus cycle. In other words, the basic assumption of the
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AROB model is that the CPU cycle time is equal to the optical pulse time since the
processors connected to a bus need to count the pulses. This is an unrealistic assump-
tion in some sense since the pulse time is usually much faster than the CPU time of an
electronic processor. On the other hand, the LARPBS model is more realistic since the
basic assumption in this model is that the bus cycle time is equal to the CPU cycle time.
Sorting is undoubtedly one of the most fundamental problems in computer science
and a fast sorting algorithm is often used as a preprocessing step in many other algo-
rithms. The first sorting algorithm on the LARPBS model was designed byePah
[7]. Their algorithm is based on the sequential quicksort algorithm and rundag N')
time on an average and (V) time in the worst case on aN processor LARPBS.
To our knowledge, the best sorting algorithm for this model is due to Pan [4]. His al-
gorithm sortsN numbers inO(log® N') worst-case time. We present an algorithm for
sorting N numbers irO(log N loglog N) time on an LARPBS withV processors. Our
algorithm is based on a novel deterministic sampling scheme for merging two sorted
arrays of lengthV each inO(log log N) time.

2 Fast sorting on the LARPBS

We refer the reader to [2, 5, 6] for further details of the LARPBS model. The measure
of computational complexity on an LARPBS is the number of bus cycles used for the
computation and the amount of time spent by the processors for local computations.
A bus cycle is the time needed for end to end message transmission over a bus and
assumed to take onty(1) time. In most algorithms on the LARPBS model, a processor
performs only a constant number of local computation steps between two consecutive
bus cycles and hence the time complexity of an algorithm is proportional to the number
of bus cycles used for communication.

We use some basic operations on the LARPBS in our algorithm.dneato-one
communicationa source processor sends a message to a destination processor. In a
broadcasting operationa source processor sends a message to all the dtherl
processors in an LARPBS consisting &f processors. In aulticasting operationa
source processor sends a message to a group of destination processarsiltipla
multicastingoperation, a group of source processors perform multicasting operations.
A destination processor can only receive a single message during a bus cycle in a mul-
tiple multicasting operation. In thieinary prefix suncomputation, each processor in
an LARPBS with/N processors stores a binary value, with processorl < i < N
storing the binary valug;. The aim is to compute th& prefix sumsS;, 1 <¢ < N,
whereS; = >7'_, b;.

Suppose each processor in Anprocessor LARPBS is marked eitheradive or
asinactivedepending on whether the processor holdsaoa a0 in one of its registers
R;. Also, each processor holds a data element in another of its regigtels the
ordered compressioproblem, the data elements of all the active processors are brought
to consecutive processors at the right end of the array, keeping their order in the original
array intact.

The following lemma has been proved byadtial. [2] and Pan and Li [5].



Lemma 1. One-to-one communication, broadcasting, multicasting, multiple multicas-
ting, binary prefix sum computation and ordered compression all can be danglin
bus cycles on the LARPBS model.

Given a sequence df numbersky, ks, ..., ky, the sorting problem is to arrange
these numbers in nondecreasing order. Our sorting algorithm on the LARPBS is based
on the well known sequentiaherge soralgorithm. We use an algorithm for merging
two sorted arrays of lengthi each inO(loglog V) time on an LARPBS withV pro-
cessors. We now give some definitions and properties which are necessary for designing
our merging algorithm.

2.1 Definitions and properties

Suppose we have two arrays = {l;, ls, ...,In} andR = {ry, ro, ...,rn}
each havingV elements and each sorted according to ascending order. We assume for
simplicity that all the elements ih U R are distinct. It is easy to modify our algorithm
for the case when an element may occur multiple times. For an eldment., we
denote its predecessor and successak iny pred(/;) andsucdl;). Successors and
predecessors are denoted similarly for an elemeft in

Therankof[; in L is its index; in the arrayL and denoted byank;,(I;). Similarly,
the rank ofr; in R is its index: in the arrayR and denoted byankg(r;). The rank of
l; in R, denoted byrankg(l;), is rankg(r;) of an element; € R such that; < [;
and there is no other element € R such that; < r;, < [;. Sometime we will write
rankg(l;) = r; by abusing the notation.

Similarly, the rank of-; in L, denoted byank;, (r;), isrankz(I;) of an element; in
L such that; < r; and there is no other elemdpte L such that; < [;, < r;. For an
element,,, € L, the rank of,,,, in L U R is denoted byank(/,,,). The following lemma
is a direct consequence of definitions of these three kinds of ranks.

Lemma 2. For an element,,, € L, 1 < m < N, rank(l,;,) =ranky,(l,,)+ rankg(l,,).
Similarly, for an element,, € R, 1 < n < N, rank(r,,) = rankg(r,,) + rankg, (ry,).

It is clear from Lemma 2 that if we computankg(l;) for each element; € L,
we can computeank(l;). Note that, we already knowank;,(I;) since L is already
sorted andank, (I;) is simply the index. Similarly, if we computeank; (r;) for each
elementr; € R, we can computeank(r;). We refer to these two problems esiking
of L in R andrankingof R in L.

We do the ranking of. in R recursively in several stages. When every elemeft in
is ranked inR, we say that_ is saturated Consider a stage whdnis still unsaturated.
In other words, some elements Inare already ranked ik and some are yet to be
ranked.

Definition 3 Consider two consecutive ranked elemdpisand l,,, m < n. All the
elements betwedp, andi,, i.e.,succ(ly), ..., pred(l,) are unranked and these ele-
ments are called the gap betwegnand/,, and denoted by Gap,,, [,).



Definition 4 Consider two consecutive ranked eleméptandi,, in L. Suppose, rank
(I) = rp and rankg(l,) = r4. The elementsucc(r,), .. ., r, are collectively called
the cover of Gafl,,,, [,,) and denoted as Cov@,, [,,). See Figure 1 for an illustra-
tion.

Cover(lm,ly)

Figure 1. lllustration forgapandcover

Lemma 5. Foran element; € Gap(l,,, 1), either rankg(l;) =rankg(l,,) or rankg(l;)
= r, such thaty,,, eCovell,,, ).

Definition 6 For two ranked elements,, I, € L, if I, # succ(l,,), we say that
Gap(lm, l,) is non-empty.

Definition 7 Consider a non-empty gap Gdp,, l,,) and its Covefl,,, [,,). We say
that Gadl,,, l,,) has anempty coverif rankg(l,,,) = rankg(l,), i.e., ifl,, andl,, are
ranked at the same elementiih

The following two lemmas are crucial for our algorithm.

Lemma 8. If Coven(l,,,l,) is the non-empty cover for Gélp,, [, ), an element; €
Covell,,,l,,) must be ranked in Gdp,,, l,,).

Lemma 9. If Gap(l,,, I,,) and Gagl,, I,) are two arbitrary and distinct non-empty
gaps inL, then Gafl,,, 1,) N Gapl,, l,) = 0. Similarly, if Cove(l,,, I,) and
Covell,, l,) are two arbitrary and distinct non-empty coversfinthen Covefl,,, I,,)

N Coverl,, 1,) = 0.

We assume that the sorted sequericasdR haveN andM elements respectively.
First, we choose everyN-th element, i.e, the elemeritsy, I, /v - - -, L/ from
L. We denote the selll .0, x> ---» lyxyx) @sSamplg. Similarly, we choose



the elements 77,7, 77, ---, ry35/37 fom R and denote this set of elements as
Sampleg;. Note that there ar¢/N elements irSample andy/M elements irBample;.

The elements, 7 (respr; 7)., 1 < i < VN in Sample (resp.Sample;) impose
a block structure on the sequencgesp.R). Consider two consecutive elemeitsy
andl(; ),/ In Sample. The element$succ(l; /x), - . -1 (;11),/n} are called thé-th
block in L imposed bySamplg and denoted bylock’. The superscripL indicates
that it is a block in the sorted sequenteThe elements;  andl ;. , /5 are called
the sentinelsof Block!". Similarly, we define thej*" block Blocki imposed by two
consecutive elements, ;; andr ;) ;7 of Sample.

Consider the ranking dbample, in Samplg;. When an elemertt, ~ €Samplg
is ranked inSamplg;, we denote this rank by a superscrﬂ)ti.e.,rank]%(li\/ﬁ). Note
that,rank;%(li\/ﬁ) is only an approximation of the true rardnkg(1; ) of [, &~ in R.

Assume that for two consecutive elemehtsy and!, .,  in Sample, ranks,

(UpvN) = Tmyar andrankﬁ(l(kﬂ)m) = T,yar Wherer, o andr, g7 are
two elements irSamplg;. In the following lemma, we estimate the true ranks of the
elements iBlock in R.

Lemma 10. If an element,. € L is in Block, i.e., in between the two elemehts
andl;.,,)/x » I» must be ranked in Blogk U Block,; U ... U Blocky, i.e., in

Covelly, /x: Likt1)vw)-

2.2 AnO(loglog N) time merging algorithm on the LARPBS
A variant of the following lemma has been proved by Raal. [7].

Lemma 11. Given two sorted sequencdsand B of lengthy/N each, all the elements
of A can be ranked irB in O(1) bus cycles on an LARPBS with processors.

Our algorithm is recursive and at every level of recursion, our generic task is to set
up appropriate subproblems for the next level of recursion. In the following description,
we explain how all the subproblems associated W#p(l,,,,[,,) andCovexl,,,[,,) are
set up for the next level of recursion. We assume @ei((,,,, [,,) hasN’ elements and
Covel(ly, 1) hasM' elements.

Step 1.

We take a sample froi@ap(l,,, l,,) by choosing every/N'-th element fronGap
(Im, l). We denote this sample [8ample (Gap(l,,, l,)) Similarly, we take a sample
from Cove((l,,, 1,,) by choosing every/M’-th element fronCovex(,,, ,,) and denote
it by Sample;(Coverl,,,1,)). We explain how to take the sample fra&ap(l,,, ).

The sample fronCovell,,,,) is taken in a similar way.

First, each processor holding an elemenGap(l,,,l,,) writes al in one of its
registers. Next, a parallel prefix computation is done in one bus cycle t&/ gethe
total number of elements iGap(l,,,[,) in the processor holding,. This proces-
sor computes/N’ and broadcasts’ N’ to all the processors isap(ly,,l,). We as-
sume for simplicity that/N" is an integer. Each processor@ap(l,,,[,,) determines
whether its prefix sum is an integer multiple ¢V’ and marks itself as a member of



Sample (Gap(l,, l,)) accordingly. Note thatSample (Gap(l,,,,[,)) consists of the
sentinels of the blocks ih.
Step 2.

In this step, we assume thefN" < v/M" and we rankSample (Gap(i,y,,1,)) in
Sample;(Covell,,,l,)). This ranking is done by the method in Lemma 110(1)
bus cycles.

Step 3.
After the ranking in Step 2 is over, for every sentit}c% eSample ( Gap(li, 1)),
we knowBlock’t, the block ofy/}" elements inR in which lkW should be ranked.

Next, we determine all the sentinelsSample (Gap(l,,,[,)) ranked inBlockf in
the following way. After the ranking in Step 2 is over, each processor holding a sentinel
liW getsrank%(l(iH)W) from its neighbor in the sample through a one-to-one

communication. After this, a group of consecutive sentinelSample (Gap(l,,,[,))
which are ranked at the same block3#mple;(Cover(/,,,1,)) can be determined.
We consider two cases depending on whether a single sentinel or multiple sentinels

from Sample (Gap(/,,,1,,)) are ranked in the same block®&mpleg,(Cover(l,,,1,)).

Case i.In this case, only one sentinekl\/ﬁ in Sample (Gap(l,,,1,)) is ranked in
Blockf. The processor holdiﬂ%W broadcastsk\/ﬁ to all the processors Block’

and the processors ilock? determinerankR(lkW). This takesO(1) bus cycles.

We determmerankR(l(kH)W) in Block? in a similar way. Note that, the elements

succ(rankR(lkW)),...,rankR(l(kH)W))aretheelementsm Covel(lkﬁ,
l(k+1)W)'

It follows from Lemma 5 that all the elements@ep(l - 1 -) must be

_ VN’ C(k+1)V N
ranked either altankR(lkW) or among the elements tﬁovel(lkﬁ, l(k+1)W)'
Similarly, it follows from Lemma 8 that all the elementsQover(] -, 1 =)
VN (k+)V N

must be ranked. at the elem(?ntsGap(lk o l(k+1)W)' Hence we. recursively call
our algorithm with elements |Gap(lkW,l(kH)W) and elementsm:ovev(lk\/—

N/ Y
l -). In this recursive call, all the elements framare within a block of size
(k+1)V' N

.\/N . The processors holding thle.elemtlantslmp(lk\/N—,.,l(kH)W) and the elements
in Covev(lk iz l(k+1)\/17) participate in this recursive call.

Case.ii. In this c:?lse, multiple sentme[g,,ﬁ,...,lkm are ranked.erIoclg’jL. In
two bus cycles, ﬂrstankR(le) and therrankR(lkW) are determined by broad-

cf';lstlng flrstljﬁ gnd the.:nlk\/ﬁ to all the processors iBlock? . We then recur.-
sively call our algorithm with the eIements@ap(le, lk\/ﬁ)_aer the eIement_s in
Cover(lj\/ﬁ, lkW)' Note that, all the elements frofd are within a block of size

v M' in this recursive call.
These two types of recursive calls are illustrated in Figure 2.
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Figure 2. The two types of recursive calls are indicatedllbgndll . In the first type,
the elements fronk are within the same block of siz2€M". In the second type, the
elements frond are within the same block of siaéN".

Note that, the inputs to each level of recursion are disjoint subsets of processors
holding elements of andR and hence all the one-to-one communication, broadcasting
and multiple multicasting operations at each level of recursion for each of the subprob-
lems can be done simultaneously in parallel.

Once the recursive calls return, an element L knowsrankg([;) and it knows
rankg, (1;) sinceL is already sorted. Hence the processor holdijegn computeank(l;)
and send$; to the processor with indesank(l;) through a one-to-one communication.
This can be done in one bus cycle. Similarly the overall rank of each elemé&ntam
be computed and the elements can be sent to the appropriate processors. Hence each
processo; will hold thei*” elementinL U R after the merging algorithm terminates.

This concludes the description of our merging algorithm.

Lemma 12. The merging algorithm terminates ®(log log V) bus cycles with all the
elements of ranked inR and all the elements @t ranked inL.

Proof. (sketchSuppose in thé!” level of recursion, each block ih and R is of size
VN andv/M respectively. Suppose, the input to one of the recursive calls &i the
1)t" level of recursion are the elements in two groups of processérérom L and
G from R. From the description of the algorithm, it is clear that eit6ér is within

a block of sizey/N or G* is within a block of sizey/M. Hence, due to this recursive
call, at the(i + 1)*" level of recursion, either we get new blocks of si¥&’* in L or we
get new blocks of sizad/'/* in R. This gives a recurrence of}(N) = T'(v/N) +O(1)

or arecurrence ofT'(M) = T'(v/M) + O(1), since each level of recursion tak@$l)
bus cycles. Hence, the recursion stops &ffieg; log IV levels and all the elements in
andR are ranked at that stage.

2.3 The sorting algorithm

Phase 1. Initially, each processor in aN processor LARPBS holds one element from
the input. The complete LARPBS witN processors is recursively divided in this phase.



Consider a subarray with processdts P;yi,..., P; to be divided into two equal

parts. Each processor writed & one of its registers and a prefix computation is done

to renumber the processors franto j; — i. Now, the last prefix sum is broadcast to

all the processors and the processor with infgx+ i) /2] splits the bus to divide the
original subarray into two subarrays of equal size. This process is repeated for all the
subarrays recursively until each subarray contains only one processor and one element
which is trivially sorted. This phase can be complete®iitog V) bus cycles.

Phase 2. The merging is done in this phase using the algorithm in Section 2.2. In the
generic merging step, a pair of adjacent subarrays of equal size merge their elements to
form a larger subarray of double the size. Each subarray participating in this pairwise
merging first renumber its processors starting fioand then the merging algorithmis
applied. At the end, processé,1 < i < N in the original array holds the element
with ranki from the input set.

Since there ar@(log N) levels in the recursion and the merging at each level can be
performed inO(log log N') bus cycles, the overall algorithm tak@glog NV log log N)
bus cycles and hen&2(log N loglog N) time since each bus cycle tak@$l) time.

Theorem 1. N elements can be sorted @(log NV log log V) deterministic time on an
LARPBS withV processors.
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