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Abstract Nicol and Saltz [10] modeled the issue of when to remap as
For bulk synchronous computations that have non- a stochastic dynamic programming problem, assuming the
deterministic behaviors, dynamic remapping is an effective workload of processors changes in independent and identi-
approach to ensure parallel efficiency. There are two basic cal Markov death-birth processes. Due to the complexity
issues in remapping: when and how to remap. This paperof dynamic programming, their approach is limited to sys-
presents a formal treatment of the first issue for dynamic tems with very small number of workload states. In [5],
computations with a priori known statistical behaviors. We we formulated the problem as a sequential stochastic opti-
have formulated the problem as two complement sequentiaimization model from the perspective of individual applica-
stochastic optimization, with an objective of finding optimal tions. This paper extended the model to multiprogrammed
remapping frequencies for a given tolerance of load imbal- distributed systems and formulated the problem as a com-
ance on multiprogrammed distributed systems. We have deplement model from the perspective of systems. Itis known
veloped analytical approaches to precisely characterize thethat general stochastic optimization approaches tend to re-
transient statistical behaviors of the workload process and veal asymptoticor stationaryproperties of a random pro-
derived optimal remapping frequencies for various random cess. They were applied to predict the average execution
workload change processes. time of the computations (without remapping) in the liter-
ature [1, 6, 7, 11]. However, the general optimization ap-
proaches are not readily applicable to the analysis of the ef-
1 Introduction fect of remapping because a remapping operation would be
invoked anytime over the course of the computation. Based
A bulk synchronous computation proceeds in phases. Dur-on order statistics and other stochastic optimization tech-
ing each phase, its processes perform calculations indepenriques, we developed optimization approaches to precisely
dently and then communicate new results with their data- characterize thgansientstatistic behaviors of the compu-
dependent peers. Due to the need of synchronization betation. We derived the optimal remapping frequencies for
tween phases, the duration of a phase is determined byapplications with various statistic behaviors on both homo-
the slowest process. For bulk synchronous computationsggeneous and heterogeneous systems.
whose processes run in non-deterministic phase durations, Note that there were studies on scheduling for high per-
it is highly desirable to re-distribute the workload of pro- formance computing on multiprogrammed distributed sys-
cessing nodes at run-time [12]. tems. Previous studies were primarily focused on extend-
Since dynamic remapping incurs non-negligible run-time ing coscheduling policies of shared memory machines onto
overhead, a critical issue is when to remap so that the benemultiprogrammed clusters. These coscheduling work on
fit from remapping will not be outweighed by its overhead. clusters basically answer the question of when to start the
An important policy is periodic remapping. The “remap ev- processes of a parallel job. Dynamic remapping comple-
ery k steps” policy has been applied to many parallel appli- ments these work by addressing the issue of load balancing
cations, in particular to those exhibiting gradual workload among processors.
changes, due to its simplicity [8, 9, 10, 13]. The remapping The remainder of the paper is organized as follows. Sec-
frequency was often derived through experiments againsttion 2 describes the computational models and formulates
the remapping periodicity in practice. The literature lacks the problem. Sections 3, 4, and 5 deal with the optimization
formal analyses of the effect of the remapping frequency. problem for homogeneous and heterogeneous platforms.
Section 6 concludes this paper.
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2 The Model Throughout this papef/[-] denotes the expected value of a

random variable.
Consider dynamic computations in a parallel computer with  The term reflects the extra execution time of the most
N processing nodes. The processing nodes can be eithefieavily loaded processor and the waiting time of the most
homogeneous or heterogeneous in terms of their compudightly loaded processor, normalized with respect to the av-
tational capacities. In the following, we first assume ho- erage load level. The normalized metric ensures that pro-
mogeneous systems. We will extend the analysis to het-cessors’ workload changes at a comparable rate between
erogeneous environments in Section 5. Leie a time  phases. The first objective of this study is to find the max-
variable, representing phase index of an adaptive bulk synimum intervalT for a given boundD of the d(t). Since
chronous computation. We quantify the workload of pro- a remapping operation drive any load distribution to a uni-
cessori at timet by w;(t) in terms of the number of re-  form distribution, we consider a single period starting from
siding processes, = 1,2,---,N. Let z(t) denote the  a uniform distribution (t=0) to the time (t=T) when remap-
amount of workload generated or finished frem- 1 to ping becomes necessary. Computation periods separated
t. Letthe vectorsw(t) = (w1 (t),w2(t),---,wn(t)) and by remapping operations may start with different workload
z(t) = (21(t),22(t), -, 2n(t)) denote the global work-  meanw(0). The objective is then reduced to maximize T
load distribution at certain timeand the workload change  while keeping the workload difference bounded. Precisely,
distribution from timet — 1 to ¢, respectively. Then, the we represent the objective as the following stochastic opti-
workloads at time, without remapping, satisfy the follow-  mization problem:
ing dynamic systems:

maximize T

w(t) =w(t—1)+z(t), 1) w(t) = w(t —1) +z(t),
7)[ : H d(t) S D7
Assume processors initially have the equal workload at subject to w(t) >0
time ¢ = 0 and the amount of workload changg(t), for all ¢ :7 1,2, T.
i = 1,2,...,N, are independent random variables with
meany; and variancer?. Note that modeling the work- Notice that the objective dP; is to optimize the perfor-

load (or workload change) of a processor by a random vari-mance from the perspective of individual applications. Its
able is commonplace in the performance evaluation liter- optimal solution may not necessarily lead to high efficient
ature [11, 10]. Most of their models assumed the ran- utilization of the available system resource on a multipro-
dom variables were independent and identically distributed grammed distributed system. Figure 1 shows two scenarios,
(i.i.d.) with distributions like normal distributions and ex- wherews;—; = w — D andwy; = w+ D for1 <i < N/2
ponential distributions. By contrast, the model of workload in Figure 1(a) andy; = w — D, ws = w + D, andw; = @
change in Eq.(1) is distribution-free and hence features afor 3 < i < N in Figure 1(b). Clearly, both are optimal so-
characterization of general dynamic applications. lutions in terms of the objective dP;. However, from the

By the dynamic system in Eq.(1), it is expected that the perspective of systems, Figure 1(b) is evidently more desir-
processors’ workload distribution will change with time and able because it allows more processors to be co-scheduled
finally lead to a severely imbalance state. Since the dura-at a time for other parallel jobs.
tion of a phase is determined by the heavily loaded pro-
cessors due to the need of barrier synchronization between
phases, the overall system performance may deteriorate in " g T e
time. The objective of remapping is to minimize the work-
load difference between processors. Since a remapping op-
eration incurs significant run-time overhead, the adaptive P 3
computation cannot afford frequent remapping. It must tol- ! garier i ‘
erate certain degree of load imbalance so as to amortize the — @mmnietion  — euaion - ide  — communication  — cacauation
remapping cost. Our primary concern is to minimize the (@) wai_1 = w — D and (b)wi = w—D,ws = w+
remapping frequency for a given tolerate. wo; =W+ D D, andw; = @

Let w(t) = (w(t),w(t),---,o(t)), wherew(t) =
Zﬁil w;(t)/N, denote the uniform workload distribution

at timet. We definenormalized extreme workload differ-  Figure 1: Two different workload distributions under objec-
enceat timet as tive of P;
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Eimaxi—12,..n [w;(t) — w(t)|] To reflect the desirable properties of Figure 1(b), we de-
E[w(t)] : (2) fine a termnormalized workload deviation(¢) at timet

d(t) =



to measure the normalized deviationveft) from w(t), as into a weak combination af, (¢) anddx(t):
follows:

E [maxizl o N wilt) — w(t)]

VW@ —wine] (B[St -awy]  A0= ) @
v(t) = - = -
E[ (t)] E[ (t)] (3) E |:’Lf)(t) _ mini:1,27...,N wi(t)]
Correspondingly, the second objective of this study is to da(t) = E[w(t)] ' ©)

maximize timeT" for a given boundB of the normalized
workload deviatiorv(t). Specifically, we represent the ob-
jective as the following stochastic optimization problem:

Assume processors initially have the equal workload and
their initial workloadsw;(0) = w. Assumez;(t) are i.i.d.
random variableg;(t) of the same meap and variance

maximize T 0. By Eq. (1), the workloads oV processors at any tinte
w(t) = w(t — 1) +z(t) w;(t) are i.i.d. random variables with the same meaht
Pry ' v(t) < B 7 and variancegs?®. Then, using a well-known result from
subject to w(t) > 0. order statistics [3], we have
forallt=1,2,---,T. N_—1
E| max wi(t)] <wAtp+ ——=Vto. (7)
By the objective of probler®;;, the distribution of Fig- =hEe 2N -1
ure 1(a) is more desirable. On the other hand, the objec-t follows that
tive of P;; should also be complemented by that7f.
For example, consider an extreme scenario where— di(t) (N - 1)Vio — 19
@+ (N — 1) andw; = @ — d, for2 < i < 8. Itcan T V2N —1(w A+ tp)’ o
be seen that the scenario may exhibit a small workload de-
viation and a large extreme workload difference for a small Let (N = )i
§ and a largeV. d(t) = T (8)
In fact, we have the following relationships between the V2N = L(w +tp)

two objectives. The lemma reveals that remapping with re- g, 5 given load imbalance bourit| we serd(t) < D con-
spect tov(t) is a conservative strategy from the viewpoint servatively, instead of ensurinigt) < D. We are to find the

of d(t). maximum7* such that Eq. (8) holds far=1,2,---,T*.
TheT™* is alower bound of the optimal interval for the prob-
Lemma 2.1 lemPr.
. . Figure 2 pIotsJ(t) without remapping in the cage# 0.
d*(t) + 6% < v*(t) < N(d*(t) + 6* 4
(B) +6" < v'(8) < N(d(8) +67), @ It reaches its maximum valup* = — &7 at the

B 24/ (2N—-1)wp
V“’"(ma"i:(lgi;‘;}'(’g]');“i(t)’“’(t)'). time of w/u. LetTy = w/u. The figure shows that pro-

cessors tend to arrive an equilibrium state statistically in the
In the subsequent sections, we address the optimizatiorlong run, while their workload difference is increasing at
problem for computations that exhibit different statistical the beginning until the time dfy. Suppose processors’ ini-
behaviors. tial load level is 100 and the mean of workload change each
time step is 2. The most severe load imbalance occurs in

] . 50 steps in statistics. Setting an appropriate balinen-
3 Near-Optimal Remapping Fre-  suresprocessors workload difference won't exceed a certain

ncy for Problem level.
quency 1o oble PI In [5], we proved that for a given load imbalanteand

First, we consider of parallel computations that exhibit 0 = 5 Wherem =1,2, ..., the lower bound of the opti-
distribution-free and i.i.d. random variables(-) in the ~ malremappinginterval™ = (2m”> —2mv'm? — 1 -1)T,.
model of Eq. (1). We will derive a lower bound of the
optimal remapping interval for a given bound of the nor- . .
malized extreme workload difference. The bound is tight 4 Optlmal Remappmg Frequency for
and nearly optimal in the case that the remapping interval Problem PII
becomes large enough.

For tractability, we approximate the optimization prob- This section addresses the issue of when to remap, sub-
lem by decomposing the extreme workload differedg ject to the second optimization constraints, for applications

wheref? =




d(t)
(N—-1)o
D*----------- 2¢/(2N-1)wp
ol
- .
™ To=w/u "

Figure 2: lllustration of workload difference: # 0

where the workload change of processers) are inde-
pendent with meamp,; and variancer?. We will precisely

characterize the transient behaviors of random processes
and derive optimal remapping frequencies for the most
general computations that are of distribution-free workload

changes.

4.1 Distribution-Free Workload Changes

Before deriving the optimal remapping interval for a given
bound B, we first present an asymptotic vallig of the
workload deviationv(t) ast gets large. The following
lemma shows that it is the stationary workload deviation
when the computations proceeds without remapping.

Lemma 4.1 The normalized workload deviation function
v(t) of Eq. (3) is convergent to a asymptotic hormalized
workload deviatiori’;, ast — oo and

) V Zz]il u; — Np?

B fi

Vi = lim v ,
t—o0
if i # 0, wherefi = S | i/ N.

For a given bound3, we are to find the maximuri™
such that(t) < B. From Eq. (3), we obtain that

\/(N - 1)t + [Eﬁil p; — Np?|t?

w+ti

v(t)

?

wheres® = YN | o2/N.
Let B* be the maximum value af(¢), as shown in Fig-
ure 3. It can ben shown thatt) = V}, at

w?‘VL2
(N —=1)5%2 = 2wV}’

T, =

v(t)
Bl :

% S T -

T t

Figure 3: lllustration of normalized workload deviation

_ (N-1)5*
= at
2y/wi[(N-1)72—waV?]

and thaw(t) = B*

w(N —1)52
Al[(N — 1)52 — 2wiV7]

T, =

—or + 2.
I

For a given bound3 between 0 and3*, we summarize
the results in the following theorem. The detailed proof can
be seenin [4].

Theorem 4.1 Assume the workload change of processors
zi(+), i = 1,2,---, N are independent random variables
with meany; and variances?, respectively. For a given
small boundB of the normalized workload deviation, the
optimal remapping interval for the probleRy; is

1. ForagivenB, V < B < B*, there exitsm; > 1
such thatB® = V7 + -—(B** — V). Then,

T* = (2ky — )Ty — 2(ky — 1)T1,

Wherek1 =my — \/ml(ml — ].)

2. ForagivenB, 0 < B < Vi, there exitsn, > 0 such
that B* = V2 — - (B** — V}2). Then,

9)

T* = (2ky — 1)Ty — 2(ky — 1T,

Wherek2 = 4/ mg(mg + 1) — Ma.

Since the workload change(t),i = 1,2,---, N, are as-
sumed to be of distribution-free with different means and
variances]™* of Theorem 4.1 holds for most general classes
of computations. In the case thatt) share the same mean
wand variance?, the normalized workload deviation func-
tion is reduced to

(10)

(N —1)o2t

volt) = w+tu

; (11)

andVy, = lim;_, o0 vo(t) = 0.



(N—1)o?
A dwp Table 1: Optimal remapping intervals f@t;; with same
whenTy = w/p. In comparison withd(¢) in Eq.(8), it is mean and variance distributed workload changes

interesting to see that

The maximum value ofy(t), B*, is equal t

B 0 15 20 25 30 .35 .40 .45 50
2N —1 - T;.. | 3 7 12 19 28 38 50 64 79
w(t) =\ =7 a4 (12) |3 7 13 20 29 39 51 65 79
Recall thati(t) is a conservative index of extreme workload
differenced(t) due to the use of order statistics in analysis. 120
Surprisingly, Eq.(7) increases the conservatlllty to the Ieyel 100 | Predicted nterval B30 -
of vy (t). We present the optimal remapping frequency with E Simulated interval: B=0.30 —+—
respect tay (t) as follows. $ o [Simulated interval: B=0.25 —5—
£ Predicted interval: B=0.20 ---e---
E’ Simulated interval: B=0.20 —e—
Corollary 4.1 Assume the workload changg(:), i = g 60
1,2,---,N are independent random variables with the E
same meamp and variances?. For a given small bounds E »
of the normalized workload deviation, the optimal remap- °
ping interval for the problen®;; is
1. ifu=0, %50 = 100 125 150 175 200
2B2 Initial workload level on each processor
T = | | (13)
(N —=1)0?
Figure 4: Optimal remapping interval with different initial
2. if u # 0, for agivenB = B*/m, workload levels

T* = (2m*-2mvm?-1-1)T,, (14 5 Heterogeneous Distributed Sys-
whereTy = w/pandm = 1,2, .. .. tems

. . Note that the above analysis assumed processors were ho-
4.2 Simulation Results mogeneous in their computational capacities and behaviors
To illustrate the accuracy of the above estimate, we con-Of the bulk synchronous computations were known in ad-
ducted an experiment to simulate the random processes wittyance. In this section, we will extend the analytical frame-
different distributions over 64 processors. Processors wereNork to heterogeneous distributed systems by taking into
assumed to be initially balanced with 100 workload units, @ccount the processors’ different computational capacities
unless otherwise specified. Each simulation data was an avl remapping.

erage of 400 replications. Let a constant vectot = (ci,c2,---,cn) denote the
The experiment assumed that processors change thejprocessors’ computational capacities. We normalize work-
workload units following a distribution function load distributions with respect to the capacity vector by set-
ting
1,  w.p. 025 w(t) = (wl(t) wa(t) wzv(t))
zi(t) =< 0, w. p. 0.5, (15) et e en
-1, w.p. 025, and re-defining the uniform workload distribution at time
as
where W. p. means “with prob_ab_ility". _It i; a t.ypical de_ath- B Zil\il wi(t)/c;
birth Markov chain model. Similar distribution functions w(t) = N :

were also considered by other researchers [10].

Table 1 shows the simulation results from different
boundsB of the normalized workload deviation, together
with the corresponding theoretical resuly, ... of Corol- E[maxi:1,2,m,N lwi(t)/c; —w(t)|
lary 4.1. From the table, it can be seen thgf,, perfectly d(t) = B @]
matches the simulation results. The optimality of the es-
timation can also been seen from Figure 4 with different From the analysis in preceding sections, it can be eas-
initial workload levels. ily seen that the major results in theorems hold for normal-

Correspondingly, we define the normalized extreme work-
load difference at time as




ized workload levels if processors’ workload change after the perspective of systems. Using order statistics theories
normalizationz;(t)/c; are identical. However, it may not and other stochastic optimization techniques, we have de-
be the case in general heterogeneous systems. As revealad/ed the optimal remapping frequencies for adaptive com-
in [2] through profiling NAS benchmark programs, running putations that exhibit various statistical behaviors. The an-
the same code with identical inputs on different machines alytical results have been shown accurate via simulations.

may lead to execution time with different distributions. In
the following, we will solve the generalized optimization
problem by relaxing the distribution-specific assumptions.
Denotew;(t) to be the accumulation of the normalized
workload change at processérfrom time 1 to time t.
UA}l(t) = Zi’:l Zz(j)/cz LetY = max;=1,2,...,N UA}l(t) It
is a random variable with the probability distribution func-
tion
N
Fy(y) = [[ Flw). (16)
i=1

whereF}(-) is the distribution function ofy;(¢). The prob-
ability density function of the maximum, found by differen-
tiating, yields

N N
) =>_fw [I Fw, (17)
j=1 i=1,i#j

wheref{(-) is the density function ofi; (¢). Consequently,
we have

E[ (18)

i=1,2,---,N

max wi(t)} :/Ooo yfy (y)dy

Let h(t) denote the right hand side of Eq. (18). We obtain
the following results.

Theorem 5.1 Assume the normalized workload change
zi(+), i = 1,2,---, N are independent random variables
with different distributions. For a given bourd of the nor-
malized extreme workload difference, the optimal remap-
ping interval for the problenP; is the solutionl™ of the
following inequality:

‘h(t) —ti

19
w+th (19)

‘SD, fort =1,2,---,T".

6 Summary

In summary, we have presented a formal treatment of the is-

sue of when to invoke remapping operations during the exe-
cution of adaptive bulk synchronous computations. The ob-
jective of this study is to derive optimal remapping frequen-

cies for a given tolerance of load imbalance. We have for-
mulated the optimization problem as optimizing the remap-
ping frequency while keeping the degree of load imbalance
bounded by a constant. The degree of load imbalance is de
fined as normalized extreme workload difference between

processors from the perspective of parallel jobs and normal-

ized workload deviation from uniform distributions from

113]
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