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Abstract

The Fast Multipole Method (FMM) is a robust tech-
nique for the rapid evaluation of the combined effect
of pairwise interactions of n data sources. Parallel
computation of the FMM is considered a challenging
problem due to the dependence of the computation on
the distribution of the data sources, usually resulting in
dynamic data decomposition and load balancing prob-
lems. In this paper, we present the first provably ef-
ficient and distribution-independent parallel algorithm
for the FMM on distributed memory parallel comput-
ers. Our algorithm does not require any dynamic data
decomposition or load balancing step. We present our
algorithm in terms of a few basic and well understood
primitive operations such as sorting and parallel prefix.

1 Introduction

The Fast Multipole Method (FMM) is a robust tech-
nique for the simulation of the evolution of n data
sources under the influence of pairwise interactions.
The method was first developed by Rokhlin [11] and
shot into prominence with Greengard’s application of
the FMM [6] to solve the N-body problem. Since then,
the FMM has been applied to solve a number of prob-
lems in fluid dynamics, molecular dynamics, elliptic
partial differential equations, integral equations, elec-
tromagnetic scattering, and even computer graphics.

A straightforward simulation by considering all pair-
wise interactions requires O(n?) work per simulation
step. The rapid growth with n effectively limits the
number of particles that can be simulated by this
method. The essential idea of the FMM is to approxi-
mate interactions between distant clusters of particles
instead of computing individual pairwise interactions.
To enable a recursive application of this idea, a hierar-
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chical tree structure, typically an octree is used [6].

The octree-based FMM is often incorrectly claimed
to reduce the computation required per iteration from
O(n?) to O(n). However, it has been shown that the
run-time depends upon the distribution of the parti-
cles [1]. Furthermore, the costs involved in computing
the data structure itself are often ignored. Aluru et
al. [2] use compressed octrees and modify the FMM
algorithm so that it runs in O(n) time. The construc-
tion of the compressed octree itself takes O(nlogn)
time. Callahan and Kosaraju [4] developed a differ-
ent data structure known as the Fair Split Tree, and
present an FMM algorithm using this data structure
having the same time bounds. These two are the only
sequential FMM algorithms known to be optimal and
distribution-independent.

Considerable research effort is directed at developing
parallel implementations of the FMM. Certain funda-
mental characteristics of the FMM translate to difficult
challenges for efficient parallelization. The FMM com-
putation consists of a tree construction phase followed
by a force computation phase. The data decomposi-
tion required for efficient tree construction may conflict
with the data decomposition required for force compu-
tation. The distribution of the particles changes from
iteration to iteration, which has the effect of changing
the workload distribution. Due to these difficulties, the
algorithms usually depend upon heuristic methods to
perform data decomposition and entail unstructured
and irregular communication. Such heuristic methods
make it impossible to rigorously analyze the run-time
of the parallel algorithms.

Most of the parallelizations employ the octree-based
FMM computation, and thus inherit the distribution-
dependent nature of the algorithm. The run-times of
these algorithms are either not analyzed due to afore-
mentioned difficulties or analyzed only for uniform dis-
tributions. The only exception is an algorithm devel-
oped by Teng [12], in which he defines a communication
graph to capture the communication pattern underly-



ing the FMM computation and presents an algorithm
to partition this graph to achieve balanced load and
communication simultaneously. The degree of non-
uniformity in the distribution of the particles is pa-
rameterized by p, such that the height of the octree for
the particles is O(logn + ). The number of operations
executed by the algorithm is a function of p and hence
the algorithm is distribution-dependent.

Callahan and Kosaraju developed a distribution-
independent parallel algorithm for the FMM using
their sequential framework. The algorithm runs on the
CREW PRAM model in O(log®n) time, using O(n)
processors [4]. The PRAM model ignores problems
associated with data decomposition and cost of com-
munication, and hence does not capture the essential
characteristics of parallel computers. A straightfor-
ward translation of their algorithm does not result in
an efficient implementation on parallel computers.

Our interest lies in designing a parallel FMM algo-
rithm that is distribution-independent and rigorously
analyzable. We present such an algorithm in this pa-
per. It is a parallelization of the sequential framework
proposed by Aluru et al. [2] and is developed taking
into detailed account the physically distributed nature
of memory in parallel computers. It is presented in
an architecture-independent fashion, using only well-
understood and basic communication operations such
as parallel prefix, all-to-all communication and sort-
ing. It uses only a static data decomposition and does
not require any explicit dynamic load balancing, either
within an iteration or across iterations. The algorithm
can be efficiently implemented on any model of parallel
computation that admits an efficient sorting algorithm.

2 Preliminaries

We use the permutation network as our model of
parallel computation. In this model, each processor is
allowed to send and receive at most one message during
a communication step. The cost is modeled as 7 + ul,
where 7 is the start-up time to initiate a communi-
cation, % is the data rate supported by the network,
and [ is the length of the largest message. This cor-
responds to the assumption that communication cor-
responding to any permutation can be realized simul-
taneously. The permutation network model closely re-
flects the behavior of most multistage interconnection
networks.

Our algorithms are stated in terms of the following
well-known parallel primitive operations (p denotes the
number of processors). For a detailed description and
run-time analysis, the reader is referred to [8].
Parallel Prefix: Consider n data items z1, 23, ..., 2z,
and a binary associative operator ®. The prefix sums

problem is to compute s1, S2,...,S,, Where §; = 1 ®
To ® T3 ® ... x;. The s;’s are often called partial
sums. Parallel prefix is the problem of computing the
prefix sums in parallel. This problem can be solved in
O(3 + (1 + p) logp) time.

Segmented Parallel Prefix: Segmented prefix com-
putation is a sequence of prefix computations using an

associative operator ®. Consider n data items z; 1,

T1,2, -+ Tlngy 2,15, 2,2y -++y L2005 -+ Tm,l, Tm,2,
-5 Tm,nm, Where ¥ . n; = n. We want to com-
pute s;;, where s;; = ;1 ® T;i2 @ Ti3 ® ... @ Ty

for 1 < i < m,1 < j < n;. This operation can
be done using one parallel prefix operation and takes
O(% + (1 + p) logp) time.

All-to-All Communication: In this operation each
processor sends a distinct message of size m to every
processor. This operation takes O((7 + pm)p) time.
Transportation Primitive: The transportation
primitive performs many-to-many personalized com-
munication with possibly high variance in message
sizes. If the total length of the messages being sent out
or received at any processor is bounded by ¢, the trans-
portation primitive performs the communication using
two all-to-all communications with a uniform message
size of fo [10].

Sorting: Using sample sort [8] in conjunction
with bitonic sort for sorting splitters identified
during sample sort, n elements can be sorted

in O(% +Tp+,u(%+plog2p)) time for n >

p? log p.
3 Fast Multipole Method

In this section, we describe the sequential FMM,
compressed octrees and the adaptation of the sequen-
tial FMM to compressed octrees (for a detailed discus-
sion, see [2, 6]). Following Greengard [6], the FMM is
presented in the context of the N-body problem.

We use the term cell to denote a cubical region, the
term subcell to denote a cell that is contained in an-
other and the term immediate subcell to denote a cell
obtained as a result of the immediate subdivision of
another cell into 8 cells having half the side length of
the original cell. The terms supercell and immediate
supercell are defined similarly. The length of a cell is
the span of the cell along any dimension. Consider a
cell large enough to contain the n particles. Subdivide
the cell into its immediate subcells. Discard cells that
do not contain any particle. Recursively subdivide the
cells that contain more than one particle. Stop the
subdivision process on cells having exactly one parti-
cle. This recursive subdivision of the space into cells
is represented by a tree, which is called the octree. A
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Figure 1. lllustration of proximity set and in-
teraction set in two dimensions.

cell that is not further subdivided is a leaf cell.

In FMM, each cell C' in the octree is associated with
a multipole expansion and a local expansion, denoted
by ¢(C) and (C), respectively. ¢(C) is a truncated
infinite series that describes the effect of the particles
within cell C at a distant point. The multipole expan-
sions are computed using a bottom-up traversal in time
linear in the size of the tree. The multipole expansion
at a leaf cell is directly computed. The multipole ex-
pansion for an internal cell is computed by aggregating
the multipole expansions of its immediate subcells.

The local expansion ¥ (C) is a truncated infinite se-
ries that describes the effect of all distant particles on
the points within the cell C'. It is obtained by appropri-
ately combining (referred to as ‘addition’, for simplic-
ity) those multipole expansions that converge at every
point within cell C. In Figure 1, ¢(C) should include
the effect of all particles outside region R. However,
the effect of all particles outside region R’ are included
in ¥(C"), where C’ is the parent of C. When consider-
ing cell C, we only compute the effect of particles that
are outside region R but within region R'. We call this
the partial local expansion at cell C. This is added to
¥(C") to compute ¥(C). To compute local expansions
for all cells, a top-down traversal is used. The time for
computing all the local expansions is proportional to
the size of the octree.

In an octree, all the particles that lie within a cell
may also lie within one of its immediate subcells. This
leads to chains in the tree, where each node on a chain
(except the last node) has exactly one child. Such a
chain can be arbitrarily large irrespective of the total
number of particles. Therefore, the size of the octree
and the time for multipole and local expansion calcu-
lations depends upon the distribution of the particles.

Algorithm 1 Compute-Local-Exp (v)

I. Find the proximity set P(v) and the interaction
set I(v) for v
E(v) = P(parent(v))
I(v) =0; P(v)=0
While E(v) # O do
Pick some u € E(v)
E(v) = E(v) — {u}
If well-sep(S(v), S(u))
I(v) = I(v) U{u}
Else if S(u) is smaller than S(v)
P(v) = P(v) U {u}
Else E(v) = E(v) U children(u)
I1. Calculate the local expansion at v
Initialize ¥ (v) using ¥ (parent(v))
For each node u € I(v)
Incorporate ¢(u) into v (v)
ITI. Calculate the local expansions at the children of
v with recursive calls
For each child w of v
Compute-Local-Exp (w)

Figure 2. Algorithm for calculating local ex-
pansions of all nodes in the tree rooted at  v.

To achieve optimal run-time independent of the dis-
tribution, we use the compressed octree data structure.
Let vy, vs,...,vx (k> 2) be a mazimal chain in the oc-
tree such that each node of the chain represents the
same set of particles. In a compressed octree, each
such chain is replaced by the last node on the chain,
i.e., vg. The size of a compressed octree is O(n), where
n is the number of particles. It is not a height-balanced
tree and its height could be as large as Q(n). For each
node in a compressed octree, we define two cells: The
small cell at a node is the smallest subcell that con-
tains all the particles in its subtree. The large cell at a
node is the largest cell the node is responsible for. It is
obtained by taking the appropriate immediate subcell
of the small cell at its parent node. For a node v, we
use L(v) to denote the large cell and S(v) to denote
the small cell.

Our compressed octree algorithm is as follows: For
each node v, compute the multipole expansion ¢(v) and
the local expansion ¢ (v), with respect to the cell S(v).
The multipole expansions can still be computed by a
simple bottom-up traversal in O(n) time.

In the octree-based FMM algorithm, cells of the
same length are used to compute local expansions. For
the compressed octree, a capability to deal with dif-
ferent cell lengths is needed. For two cells C' and D,



define a predicate well-sep(C, D) to be true if D’s mul-
tipole expansion converges at any point in C', and false
otherwise. If two cells are not well-separated, they are
prozimate. Similarly, for two nodes v; and vy in the
compressed octree, vs is said to be well-separated from
vy if and only if well-sep(S(vy1), S(v2)). Otherwise, we
say that vy is prorimate to vy. In the octree-based
FMM, the set of cells that are proximate to the cell C'is
called the prozimity set of C and is defined by P=(C) =
{D | length(C) = length(D), ~well-sep(C, D)}. The
superscript “=” is used to indicate that cells of same
length are being considered. For a node v in the com-
pressed octree, define the prozimity set P(v) as the set
of all nodes proximate to v and having the small cell
no larger than and the large cell no smaller than S(v).
More precisely, P(v) = {u | —well-sep(S(v), S(u)),
length(S(u)) < length(S(v)) < length(L(w))}.

The algorithm to compute the local expansions is
given in Figure 2. The computations are done us-
ing a top-down traversal of the tree. To compute
partial local expansion at a node v, we have to con-
sider the set of nodes that are proximate to its parent,
i.e., P(parent(v)). We recursively decompose nodes in
P(parent(v)) until each node is either 1) well-separated
from v or 2) proximate to v and the length of the small
cell of the node is smaller than the small cell of v. Par-
tial local expansion is computed by adding the multi-
pole expansions of the nodes in category 1, and the set
of these nodes is the interaction set of v. Each node w
in the interaction set of v is either in P(parent(v)) or
is in the subtree of a node in P(parent(v)) such that
no ancestor of w is well separated from v. It follows
that the interaction set I(v) is

I(v) = {w|well-sep(v,w), [w € P(parent(v))

V {~well-sep(v, parent(w)),
Ju € P(parent(v)),w is a descendant of u,
length(S(v)) < length(S(parent(w)))}]}

The amount of work necessary to compute the partial
local expansion at a node need not be constant and can
be as high as O(n), but the total work to compute all
partial expansions is still O(n) [2]. In this paper, we
present an efficient parallelization of this distribution-
independent sequential framework.

4 Parallel Fast Multipole Method

Our parallel FMM algorithm consists of four steps in
each iteration: 1) Constructing the compressed octree
for the particles, 2) Calculating multipole expansions,
3) Calculating partial local expansions, 4) Calculating
local expansions. The local expansions at the leaf nodes
are used to compute the force acting on each particle.

The particle positions are updated and this completes
one iteration of the N-body problem.

The data decomposition used by our algorithm is ex-
tremely simple: Initially, the n particles are distributed
such that each processor has approximately the same
number of particles. Throughout the algorithm, the
compressed octree data structure is stored in an ar-
ray according to its postorder traversal. This array is
uniformly distributed across the processors.

4.1 Compressed Octree Construction

Our algorithm for constructing compressed octrees
is based on Bern et al.’s algorithm [3] for construct-
ing quadtrees on the PRAM model. We also use the
following result by Clarkson [5]. Note that the pro-
cedure uses floor, logarithm and bitwise exclusive-or
operations.

Lemma 1 Let R be the product of d intervals I; X
I, x ... x I, i.e., R is a hyperrectangular region in d

dimensional space. The smallest cell containing R can
be found in O(d) time.

Let f be a bijective function that maps the 8 im-
mediate subcells of a cell to the set {1,2,...,8}. We
extend this ordering to an arbitrary collection of cells.
From the recursive decomposition of the domain into
cells it is easy to see that, for any pair of cells, either
the two cells are disjoint or one of them is completely
contained in the other cell. Two cells are considered
to be disjoint if they merely touch at the boundaries.
Define an ordering of a pair of cells as follows: If a cell
is completely contained in another, then the cell with
smaller size appears first in the ordering. If they are
disjoint, find the smallest cell that contains both these
cells. Each of the two cells will be contained in a dis-
tinct immediate subcell of this smallest cell. Order the
two cells according to the way f orders the correspond-
ing immediate subcells. Using Lemma 1, we can order
two cells in constant time.

Nodes in the tree can be ordered according to their
small cells. Ordering of all nodes in the compressed
octree corresponds to its postorder traversal. Further-
more, given two nodes v; and v, in the compressed
octree, the smallest cell containing S(v;) and S(v2) is
the same as S(u), where wu is the least common ances-
tor of v; and vy. In drawing a compressed octree, we
make use of this ordering. Thus, ordering of the leaf
nodes of the compressed octree results in the left to
right ordering of the leaves according to our drawing
protocol.

To construct the compressed octree, first sort the
particles in parallel based on their positions and us-
ing the ordering described above. This orders the leaf



nodes of the compressed octree. The next step is to
construct all the internal nodes. By constructing an
internal node, we mean generating the small cell of the
internal node. If we generate the least common an-
cestors of every consecutive pair of leaf nodes, we are
guaranteed to generate every internal node in the com-
pressed octree. However, there may be duplicates —
each internal node is generated at least once but at
most seven times. The internal nodes are then mixed
with the leaf nodes and they are sorted together in
parallel, again using the ordering defined above. This
results in the postorder traversal of the tree. Dupli-
cates are brought together due to sorting, and can be
easily eliminated. The array of nodes in this order is
referred to as T, for the remainder of this paper.

It remains to assign pointers to complete the con-
struction of the tree. For each node, we wish to de-
termine its parent cell, search for and locate it and set
up the pointers. The details of the process are as fol-
lows: For each node, we can determine its parent cell
by finding the smallest cell containing the small cells
at the node and the its right neighbor in 7. Such a
generated parent cell is called a virtual parent cell. We
generate the virtual parent cells of all nodes in paral-
lel. To this, we add the copies of cells corresponding to
all internal nodes (actual parents), mix them together
and sort them in parallel to create an array 7. In
T', the virtual parent cells and the corresponding ac-
tual parent cells come together. Each virtual parent
cell brings with it information on the index of the child
node that generated it. Similarly, each actual parent
cell contains information on the index of the parent
node. The child information from the virtual parent
cell should be communicated to the actual parent. The
parent information from the actual parent cell should
be communicated to the child. Note that the total
amount of incoming and outgoing information at each

processor is bounded by O (%) The communication

is done by invoking the transportation primitive.

The parallel compressed octree construction algo-
rithm uses 3 parallel sort operations and 1 transporta-
tion primitive. The running time of the algorithm is

0) (n—l‘;@ +Tp+p (% +plog2p)) for n > p?logp.
4.2 Multipole Expansion Calculation

The multipole expansion calculation is similar to
summing up all the leaves in the subtree of each node
where the leaves store numbers. This is known as up-
ward tree accumulation. Parallel algorithms for this
problem have been studied on the PRAM model (eg.
[7, 9]). Our interest is to solve this problem efficiently,
taking the distributed nature of memory into account.

A trivial parallelization of the sequential algorithm
is as follows: Calculate the multipole expansions con-
currently for the leaf nodes. Incorporate the multipole
expansions at the leaf nodes to their parents in parallel
and remove the leaf nodes. Repeat the process on the
residual tree until it reduces to a single node. Because
the height of the compressed octree can be 2(n), the
number of iterations is bounded only with O(n).

In a tree where each internal node has at least two
children, removing the leaf nodes in parallel removes at
least half the nodes in the tree. Unfortunately, removal
of the leaf nodes may create chains in the tree. If we
can compress all the chains before starting the next
iteration, at least half of the nodes in the residual tree
are leaf nodes which leads to an algorithm that runs in
O(logn) iterations.

When a node becomes a leaf node in the residual
tree, its complete multipole expansion is known. We
call a chain vy, vs,...,v; a leaf chain, if v; is a leaf,
and an internal chain, otherwise. For a leaf chain, the
multipole expansion at v; is obtained by summing the
stored multipole expansions in v;, v;y1,...v;. This is
the familiar prefix sum problem and a leaf chain can
be compressed in parallel using parallel prefix. This
strategy does not work for an internal chain because
v; needs the complete multipole expansion at v;, which
is not available for an internal chain. In Lemma 2, we
prove that compressing only the leaf chains is sufficient
to yield an O(logn) iteration algorithm.

Lemma 2 Compressing only leaf chains, multipole ez-
pansions can be calculated in O(logn) iterations.

Proof: Consider a modified algorithm in which, at
each iteration, not only the chains ending with leaf
nodes but all the chains are compressed. Of course,
this algorithm may not compute the correct multipole
expansions for all the nodes. However, it guarantees
that at least one half of the nodes are removed from the
tree at each iteration. Thus, the number of iterations
is bounded by O(logn).

To prove that O(logn) iterations are sufficient even
when we compress only leaf chains, we show that if a
node v is removed as a leaf during the k!” iteration by
the modified algorithm, it is also removed by the orig-
inal algorithm during the k" iteration as a leaf. The
proof is by induction on the iteration number. Obvi-
ously, in the first iteration the nodes removed as leaves
are the same. Assume this holds for k — 1 iterations.

Let a node v be removed as a leaf by the modified
algorithm during step 1 of the kt” iteration. Then, v
has never been on a chain and has at least two descen-
dants (u1,...,u;, j > 1) removed as leaves during the
(k — 1)*" iteration. Note that, there could be some



chains removed between v and u; during the (k — 1)t*
iteration. Clearly, v could not be removed at a pre-
ceding iteration and w1, ...,u; are removed as leaves at
(k — 1)*" iteration by the original algorithm. For any
1, consider the descendants of v that are also ancestors
of u; in the initial compressed octree. Each of these is
removed by the modified algorithm before k" iteration
as part of a chain. Even though none of these nodes
is removed by the original algorithm before (k — 1)t*
iteration, they all form a chain and are removed dur-
ing phase 2 of iteration & — 1. Thus, v is a leaf at the
beginning of the k*" iteration in the original algorithm
and is removed. This completes the proof. [ |

As the execution of the algorithm progresses, some
nodes are marked as deleted and they are never con-
sidered in subsequent iterations. Each iteration of the
algorithm consists of two steps: In step 1, the mul-
tipole expansions at the leaf nodes are added to their
parents and the leaf nodes are removed in parallel. The
communication from leaves to the processors contain-
ing their parents can be effected using one transporta-
tion primitive. Then, the computation is performed by
the processors containing their parents.

In step 2, each leaf chain is compressed using a par-
allel prefix operation. The entries in 7' that are not
deleted correspond to the postorder traversal of the
residual tree. In this order, a chain of nodes occu-
pies consecutive positions in T' (considering only en-
tries that are not marked as deleted). We use a variant
of segmented parallel prefix to collapse the chains to-
gether in one operation. We mark the beginning of
each leaf chain in 7" with a start marker. Intermediate
nodes on any chain are not marked. The final node of
any chain is marked with an end marker. Nodes that
do not fall under any of the previous categories are also
marked with an end marker. The identification of dif-
ferent categories is done as follows: If the next entry for
a node in the residual tree has only one child, it must
be the parent of the node. Consider a node v. If v is
a leaf and its next entry is a node with a single child,
it gets a start marker. If v is not a leaf and its next
entry is a node with a single child, it is not marked.
Otherwise, it gets an end marker. A segmented paral-
lel prefix should be performed between matching start
and end markers.

In each iteration of the algorithm, we perform

0 (%) work on each processor for the purpose of iden-

tifying the leaves, setting up markers etc. We also
use one transportation primitive and one segmented
parallel prefix per iteration. Thus, the overall run-
ning time of the multipole expansion calculation is

0 (%logn+7plogn+u% logn) for n > plogp.

4.3 Partial Local Expansion Calculation

The partial local expansion at a node is obtained
by adding the multipole expansions of all nodes in its
interaction set. Sequentially, the interaction sets are
computed in a systematic manner during a top-down
traversal. To compute interaction sets in parallel, we
need a mechanism to independently generate the inter-
action sets. A further complication arises due to the
fact that while the sum of the sizes of the interaction
sets of all nodes in the tree is O(n), we can only place
a bound of O(n) on the size of a single interaction set.
Therefore, simply computing each interaction set inde-
pendently is not efficient.

Instead of computing the interaction set of each
node v, we can reverse the perspective and try to com-
pute the set of nodes which have v in their interaction
sets. Then we may try to add the multipole expan-
sion of v to all these nodes. This strategy would be
beneficial if the size of each such set is a constant. Un-
fortunately, this cannot be guaranteed and the size of
such a set is bounded only by O(n).

We will show that by employing a combination of
the two strategies, we can ensure that the set sizes
are constant. For a node v, each node in I(v) is ei-
ther in P(parent(v)) or a descendant of a node in
P(parent(v)). We divide the interactions according to
these two cases and define two additional sets, the for-
ward interaction set Ir(v) and the backward interaction
set I(v) as follows:

Ir(v) = {w]|well-sep(v,w), w € P(parent(v))}

Iy(v) = {w|well-sep(w,v), ~well-sep(w, parent(v)),

Ju € P(parent(w)),v is a descendant of u,
length(S(w)) < length(S(parent(v)))}

Note that the interaction set for a node v satisfies
I(v) = Iy (v) U{w | v € I)(w)}. In the following, we
seek to establish that |I7(v)| = O(1) and |I(v)| = O(1)
for any node v and show how to compute these sets in
parallel for all nodes in the tree.

For a cell C, P=(C) can be formed with only the
knowledge of C. This is because P=(C') contains cells
that are of the same size as C but that are close enough
that their multipole expansions do not converge in C.
These cells are all contained in a constant number of
layers around cell C. Furthermore, |P=(C)| is con-
stant. The following two lemmas assert that for a node
v, if we search the cells in P=(S(parent(v))) in the
compressed octree we can find the nodes in Iy(v) and if
we search the immediate subcells of P=(S(parent(v)))
we can find the nodes in I;(v).



Lemma 3 Let v and w be two nodes in a compressed
octree. Then w € If(v) if and only if well-sep(v,w),
—well-sep(parent(v),w), 3C such that S(w) C C C
L(w) and C € P=(S(parent(v))).

Proof: Let w € Iy(v). By definition, well-sep(v,w)
and w € P(parent(v)). By the definition of proxim-
ity set, —well-sep(parent(v),w) and length(S(w)) <
length(S(parent(v))) < length(L(w)). Thus, 3C such
that length(S(parent(v))) = length(C) and S(w) C
C C L(w). Since ~well-sep(parent(v),w) and S(w) C
C, C and S(parent(v)) are not well-separated. Then,
C € P=(S(parent(v))).

Now, let well-sep(v,w), —well-sep(parent(v),w)
and C be such that S(w) C C C L(w) and
C € P=(S(parent(v))). Then, length(S(w)) <
length(S(parent(v))) < length(L(w)) and by defini-
tion, w € P(parent(v)). Thus, by the definition of
It (v), w € If(v). [ |

Corollary 4 |I;(v)| is bounded by a constant.

Proof: Follows from Lemma 3 because the size of the
proximity set of a cell is bounded by a constant. ]

Lemma 5 Let v and w be two nodes in a compressed
octree. Then, w € Iy(v) if and only if well-sep(w,v),
—well-sep(w, parent(v)), 3C such that S(w) C C C
L(w) and C is an immediate subcell of a cell in
P=(S(parent(v))).

Proof: Let w € Iy(v). Then, well-sep(w,v)
and —well-sep(w, parent(v)) by definition.  Since
length(S(w)) < length(S(parent(v))),  3C'
such that S(w) <C C' and length(S(w)) <
length(C') = length(S(parent(v))). Furthermore,
Ju € P(parent(w)) such that uw is an ancestor
of v so, length(S(parent(v))) < length(S(u)) <
length(S (parent(w))). Therefore, an immediate
subcell C of C" satisfies S(w) C C C L(w). Because
—well-sep(w, parent(v)), C' and S(parent(v)) are not
well-separated, C' € P=(S(parent(v))).

On the other hand, let well-sep(w,v) and
—well-sep(w, parent(v)) and let C be such
that it is an immediate subcell of a cell
C' € P=(S(parent(v))) and S(w) C C C L(w).
Then, length(S(w)) <  length(S(parent(v))).
Since ¢ C L(w), C' C S(parent(w)) and
—well-sep(parent(w), parent(v)). Then, there is
an ancestor u of v such that length(S(u)) <
length(S(parent(w))) < length(L(u)). Note
that —well-sep(parent(w), u) because both
—well-sep(parent(w), parent(v)) and w is either
parent(v) or an ancestor of parent(v). So, by defini-
tion, u € P(parent(w)). It follows from the definition
of I(v) that w € I(v). [ |

Corollary 6 |I,(v)| is bounded by a constant.

Proof: Follows from Lemma 5 because the number
of immediate subcells of a cell and the size of the prox-
imity set of a cell are bounded by constants. [ |

We use Lemma 3 to identify the forward in-
teraction sets. For each node v, compute the
cells in P=(S(parent(v))). For each cell C €
P=(S(parent(v))), search for the node whose small cell
is contained in C' and whose large cell is at least as
large as C. Retrieve the nodes and their multipole ex-
pansions. The multipole expansion of such a retrieved
node w is added provided w is well-separated from v
but not well-separated from its parent.

The searches are performed in the following way:
For each node v in T, put S(v) and the cells in
P=(S(parent(v))) together into an array T" and sort 7"
in parallel. Along with each S(v), carry its multipole
expansion also. Sorting is done so that each cell having
a multipole expansion comes before all the cells search-
ing for it that are grouped together. Now, the mul-
tipole expansions can be broadcast using segmented
parallel prefix to the cells searching for such informa-
tion. The cells having the multipole expansions show
the separation of the segments. Send the multipole
expansion at each search cell to its originating node
using the transportation primitive. Each entry of T
generates only constant sized information. Similarly,
each processor receives O(1) amount of information for
each node in array T'. Thus, the total amount of out-
going and incoming communication at any processor is

bounded by O (%) and this leads to balanced commu-

nication. After the multipole expansions are received,
they are incorporated if found appropriate according
to Lemma 3.

An almost identical strategy works for the compu-
tation of the backward interactions sets. We highlight
only the deviations: Use Lemma 5 and for each node v,
generate the immediate subcells of P=(S(parent(v))).
After sorting, the array T’ contains segments as before.
Within each segment, the first entry is a cell from T
and rest of the entries are identical cells whose multi-
pole expansions should be added to the first entry. This
addition is accomplished in parallel for all segments by
reduction using a segmented parallel prefix.

The partial local expansion calculation uses 2 par-
allel sort, 2 segmented parallel prefix and 2 trans-
portation primitive operations. Thus, for n >
p? log p, the partial local expansion calculation requires

0 (nl(;gn +p+p (% +p]0g2p)) time.



4.4 Local Expansion Calculation

To perform the top-down traversal required for lo-
cal expansion calculation, we reverse the bottom-up
traversal algorithm described in Section 4.2. During
the bottom-up traversal, leaf chains are collapsed into
single nodes. To reverse the procedure, single nodes
must be expanded into leaf chains. It is difficult to pre-
dict when a node should be expanded and what should
be the length of the chain if a node should indeed be ex-
panded. We achieve this by collecting information dur-
ing the execution of the bottom-up traversal so that we
can exactly reverse it. This ensures that the run-time
is identical to the bottom-up traversal procedure. We
compute local expansions while activating the deleted
nodes in the reverse order. We repeat two steps, which
are actually the reverse of the bottom-up traversal.

The total run-time of our FMM algorithm is
@) ("log” +rplogn + u ("log" + plog? p)
inspection of the run-times of the primitives described
in Section 2, it is evident that the run-time is dom-
inated by the sort operations for n sufficiently larger
than p. Thus, run-time of our parallel algorithm is
bounded by the efficiency of parallel sorting which is
an inevitable factor for any FMM algorithm as sorting
can be reduced to compressed octree construction.

Several experimental studies have shown that the
time spent in force calculation dominates the total run-
ning time, despite its lower order complexity (O(n)
vs. O(nlogn) sequentially). Here, force calculation in-
cludes computing multipole expansions, adding multi-
pole expansions to multipole expansions, shifting mul-
tipole expansions to local expansions, adding local ex-
pansions to local expansions and evaluating local ex-
pansions. It is important to design parallel algorithms
that have optimal speedup for force calculation part
of the algorithm. While the total running time of our

) . From an

parallel algorithm is optimal O (wg_n) , the same com-

plexity applies to force calculation as well. We have
designed a slightly more complex algorithm that does

give optimal O (% running time for force calculation.

It is not discussed here due to space limitations.

5 Conclusions and Open Problems

Our main contribution in this paper is the design-
ing of the first parallel algorithm for computing the
Fast Multipole Method (FMM) that is provably effi-
cient, distribution-independent and uses statically de-
termined mappings of computational and communica-
tion load to processors. We show that the problem
can be solved in such a fashion on a realistic model
of parallel computers, taking into detailed account the

physically distributed nature of memory. We show that
the FMM can be computed in parallel using such well-
understood and simple primitives as parallel prefix, all-
to-all communication and sorting.

Several interesting questions remain unanswered at
this point: How does an implementation of the algo-
rithm presented compare with the best existing im-
plementations that employ dynamic load distribution?
Given that this is the first algorithm to use a static
decomposition to satisfactorily solve the problem, can
we expect to find even simpler algorithms without the
need for dynamic load distribution? In our tree con-
struction algorithm, we assume that the logarithm and
floor operations can be performed in constant time.
Is it possible to achieve similar results using only the
standard algebraic model of computation?

References

[1] S. Aluru, Greengard’s N-body algorithm is not order
N. SIAM Journal on Scientific Computing, 17 (1996)
773-776.

[2] S. Aluru, G.M. Prabhu, J. Gustafson and F. Sevil-
gen, Distribution-Independent Hierarchical Algorithm
for the N-body Problem, Journal of Supercomputing,
12 (1998) 303-323.

[3] M. Bern, D. Eppstein and S.H. Teng, Parallel Construc-
tion of Quadtrees and Quality Triangulations, Work-
shop on Algorithms and Data Structures (1993) 188-
199.

[4] P.B. Callahan and S.R. Kosaraju, A decomposition
of multidimensional point sets with applications to k-
nearest neighbors and n-body potential fields, J. of the
ACM, 42(1) (1995) 67-90.

[6] K. L. Clarkson, Fast Algorithms for the All Nearest
Neighbors Problem, Proc. Foundations of Computer
Science (1983) 226-232.

[6] L. Greengard, The rapid evaluation of potential fields
in particle systems, MIT Press, Cambridge, MA, 1988.

[7] S.R. Kosaraju and A.L. Delcher, Optimal parallel eval-
uation of tree-structured computations by raking, Proc.
3rd Aegean Workshop on Computing (1988) 101-110.

[8] V. Kumar, A. Grama, A. Gupta and G. Karypis,
Introduction to Parallel Computing, The Ben-
jamin/Cummings Publishing Co., 1994.

[9] G.L. Miller and J.H. Reif, Parallel tree contraction and
its application, Proc. IEEE Symposium on the Founda-
tion of Computer Science (1985) 473-489.

[10] S. Ranka, R.V. Shankar and K.A. Alsabti, Many-to-
many communication with bounded traffic, Proc. Fron-
tiers of Massively Parallel Computation (1995), 20-27.

[11] V. Rokhlin, Rapid solution of integral equations of
classical potential theory, Journal of Computational
Physics, 60 (1985) 187-207.

[12] S.H. Teng, Provably good partitioning and load bal-
ancing algorithms for parallel adaptive N-body simu-
lation, SIAM Journal on Scientific Computing, 19(3)
(1998) 635-565.



