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Abstract

Computing the moments of a two-dimensional (2-D)
image involves a significant amount of multiplication-
s and additions in a direct method. In this paper, we
use the suffix sums to compute the 2-D moments in-
stead of using a direct method. This method can re-
duce the number of multiplications tremendously. By
integrating the advantages of both optical transmission
and electronic computation, the 2-D moments can be
computed in constant time on a 2-D arrays with recon-
figurable optical buses (AROB). This result achieves
optimal speed-up.

1 Introduction

Moments are by far the most popular descriptors
for image regions and boundary segments. Many im-
portant geometric features of an image can be de-
termined from its moments. Hu [6] proposed a set
of moment invariants based on the 10 low order mo-
ments. These moment invariants are simple func-
tions of moments and independent of scaling, trans-
lation and rotation. To compute the moments of
a two-dimensional (2-D) image involves a significan-
t amount of multiplications and additions in a direct
method. Previously, some fast algorithms for comput-
ing moments had been proposed using various methods
[2,3,5,7,12,13, 14, 15, 16, 17, 18]. Since the moments
of a gray level image are more widely used in many ap-
plications, such as texture analysis, we focus on the
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moment computation of gray level images in this pa-
per.

Given an N x N image, some parallel algorithms
were proposed for computing moments of the image.
Reeves [13, 14] presented two parallel algorithms for
this problem using the Direct algorithm on mesh con-
nected computers (MCCs). Chen [2] presented parallel
algorithms for computing the 16 low order moments
based on a so-called cascade-partial-sum technique on
MCCs. Chen’s algorithms run in O(N) time on a lin-
ear array of size N and run in O(log N) time on a 2-D
arrays of size N x N, respectively. Recently, Cheng
et al. [3] proposed two special VLSI architectures for
computing the 2-D moments of order (p,q). For the 1-
D structure, it took O(max(p,q) x N) time using N +1
processors. For the 2-D structure, it took O(N) time
using N(N + 1) processors.

The main contribution of this paper is in designing
an optimal speed-up algorithm for computing the 2-D
moments on a 2-D AROB. We first derive the relation-
ships between suffix sums and moments. Then using
these relationships, an optimal speed-up algorithm for
moment computation is developed on a 2-D AROB.
When the domain of the image is O(log N)-bit integer,
for a constant ¢, ¢ > 1, the proposed algorithm can
be run in O(1) time using N x N**¢ processors. To
the best of our knowledge, there were no algorithm-
s before which could solve this problem in constant
time and/or provide such a performance on a 2-D ar-
ray architecture. Clearly, this result is better than the
previously known algorithms proposed in the literature
[2, 3, 13, 14].

The rest of this paper is organized as follows. We
give a brief introduction to the AROB model in Section
2. Section 3 describes some basic operations which will



be used in the parallel algorithm. Section 4 develop-
s our algorithm for computing 2-D moments. Finally,
some concluding remarks are included in the last sec-
tion.

2 The Computation Model

The array with a reconfigurable optical bus system is
defined as an array of processors connected to a recon-
figurable optical bus system whose configuration can
be dynamically changed by setting up the local switch-
es of each processor, and messages can be transmitted
concurrently on a bus in a pipelined fashion. Two relat-
ed models using reconfigurable optical buses have been
proposed, namely the array with reconfigurable optical
buses (AROB) [10] and linear array with a reconfig-
urable pipelined bus system (LARPBS) [8, 9]. Due to
unidirectional signal propagation and predictable delay
of the signal per unit length, the optical buses enable
synchronized concurrent access in a pipelined fashion.

The AROB model is a powerful computation model
which incorporates some of the advantages and charac-
teristics of reconfigurable meshes [1] and meshes with
optical buses [10]. A linear array with pipelined opti-
cal buses (LAPPB) [4] of size N contains N processors
connected to the optical bus with two couplers. One is
used to write data on the upper (transmitting) segment
of the bus and the other is used to read the data from
the lower (receiving) segment of the bus. A 1-D AROB
extends the capabilities of the LAPPB by permitting
each processor to connect to the bus through a pair of
switches. Each processor with a local memory is identi-
fied by a unique index denoted as P;,, 0 < igp < N, and
each switch can be set to cross or straight by the local
processor. As for the properties of the optical buses,
the message propagates unidirectionally from right to
left on the upper segment and from left to right on
the lower segment. Each processor uses a set of con-
trol registers to store information needed to control the
transmission and reception of messages by that proces-
sor. An example for a linear AROB of size 5 is shown
in Figure 1(a). Two interesting switch configurations
derivable from a processor of an LAROB are also shown
in Figure 1(b).

A 2-D AROB of size M x N contains M x N pro-
cessors arranged in a 2-D grid. Each processor is iden-
tified by a unique 2-tuple index (i1, ip), 0 < i3 < M,
0 <ip < N. The processor with index (i, ip) is denot-
ed by P;, ;. Each processor has four I/O ports, de-
noted by —S;, +S5;, 0 < j < 2, to be connected with a
reconfigurable optical bus system. The interconnection
among the four ports of a processor can be configured
during the execution of algorithms. For more details
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(a) An LAROB of size 5. (b) The switch

on the AROB, see [10].

3 Basic Operations

For Boolean operation, there was a result derived by
Pavel and Akl [11].

Lemma 1 [11] Given N Boolean data each with either
0 or 1, the binary prefiz sums of these N bits can be
computed in O(1) time on a 1-D N AROB.

Next, we propose the efficient algorithms for com-
puting integer suffix sums. Given N integers a;, 0 <
a; < N,0 <1< N, the suffix sums of these IV integers
is defined as

N-1
rps]—Za,,0<]<N (1)

i=j

Using the radix-w system technique, rps; of Eq. (1)
can be computed more flexibly. Since a; < N and
0 < i < N, each digit has a value ranging from 0 to
w — 1 and a w-ary representation - - -mgmsmimg is
equal to mow® + miw' + mow?® + maw® - -+ in normal
w-ary representation. The maximum of rps; is at most
N(N —1). With this approach, a; and rps; of Eq. (1)
are equivalent to

a—1
a; = Zm, g Wk, (2)
k=0

B-1
Tps; = Z n; W, (3)
=0

where a = |log, N| +1,0<i < N, 8 = |log, N(N —
)| +1,and 0 < my, g, nj, 1 < w.



As  Tps; = E Ek omi kW=
z;&zﬁi.lm, r Wk, let dJ ¢ be the sum of N — j
coefficients m;, , 0 S i < N, which is defined as

N-1
dj k= Z mi, k, (4)
i=j

where 0 < k < a. Then 7ps; can be also formulated as

a—1
rps; = Z d'7 k wk, (5)
k=0

where 0 < d; < (w—1)(N —j).

Let cyj, 0 = 0 and dj, w = 0, @ < u < . The rela-
tionship between Eqs. (3) and (5) is described by Egs.
(6)-(10).

sumj, ¢ = cyj, ¢ +dj ¢, 0 <t < B, (6)
cyj, 141 = sumj, ¢ div w, 0 <t < S, (7)
nj, ¢+ = sum; ; mod w, 0<t<f, (8)

where sum;  is the sum at the tth digit position and
cyj, ¢ is the carry to the tth digit position. Hence, n; ¢
is the coeflicient of rps; under the radix-w system. S-
ince cyj, 0 = 0, then cy;, 1 < (wW—1)(N—j)/w < N —j,
then ey, » < [(w - 1)(N = j)/w+ (w— DNV = )]/w <
N—j—(N—j)/w?, then cy;, t11 < N—j—(N—j)/w'*".
Therefore, the carry to the (¢t + 1)t digit position is
not greater than N — j, we have cy; 41 < N —j,
0 <t < p. Also cyj, t+1 is no larger than cyj1, 141 +1
because of m; + < w. Let g; ¢+1 be a binary sequence
representing the binary quotient sequence of cy;, ¢y1.
Then, cy;, ¢+1 can be expressed as

N—1
CYj 41 = Y i, t41- (9)
i=j
From Eq. (9), we obtain
CYj, t+1 = CYjt1, t+1 + Gj, t+1- (10)

That is, g, t+1 = ¢yj, t+1 — CYj+1, t+1. Since rps; <
N(N —1), the number of digits representing rps; under
radix-w is not greater than /3, where 8 = |log, N(N —
1)] + 1. Therefore, instead of computing Eq. (1), we
first compute the coefficient m; , for each a;. Then
each n; ; can be computed by Eqs. (4), (6)-(10). Fi-
nally, rps; can be computed by Eq. (3). For the sake of
readability, let Pi’7 j»0<i<N,0<j <w, denote the
2-D logical processor corresponding to the 1-D physical
processor Pj,1;. The suffix sums of IV integers each of
size (log N)-bit can be computed in a constant time

on a 1-D wN AROB. The detailed algorithm (SSA) is

described in the following. Initially, a; is allocated to

the local variable a(i, 0) of processor P/ , 0 <i < N.

Finally, the suffix sums of each a; is stored to the local

variable rps(i,0) of processor P/ ;5,0 <i < N.
Procedure SSA(a, rps)

1: Processor P} ¢, 0 < i < N, copies a(i,0) (i.e.,
a;)to processor P/ ;,0<j <w.

2: Processor P; 4, 0 <i < N, sets ¢(i,0)[0] = 0.
3: for k=0 to § do Steps 3.1-3.6

3.1: Processor P} j»0<i<N,0<j <w, com-
putes m(i, j)[k] from a(i, ) by using Eq. (2).

3.2: Processor P/ wjo1, 0< i <N, 0< ) <w,
sets b(i, w—j—1) =1if j < m(i, w—j—1)[k];
b(i, w—j—1) =0, otherwise.

3.3: Processor P} o, 0 < i < N, sets b(i, 0) =
q(i, 0)[k].

3.4: Apply Lemma 1 to compute the binary suffix
sums on b(i, j) and store the result to the
local variable sum(i, 0)[k] of processor P

3.5: Processor P; , computes cy(i, 0)[k+1] (i.e.,
cyi, k+1 in Eq. (7)) and n(i, 0)[k] from
sum(i, 0)[k] by using Eqs. (7) and (8), re-
spectively.

3.6: Processor P} o, 1 < i < N, computes
q(i, 0)[k+1] := cy(i, 0)[k+1] cy(H—l 0)[k+
0)[k+1] =

1], where cy(N

4: // Compute Eq. (3) to obtain the suffix sums. //

P/ o computes the final rps(i,0) from n(i, 0)[k]
by using Eq. (3).

End{SSA}

Lemma 2 Given N integers each of size O(log N)-bit,
the suffix sums of these N integers can be computed in
O(B) time on a 1-D wN AROB for w > 2.

Proof: The correctness of procedure SSA directly
follows from Lemma 1 and Eqgs. (1)-(10). Step 3.6
is used to implement Egs. (9) and (10). The time
complexity is analyzed as follows. Steps 1 and 2 each
take O(1) time. Each iteration of Step 3 takes O(1)
time, and the number of iterations will be repeated
B times. Hence, the total time complexity of Step 3 is
O(p). Finally, Step 4 takes O(f) time. Hence, the total
time complexity of the proposed algorithm is O(f3). O

For simplicity, assume w = N : , where c is a constant
and ¢ > 1. Then § = |log, N(N —1)]+1=|2¢|+11is
also a constant. This leads to the following corollary.



Corollary 1 Given N integers each of size O(log N)-
bit, the suffix sums of these N integers can be computed
in O(1) time on a 1-D N'*= AROB for some fized ¢
and ¢ > 1.

Procedure SSA can be used to compute the suffix
sums of N integers, each ranging from 0 to N*. Such
an integer can be represented as a sequence of (at most)
k radix N digits. Thus, the problem can be reduced
to repeat procedure SSA for every digit in the radix N
representation, separately. By Corollary 1, this takes
O(k) time on a 1-D N+ AROB. Hence, we have the
following corollary.

Corollary 2 Given N integers each of size O(log N*)-
bit, the suffix sums of these N integers can be computed
in O(k) time on a 1-D N'*+ AROB for some fized c
and ¢ > 1.

4 Computing 2-D Moments

For a 2-D image A = a(z,y), 1 < z,y < N, the
moment of order (p + ¢) is defined as:

N N
mpg =y Y alylalz,y), (11)

z=1y=1

where a(z,y) is an integer representing the intensity

function (gray level or binary value) at pixel (z,y).
For the sake of simplicity, we first consider a 1-D

digital image a(x); the moment of it with order p is

N
my = Zmpa(m). (12)

Now we define the high order suffix sum functions S;,
0 <i<p+1 as follows. Initially, the zero-order suffix
sums is defined as

So(j) =a(j), 1 <j <N, (13)
and the one-order suffix sums S; are defined as
N N N
Si) = Dam) =Y Sem)=a()+ Y aln)
n=j n=j n=j+1
= So()+S1(+1), 1<j<N. (14)

Similarly, S;, 2 < ¢ < p+ 1, can be defined and
recursively computed as

N N N N
SiH) = Y, Y - > am) =Y Sii(m)
ni=j nz=ny ni=ni—1 ni=j
N
= Sii(D+ Y, Sicai(m)
ni=j+1
= Si1(f)+Si(j+1), 1<j <N, (15)

where S;(N + 1) = 0. According to the above def-
initions, note that S; can be obtained by recursively
computing the suffix sums over the suffix sums S;_;.

Next, we will use the suffix sums functions to com-
pute moment myp, 0 < p < 3. Let by(z), 1 < x < N rep-
resent the partial moment of order p and b,(1) = m,,.
In the following, we will show that b,(z) is a recurrence
function, and it can be expressed as a linear combina-
tion of S; as defined previously.

SN a(i), then mg = Si(1)

Lemma 3 Let by(z) = -
1 <x < N, where mqg is the zero-

and bo(z) = S1(z),
order moment.

Proof: Let bo(1) = Y1 a(i), bo(2) = SO, a(i),
<o+, bo(N) = an. Then by(z) = S1(x) by Eq. (14) and
mo = b[)(].) = Sl(].) O

Lemma 4 Let bi(z) = Eﬁix(i—x—kl)a(i), then my =
S2(1) and by(z) = Sa(z), 1 <z < N, where my is the
one-order moment.

Proof: b;(1) can be rewritten as

N N N
(1) = Zm(i) = Z(i — Da(i) + Z a(i)
1;1 =2 N ]’V_l
= S -2al) + Y al@) + Y ali)
=3 =2 i=1
= N N
= Sa+Y al) +-+ 3 al)
i=1 =2 i=N
N N N
= Y al) =Y Si60) = S (16)

From Eq. (16), observe that Ef;(z — Da(i) =
Y Si(0) = S ali) = XL, Si(i) = Sa(2). Con-
sequently, Zim(z —z+ 1)a(i) = Sa(z), 1 <z < N.
These imply that by (z) = Sa(x). Then, we conclude
that my, = 3TN ia(i) = by (1) = Sa(1). m

Lemma 5 Let by(z) = YN (i — x + 1)%a(i), then

meo = 53(1) + 53(2) and bg(m) = 53(56) + 53(56 + 1),
1 <z < N, where ms is the two-order moment.

Proof: Based on Lemma 4, by(1) can be rewritten

N N N
bo(1) = ZiQa(i) = Z(i —1)%a(i) + Z(i — 1)a(i)

N
+ Zia(i)



N N N
= Y ia(i) +2) (i —1a(i) + 2> (i - 2)a(i)
i=1 =2 =3

N
442 (i N+ Da(i)
i=N

= So(1) + 2;’2(2) +255(3) +--- +253(N)
N

N
= Z&@+Z&@
= S5(1) + S5(2). (17)

From Eq. (17), observe that
Mo (i=1)%a(i) = YL, Sa(i)+ Y00, Sa(i) = S0, (i -
Da(i) — YL, ia(i) = S3(1) + S3(2) — Sa(2) = Sa(1) =
S5(2) + S3(3). Consequently, =N (i — z + 1)%a(i) =
S3(xz) + Ss(z + 1), 1 < & < N. These imply that
ba(z) = Sz(x) + S3(xz + 1). Then, we conclude that
my =Y i%a(i) = ba(1) = S3(1) + S5(2). O

Lemma 6 Let by(z) = YN (i — x + 1)%a(i), then
ms = Sy(1) + 454(2) + S4(3) and bs(z) = Si(z) +
4S4(x + 1) + Sa(x + 2), 1 < x < N, where mgz is the

three-order moment.

Proof: The proof is similar to Lemma 5. a
From the above arguments, it is easy to see that
by(x) is a recurrence function with b,(1) = m, and

mp(N) = mp_1(N) = a(N). So solving the recurrence
function, we can find the relation between b, and S;.
Similarly, the higher order moments (p > 3) can be
computed using the suffix sum functions. According
to the above derivations, we conclude that the p-order
moment m, can be expressed as a linear combination
of the suffix sums S;, 0 < i < p+ 1. However, the noise
of images of higher order moments are more sensitive
than that of lower order moments. In this paper, we
concern about the lower order moments up to order 3
since these lower order moments can provide sufficient
information for pattern recognition [2, 6].

As a further refinement of the 2-D moment compu-
tation, the double summation in Eq. (11) can be split
into two separate summations:

N

N N
Mpg = Z x? qua(way) = prm(m, (18)
y=1 z=1

z=1

where m, , is the g-order row moment of row z, and it
is defined as:

N
Mgz = qua(x,y). (19)
y=1

From the definition of the 2-D moments (Eq. (18)),
the algorithm for computing 2-D moments m,, can be
decomposed into two phases. First compute the N 1-D
row moments my ,, 1 < z < N, for each row by apply-
ing Eq. (19) in parallel. Then the row moments m, ;
are used to compute the 2-D moments m,,. Instead
of computing Eq. (19) directly, the 1-D moments can
be computed by Lemmas 3-6. Thus, m,,, 0 < g < 3,
1 <z < N, can be computed by using the suffix sum
functions as shown in Lemmas 3-6; m,,, 0 < p,q < 3,
can be also computed by using the suffix sums func-
tions by setting So(j) to my,;, 0 < j < N, initially in
Eq. (13).

Initially, assume that the gray-level image A is s-
tored in the local variable a(i, j) of processor P; j;,
1 <4, 7 < N. Finally, the results are stored in the
local variable myq(1,1) of processor P; ;. Following
the definitions of moments, the suffix sums, and the
relationships between them, the detailed moment algo-
rithm (MOMENT) is listed as follows.

Algorithm MOMENT;

1: For each row z, 1 < z < N, apply Corollary 2
to compute the high order suffix sum functions
Si, 1 < i < 4, by initializing So(z,y) = a(zx,y),
1 <y < N. After that, the results S;, 1 <i < 4,
are stored in local variable S;(z,y) in processor
P, .

2: For each row z, 1 <z < N, compute the 1-D row
moments m,,, 0 < g < 3, according to Lemmas
3-6. After that, the 1-D row moments mg,, 0 <
qg<3,1<z <N, are stored in the local variable
myg(z,1) of processor Py, 1.

3: Route mg(z,1), located on the first column pro-
cessor Py 1, 1 < x < N, to the (¢ + 1)th row
processor Pyq, .

4: For each row z, 1 < z < N, apply Corollary 2
to compute the high order suffix sums function-
s Si, 1 < i < 4, by initializing Sj(z + 1,y) =
mg(z +1,y), 0 <z <3,1 <y < N. After that,
the results S}, 1 < i < 4, are stored in the local
variable S!(z + 1,y) in processor Py,y1, 4.

5: Compute the 2-D moments m,,, 0 < p,q < 3, ac-
cording to Lemmas 3-6. After that, the 2-D mo-
ments mp,, 0 < p,q < 3, are stored in the local
variable mpq(q + 1,1) of processor Py, 1.

Theorem 1 Given an N x N gray level image A, the
2-D moments up to order 3 can be computed in O(1)
time on an N x N'*t AROB for a constant ¢ and
c>1.



Proof : The correctness of this algorithm directly
follows from Eqs. (11)-(19), Lemmas 3-6 and Corollary
2. Steps 1 and 4 implement Eqgs. (13)-(15). Step 2
implements Eq. (19). Step 5 implements Eq. (18).
The time complexity is analyzed as follows. Setting k =
4 in Corollary 2, Step 1 takes O(1) time using NxN+e
processors. Similarly, Setting & = 8 in Corollary 2,
Step 4 also takes O(1) time. Steps 2, 3 and 5 each take
O(1) time. Hence, the time complexity is O(1). |

5 Concluding Remarks

In this paper, we first derive the relationships be-
tween the suffix sums and the moments. Then using
these relationships, we propose an optimal algorithm
for 2-D moment computation on a 2-D AROB. When
the domain of the image is O(log N)-bit integer, for a
constant ¢, ¢ > 1, the proposed algorithm can be run
in O(1) time using N x N'*% processors. This result
is better than any previously results derived in the lit-
erature [2, 3, 13, 14].
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