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very characteristics of a HNOW: di erent loads
imply di erent processor speeds when running a
parallel application, even though all processors are
identical. Note that multi-user parallel machines
are interesting in this context because they may
exhibit a better communication-to-computation
ratio than Ethernet-based networks.
The major limitation to programming heterogeneous platforms arises from the additional diÆculty
of balancing the load when using processors running at di erent speed. In this paper, we explore
several possibilities to implement linear algebra kernels on HNOWs. We have been exploring data allocation strategies for HNOWs arranged as a unidimensional (linear) array in previous papers [8, 9].
Arranging the processors along a two-dimensional
grid turns out to be surprisingly diÆcult. There are
two complicated problems to solve: (i) how to arrange the heterogeneous processors along a 2D-grid;
(ii) how to distribute matrix blocks to the processors once the grid is built. The major contribution of this paper is to provide an eÆcient solution
to both problems, thereby providing the required
framework to build an extension of the ScaLAPACK
library [6] capable of running on top of HNOWs or
non-dedicated parallel machines.
The rest of the paper is organized as follows. In
Section 2 we discuss the framework for implementing our heterogeneous kernels, and we brie y review
the existing literature. In Section 3 we summarize
existing algorithms for matrix multiplication and
dense linear solvers on 2D (homogeneous) grids. In
Section 4 we propose data allocation strategies for
implementing the previous kernels on 2D heterogeneous grids. We give some nal remarks and conclusions in Section 5. Due to the lack of space we
do not report any MPI experiments in this paper:

Abstract

We study the implementation of dense linear
algebra computations, such as matrix multiplication
and linear system solvers, on two-dimensional
(2D) grids of heterogeneous processors. For these
operations, 2D-grids are the key to scalability and
eÆciency. The uniform block-cyclic data distribution scheme commonly used for homogeneous
collections of processors limits the performance
of these operations on heterogeneous grids to the
speed of the slowest processor. We present and
study more sophisticated data allocation strategies
that balance the load on heterogeneous 2D-grids
with respect to the performance of the processors.
The practical usefulness of these strategies is fully
demonstrated by experimental data for a heterogeneous network of workstations.
Key words: heterogeneous network, heterogeneous grid, di erent-speed processors,
load-balancing, data distribution, data allocation, numerical libraries.
1. Introduction

Heterogeneous networks of workstations
(HNOWs) are ubiquitous in university departments and companies. They represent the typical
poor man's parallel computer: running a large
PVM or MPI experiment (possibly all night long)
is a cheap alternative to buying supercomputer
hours. The idea is to make use of all available
resources, namely slower machines as well as
more recent ones. In addition, parallel machines
used in a multi-user environment exhibit the
1

see [7] for such experiments.
2. Framework

2.1. Static Versus Dynamic Strategies

Because we have a library designer's approach,
we target static strategies to allocate data and computations to the processors. In fact, distributing the
computations (together with the associated data)
can be performed either dynamically or statically, or
a mixture of both. On one hand, we may think that
dynamic strategies are likely to perform better, because the machine loads will be self-regulated, hence
self-balanced, if processors pick up new tasks just
as they terminate their current computation. However, data dependences, communication costs and
control overhead may well lead to slow the whole
process down to the pace of the slowest processors.
On the other hand, static strategies will suppress
(or at least minimize) data redistributions and control overhead during execution. Furthermore, in
the context of a numerical library, static allocations
seem to be necessary for a simple and eÆcient data
allocation.
However, to be successful, static strategies must
obey a more re ned model than standard blockcyclic distributions: such distributions are wellsuited to processors of equal speed but lead to a
great load imbalance between processors of di erent speed.
2.2. Machine Model

Our machine model is either a heterogeneous network of workstations of di erent speeds, or a parallel computer with multiple users. In this latter case,
we assume di erent loads on the di erent processors, thereby considering the parallel computer as
a heterogeneous machine (and calling it a HNOW
as well). In both cases, we have to model the
communication links. For HNOWS interconnected
with a standard Ethernet network, all communications are inherently sequential, while for Myrinet
or switched networks, independent communications
can take place in parallel. In all cases, we consider
that the communications performed by one processor are sequential.
In any case, we will con gure the HNOW as a
(virtual) 2D grid for scalability reasons [10]. We
come back to this point in Section 3 when describing
the well-known blocked matrix multiplication and
LU or QR decomposition algorithms.

2.3. Related Work

There is a great deal of papers in the literature
dealing with dynamic schedulers to distribute the
computations (together with the associated data)
onto heterogeneous platforms. Most schedulers use
naive mapping strategies such as master-slave techniques or paradigms based upon the idea \use the
past to predict the future", i.e. use the currently observed speed of computation of each machine to decide for the next distribution of work: see the survey
paper of Berman [4] and the more specialized references [2, 13] for further details. Several scheduling
and mapping heuristics have been proposed to map
task graphs onto HNOWs [23, 24, 21, 18]. Scheduling tools such as Prophet [25] or AppLeS [4] are
available (see also the survey paper [22]).
The static mapping of numerical kernels has however received much less attention. To the best of
our knowledge, there is a single paper by Kalinov
and Lastovetky [19] which has similar objectives as
ours. They are interested in LU decomposition on
heterogeneous 1D and 2D grids. They propose a
\heterogeneous block cyclic distribution" to map
matrix blocks onto the di erent-speed processors.
They use the mPC programming tool [3] to program the heterogeneous 1D or 2D grids, which they
consider as xed (they do not discuss how to congure the grid). In fact, their \heterogeneous block
cyclic distribution" does not lead to a \true" 2Dgrid, because each processor has more than 4 direct
neighbors to communicate with. We come back on
this distribution in Section 3.1.2.
3. Linear Algebra Kernels on 2D Grids

In this section we brie y recall the algorithms
implemented in the ScaLAPACK library [6] on 2D
homogeneous grids. Then we discuss how to modify
the two-dimensional block-cyclic distribution which
is used in ScaLAPACK to cope with 2D heterogeneous grids.
3.1. Matrix-matrix Multiplication

3.1.1 Homogeneous Grids

For the sake of simplicity we restrict to the multiplication C = AB of two square n  n matrices
A and B . In that case, ScaLAPACK uses the outer
product algorithm described in [1, 17, 20]. Consider
a 2D processor grid of size p  q.
Assume rst that n = p = q. In that case, the
three matrices share the same layout over the 2D

grid: processor Pi;j stores ai;j , bi;j and ci;j . Then
at each step k,

 each processor Pi;k (for all i 2 f1; ::; pg) horizontally broadcasts ai;k to processors Pi; .

 each processor Pk;j (for all j 2 f1; ::; qg) vertically broadcasts bk;j to processors P;j .

so that each processor Pi;j can independently compute ci;j + = ai;k  bk;j .
This algorithm is used in the current version of
the ScaLAPACK library because it is scalable, eÆcient and it does not need any initial permutation
(unlike Cannon's algoritm [20]). Moreover, on a homogeneous grid, broadcasts are performed as independent ring broadcasts (along the rows and the
columns), hence they can be pipelined.
Of course, ScaLAPACK uses a blocked version of
this algorithm to squeeze the most out state-of-theart processors with pipelined arithmetic units and
multilevel memory hierarchy [16, 10]. Each matrix
coeÆcient in the description above is replaced by a
r  r square block, where optimal values of r depend
on the communication-to-computation ratio of the
target computer.
Finally, a level of virtualization is added: usually, the number of blocks d nr ed nr e is much greater
than the number of processors pq. Thus blocks are
scattered in a cyclic fashion along both grid dimensions, so that each processor is responsible for updating several blocks at each step of the algorithm.
An example is given in Figure 1 with p = q = 4 and
d nr e = 10.
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Figure 1. Processors are numbered from
1 to 16. This figure represents the distribution of 10  10 matrix blocks onto 4  4
processors.

3.1.2 Heterogeneous Grids

Suppose now we have a p  q grid of heterogeneous
processors. Instead of distributing the r  r matrix blocks cyclically along each grid dimension, we
distribute block panels cyclically along each grid dimension. A block panel is a rectangle of consecutive
Bp  Bq r  r blocks. See Figure 2 for an example
with Bp = 4 and Bq = 3: this panel of 12 r  r
blocks will be distributed cyclically along both dimensions of the 2D grid. The previous cyclic dimension for homogeneous grids obviously corresponds to
the case Bp = p and Bq = q. Now, the distribution
of individual blocks is no longer purely cyclic but remains periodic. We illustrate in Figure 3 how block
panels are distributed on the 2D-grid.
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Figure 2. A block panel with Bp = 4 and
Bq = 3. Each processor is labeled by
its cycle-time, i.e the (normalized) time it
needs to compute one r  r block: the processor labeled 1 is twice faster than the
one labeled 2, hence it is assigned twice
more blocks within each panel.

How many r  r blocks should be assigned to
each processor within a panel ? Intuitively, as in
the case of uni-dimensional grids, the workload of
each processor (i.e. the number of block per panel
it is assigned to) should be inversely proportional
to its cycle-time. In the example of Figure 2, we
have a 2  2 grid of processors of respective cycletime t1;1 = 1, t1;2 = 2, t2;1 = 3 and t2;2 = 6. The
allocation of the Bp  Bq = 4  3 = 12 blocks of the
panel perfectly balances the load amongst the four
processors.
There is an important condition to enforce when
assigning blocks to processors within a block panel.
We want each processor in the grid to communicate
only with its four direct neighbors. This implies
that each processor in a grid row is assigned the
same number of matrix rows. Similarly, each processor in a grid column must be assigned the same
number of matrix columns. If these conditions do
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Figure 3. Allocating 4  3 panels on a 2  2
grid (processors are labeled by their cycletime). There is a total of 10  10 matrix
blocks.

not hold, additional communications will be needed,
as illustrated in Figure 4.
Translated in terms of r  r matrix blocks, the
above conditions mean that each processor Pij ,
1  j  q in the i-th grid row must receive the
same number ri of blocks. Similarly, Pij , 1  i  p
must receive cj blocks. This condition does hold in
the example of Figure 3, hence each processor only
communicates with its direct neighbors.
Unfortunately, and in contrast with the unidimensional case, the additional constraints induced
by the communication pattern may well prevent to
achieve a perfect load balance amongst processors.
Coming back to Figure 2, we did achieve a perfect
load balance, owing to the fact that the processor
cycle-times could be arranged in the rank-1 matrix

 

t11 t12 = 1 2 :
t21 t22
3 6
For instance, change the cycle-time of P2;2 into
t22 = 5. If we keep the same allocation as in Figure 2, P22 remains idle every sixth time-step. Note
that there is no solution to perfectly balance the
work. Indeed, let r1 , r2 , c1 and c2 be the number of
blocks assigned to each row and column grid. Processor Pij computes ri cj blocks in time ri cj tij .
To have a perfect load balance, we have to ful ll the
following equations:
r1 t11 c1 = r1 t12 c2 = r2 t21 c1 = r2 t22 c2

that is r1 c1 = 2r1 c2 = 3r2 c1 = 6r2 c2 :
We derive c1 = 2c2 , then r1 = 3r2 = 52 r2 , hence
a contradiction. Note that we have not taken into
account the additional condition (r1 + r2 )  (c1 +
c2 ) = 12, stating that there are 12 blocks within
a block panel: it is impossible to perfectly loadbalance the work, whatever the size of the panel.
If we relax the constraints on the communication
pattern, we can achieve a perfect load-balance as
follows: rst we balance the load in each processor
column independently (using the uni-dimensional
scheme); next we balance the load between columns
(using the uni-dimensional scheme again, weighting
each column by the inverse of the harmonic mean of
the cycle-times of the processors within the column,
see below). This is the \heterogeneous block cyclic
distribution" of Kalinov and Lastovetky [19], which
leads to the solution of Figure 4. Because processor
P2;2 has two west neighbors instead of one, at each
step of the algorithm it is involved in two horizontal
broadcasts instead of one.
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Figure 4. The distribution of Kalinov and
Lastovetky. Two consecutive columns are
represented here. Processors have two
west neighbors instead of one.

We use the example to explain with further details how the heterogeneous block cyclic distribution of Kalinov and Lastovetky [19] works. First
they balance the load in each processor column independently, using the uni-dimensional scheme. In
the example there are two processors in the rst
grid column with cycle-times t11 = 1 and t21 = 3,
so P11 should receive three times more matrix rows
than P21 . Similarly for the second grid column, P12
(cycle-time t12 = 2) should receive 5 out of every 7
matrix rows, while P22 (cycle-time t22 = 5) should
receive the remaining 2 rows. Next how to dis-

tribute matrix columns? The rst grid column operates as a single processor of cycle-time 2 1+1 = 32 .
The second grid column operates as a single processor of cycle-time 2 +1 = 207 . So out of every 61
matrix columns we assign 40 to the rst processor
column and 21 to the second processor column.
Because we have a library designer's approach,
we do not want the number of horizontal and vertical communications to depend upon the data distribution. For large grids, the number of horizontal
neighbors of a given processor cannot be bounded a
priori if we use Kalinov and Lastovetky's approach.
We enforce the grid communication pattern (each
processor only communicates with its four direct
neighbors) to minimize communication overhead.
The price to pay is that we have to solve a diÆcult optimization problem to load-balance the work
as eÆciently as possible. Solving this optimization
problem is the objective of Section 4.
1
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submatrix A is updated. The key computation is
this latter rank-b update A A LU that can be
implemented as follows:
1. The column processor that owns L broadcasts
it horizontally (so there is a broadcast in each
processor row)
2. The row processor that owns U broadcasts it
vertically (so there is a broadcast in each processor column)
3. Each processor locally computes its portion of
the update

We rst recall the ScaLAPACK algorithm for the
LU or QR decompositions on a homogeneous 2Dgrid. We discuss next how to implement them on a
heterogeneous 2D-grid.

The communication volume is thus reduced to the
broadcast of the two row and column panels, and
matrix A is updated in place (this is known as
an outer -product parallelization). Load balance is
very good. The simplicity of this parallelization,
as well as its expected good performance, explains
why the right-looking variants have been chosen in
ScaLAPACK [10]. See [15, 10, 5] for a detailed performance analysis of the right-looking variants, that
demonstrates their good scalability property. The
parallelization of the QR decomposition is analogous [12, 11]

3.2.1 Homogeneous Grids

3.2.2 Heterogeneous Grids

In this section we brie y review the direct parallelization of the right-looking variant of the LU decomposition. We assume that the matrix A is distributed onto a two-dimensional grid of (virtual)
homogeneous processors. We use a CYCLIC(b) decomposition in both dimensions. The right-looking
variant is naturally suited to parallelization and can
be brie y described as follows: Consider a matrix
A of order N and assume that the LU factorization of the k  b rst columns has proceeded with
k 2 0; 1; : : : N b 1 . During the next step, the algorithm factors the next panel of r columns, pivoting if necessary. Next the pivots are applied to the
remainder of the matrix. The lower trapezoid factor just computed is broadcast to the other process
columns of the grid using an increasing-ring topology, so that the the upper trapezoid factor can be
updated via a triangular solve. This factor is then
broadcast to the other process rows using a minimum spanning tree topology, so that the remainder
of the matrix can be updated by a rank-r update.
This process continues recursively with the updated
matrix. In other words, at each step, the current
panel of columns is factored into L and the trailing

For the implementation of the LU and QR decomposition algorithms on a heterogeneous 2D grid, we
modify the ScaLAPACK CY CLIC (r) distribution
very similarly as for the matrix-matrix multiplication problem. The intuitive reason is the following: as pointed out before, the core of the LU and
QR decompositions is a rank-r update, hence the
techniques for the outer-product matrix algorithm
naturally apply.
We still use block panels made up with several
r r matrix blocks. The block panels are distributed
cyclically along both dimensions of the grid. The
only modi cation if that the order of the blocks
within a block panel becomes important.
Consider the previous example with four processors laid along a 2  2 grid as follows:

3.2. The LU and QR Decompositions



t11 t12
t21 t22



=





1 2 :
3 5

Say we use a panel with Bp = 8 ad Bq = 6, i.e. a
panel composed of 48 blocks. Using the methods
described below (see Section 4), we assign he blocks
as follows:

 Within each panel column, the rst processor

row receives 6 blocks and the second processor
rows receives 2 blocks
 Out of the 6 panel columns, the rst grid column receives 4 and the second grid column receive 2
This allocation is represented in Figure 5. We need
to explain how we have allocated the six panel
columns. For the matrix multiplication problem,
the ordering of the blocks within the panel was not
important, because all processors execute the same
amount of (independent) computations at each step
of the algorithm. For the LU and QR decomposition algorithms, the ordering of the columns is quite
important. In the example, the rst processor column operates like 6 processors of cycle-time 1 and
2 processors of cycle-time 3, which is equivalent
to a single processor A of cycle-time 203 ; the second processor column operates like 6 processors of
cycle-time 2 and 2 processors of cycle-time 5, which
is equivalent to a single processor B of cycle-time
5
. The uni-dimensional algorithm allocates the six
17
panel columns as ABAABA, and we retrieve the
allocation of Figure 5.
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some cases (rank-1 matrices) we are able to loadbalance the work perfectly, but in most cases it is
not the case. Next, once the grid is built, we have
to determine the number of blocks that are assigned
to each processor within a block panel. Again, this
must be done so as to load-balance the work, because processors have di erent speeds. Finally, the
panels are cyclically distributed along both grid dimensions. The rest of the paper is devoted to a
solution to this diÆcult load-balancing problem.
4. Solving the 2D Heterogeneous Grid
Allocation Problem

4.1. Problem Statement and Formulation

Consider n processors P1 ; P2 ; : : : ; Pn of respective cycle-times t1 ; t2 ; : : : ; tn . The problem is to arrange these processors along a two-dimensional grid
of size p  q  n, in order to compute the product
Z = XY of two N  N matrices as fast as possible. We need some notations to formally state this
objective.
Consider a given arrangement of pq  n processors along a two-dimensional grid of size p  q. Let
us re-number the processors as Pij , with cycle-time
tij , 1  i  p; 1  j  q. Assume that processor
Pij is assigned a block of ri rows and cj columns
of data elements, meaning that it is responsible for
computing ri  cj elements of the Z matrix: see
Figure 6 for an example.
c1
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r1

P11
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P24
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P31
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Figure 5. Allocation of the blocks within a
block panel with Bp = 8 and Bq = 6. Each
processor of the 2  2 grid is labeled by its
cycle-time.

Figure 6. Allocating computations to processors on a 3  4 grid

To conclude this section, we have a diÆcult loadbalancing problem to solve. First we do not know
which is the best layout of the processors, i.e. how
to arrange them to build an eÆcient 2D grid. In

There are two (equivalent) ways to compute the
eÆciency of the grid:
 Processor Pij is scheduled to evaluate rectangular data block ri  cj of the matrix Z , which

it will process within ri  cj  tij units of time.
The total execution time Texe is taken over all
processors:

p
X

Texe = max
fr  tij  cj g:
i;j i
Texe must be normalized to the average time
Tave needed to process a single data element:
since there is a total ofPNp 2 elements to compute,
Pq we enforce that i=1 ri = N and that
j =1 cj = N . We get

max fr  tij  cj g :
Tave = Pp i;j i P
( i=1 ri )  qj=1 cj
We are looking for the minimum of this quantity over all possible integer values ri and cj .
We can simplify the expression for Tave by
searching for (nonnegative) rational values ri
and cj which sum up to 1 (instead of N ):
Objective Obj1 : P min
fri  tij  cj g
P
(
r =1; c =1)
i i

j j

Given the rational values ri and cj returned by
the solution of the optimization problem Obj1 ,
we scale them by the factor N to get the nal
solution. We may have to round up some values,
doq so while preserving the relation
Pp but weP
r
=
i=1 i
j =1 cj = N . Stating the problem
as Opt1 renders its solution generic, i.e. independent of the parameter N .

 Another way to tackle the problem is the fol-

lowing: what is the largest number of data elements that can be computed within one time
unit? Assume again that each processor Pij of
the p  q grid is assigned a block of ri rows
and cj columns of data elements. We need to
have ri  tij  cj  1 to ensure that Pij can
process its block within one cycle. Since the
totalPnumber ofP
data elements
being processed

is ( pi=1 ri )  qj=1 cj , we get the (equivalent) optimization problem: X
X
Objective Obj2 : r tmax
f
(
ri )  ( cj )g
c 1
i

ij

j

i

In other words, we can impose r1 = 1, for instance, without loss of generality.
We can further manipulate Obj2 as follows:

j

Again, the rational values ri and cj returned by
the solution of the optimization problem Obj2
can be scaled and rounded to get the nal solution.
Although there are p + q variables ri and cj ,
there are only p + q 1 degrees of freedom: if
we multiply all ri 's by the same factor  and
divide all cj by , nothing changes in Obj2 .

max f(
r t c 1
i

ij

j

i=1

ri )  (

q
X
j =1

p
X

= max
f
max
f(
ri c withr t c 1
j

= max
f(
ri

p
X

i

cj )g

ij

i=1

j =1
q
X

cj )gg

max
f( cj )gg
cj withri tij cj 1
j =1
q
X
= max
f( ri )  c max1 f( cj )gg
ri
j ri tij j =1
i=1
p
q
X
X
= max
f
(
r
)

(
min
f 1 g)g
i
ri
i ri  tij
i=1
j =1
p
q
X
X
1
= max
f
(
r
)

(
)g
i
ri
i=1
j =1 maxi fri  tij g
i=1
p
X

ri ) 

j

q
X

ri )  (

We obtain an expression with only p variables
(and p 1 degrees of freedom). This last expression does not look very friendly, though.
Solving this optimization problem, optimally or
through an heuristic, is the main objective of
Section 4.3.
Conjecture We make guesses about the NP-

completeness of this problem. The reason is very
simple. The number of transpositions of the p  q
processors is exponential. Furthermore, when we
have choose a transposition of the processors, nd
the correct values for the ri and the cj appears as
an hard problem.
The 2D load-balancing problem In the next

sections we give a solution to the 2D load-balancing
problem which can be stated as follows: given n =
p  q processors, how to arrange them along a 2D
grid of size p  q so as to optimally load-balance the
work of the processors for the matrix-matrix multiplication problem. Note that solving this problem
will in fact lead to the solution of many linear algebra problems, including dense linear system solvers.
The problem is even more diÆcult to tackle than
the optimization problem stated above, because we
do not assume the processors arrangement as given.
We search among all possible arrangements (layouts) of the p  q processors as a p  q grid, and
for each arrangement we must solve the optimization problem Obj1 or Obj2 .
We start with a useful result to reduce the number of arrangements to be searched. Next we de-

rive an algorithm to solve the optimization problem Obj1 or Obj2 for a xed (given) arrangement.
Despite the reduction, we still have an exponential
number of arrangements to search for. Even worse,
for a xed arrangement, our algorithm exhibits an
exponential cost. Therefore we introduce a heuristic to give a fast but sub-optimal solution to the 2D
load-balancing problem.
4.2. Reduction to Non-Decreasing Arrangements

The arrangement of the processors along the grid
is a degree of freedom of the problem. For example
when using a Myrinet network [14] we can de ne
every desired topology for a xed degree (number
of neighbors) of the interconnection graph. Hence,
nding a good arrangement is a key step of the loadbalancing problem.
In this section, we show that we do not have
to consider all the possible arrangements; instead,
we reduce the search to \non-decreasing arrangements". A non-decreasing arrangement on a p  q
grid is de ned as follows: in every grid row, the
cycle-times are increasing: tij  ti;j+1 ; 1  j 
q 1. Similarly, in every grid column, the cycletimes are increasing: tij  ti+1;j ; 1  i  p 1.

There exists a non-increasing arrangement which is optimal.
Theorem 1

Proof The proof works as follows:

1. Let the p  q cycle-times be denoted as
t1 ; t2 ; tpq

one-to-one mapping
:





1(

An arrangement is a

f1 : : : pqg 7! f1 : : : pg  f1 : : : qg
k ! (k) = (i; j )



which assigns a position to each processor in
the grid.

)

1(

)

Given any arrangement , there exists a suite
of of correct transpositions that modi es  into a
non-decreasing arrangement. To prove this, we use
a weight function W that quanti es the distance
to the \non-decreasing-ness", so to speak: a correct transposition will decrease the weight of the
arrangement it is applied to. We search for


N
W : p;q !
! W ( )
(where p;q is the set of all arrangements and N
represents the set of positive integers) such that for
each correct transposition  , W ( ()) < W (). We
choose
X
W () = t (i;j)  (p + q i j )
1

i;j

To check that W has the desired property, let
 be an arrangement such that (i; j )  (i0 ; j 0 )
and t (i;j) > t (i0 ;j0 ) . Let k =  1 (i; j ) and
l =  1 (i0 ; j 0 ): by hypothesis, the transposition
 =  (k; l) is correct. Let 0 =  Æ . We have
W (0 ) = W ()
+(t (i0 ;j0 ) t (i;j) )(p + q i j )
+(t (0 ;j) t (i0 ;j0 ) )(p + q i0 j 0 )
= W ( )
((i0 i) + (j 0 j ))(t (i;j) t (i0 ;j0 ) )
< W ( )
Consider an optimal arrangement , and let
r1 ; : : : ; rp and c1 ; : : : ; cq be the solution to the
optimization problem Obj1 . Since an equivalent
solution is obtained by transposing two columns
or two rows of the arrangement, we can assume
that r1  r2  : : : rp and c1  c2  : : : cq .
If  is non-decreasing, we are done. Otherwise,
there exists (1; 1)  (i; j ) < (p; q) such that either t (i+1;j) < t (i;j) or t (i;j+1) < t (i;j) .
The proof is the same in both cases, hence assume that t (i+1;j) < t (i;j) . Let k =  1 (i; j )
and l =  1 (i + 1; j ): by hypothesis, the transposition  =  (k; l) is correct. Let 0 =  Æ .
We want to show that 0 isPas good
P as  , which
achieves the quantity O = ( ri  cj subject to
1

1

1

2. Consider an optimal arrangement of the grid.
There is no reason that the optimal arrangement be a non-decreasing arrangement.
3. Show that some well-chosen \correct" transpositions can be applied to the arrangement while
preserving the optimality of the solution. The
correct transpositions will make the arrangement \closer" to a non-decreasing arrangement
We need a few de nitions:
De nition 1 Arrangement

An arrangement
is non-decreasing if0 t0 i;j  t i0 ;j0 for
all (1; 1)  (i; j )  (i ; j )  (p; q)
Correct transposition Let  be an arrangement.
If (k) < (l) and tk > tl, the transposition
 (k; l) which transposes the values of (k) and
(l) is said to be correct.
Non-decreasing arrangement

1

1

1

1

1

1

1

1

1

1

1

i;j ) )  1. We
i ;j ) < t 1 (i;j ) , hence

maxi;j (ri cj t
t

1(

have ri  ri+1 and

1 ( +1

ri cj t( Æ) 1 (i;j) =ri cj t 1 (i+1;j) ri cj t 1 (i;j) 1
ri+1 cj t( Æ) 1 (i+1;j) =ri+1 cj t 1 (i;j) ri cj t 1 (i;j) 1

Therefore, 0 is optimal too, and W (0 ) < W ().
If 0 is not non-decreasing, we repeat the process,
which converges in a nite number of steps, because
there is a nite number of weight values.

4.3. Solution for a Given Arrangement

In this section, we show how to solve the optimization problem Obj1 or Obj2 for a given arrangement. For small size problems, all the possible nondecreasing arrangements can be generated, hence
we have an exponential but feasible solution to the
2D load balancing problem. Let  be a given arrangement on a p  q grid, and let r1 ; : : : ; rp and
c1 ; : : : ; cq be the solution to the optimization problem Obj1
4.3.1 Spanning Trees

Consider the optimization problem Obj1 . We
have
the quadratic expression
P to maximize
P
( 1ip ri )( 1jq cj ) under p  q inequalities
ri tij cj  1. We have p + q 1 degrees of freedom.
The objective of this section is to show that for at
least p + q 1 inequalities are in fact equalities. We
use a graph-oriented approach to this purpose.
We consider the following bipartite graph G =
(V ; E ). There are p+q vertices labeled with ri and cj
and the graph is complete. The weight of the edge
(ri ; cj ) is tij . Given a spanning tree T = (V ; E 0 )
of the graph G , if we start from r1 = 1, we can
(uniquely) determine all the values of the ri and cj
by following the edges of T , enforcing the equalities
8(ri ; cj ) 2 E 0 ; ri ti;j cj = 1:
The spanning tree T is said to be acceptable if and
only if all the remaining inequalities are satis ed:
8(ri ; cj ) 2 E ; ri ti;j cj =P1:. The
P value of an acceptable spanning tree is ( ri )( cj ). We claim that
the solution of Obj1 is obtained with the acceptable
spanning tree of maximal value. This leads to the
following algorithm:
Algorithm We generate all the spanning trees of

G . For a given tree T , we rst impose that r = 1,
1

then by walking on the tree we nd the values for
the other ri and cj . For example, if c3 is connected

to r1 in T , then we take c3 = r 1t . When we
have a value for all ri and cj , we check if the tree
is acceptable. Finally,
we select
P
P the acceptable tree
that maximizes 1ip ri 1jq cj .
1 13

Justi cation To justify the previous algorithm,

consider an optimal solution to Obj1 and draw the
bipartite graph U = (V ; E 0 ) corresponding to the
equalities: U has p + q vertices labeled with ri and
cj . There is an edge between vertices ri and cj
((ri ; cj ) 2 E 0 ) i ri cj ti;j = 1. If U is connected,
we are done. Otherwise, we decrease the number of
connected components in U , assigning new values to
some
the quantity
P ri andPcj , but without decreasing
0 be a connected comr
c
.
Let
V
i
j
1ip
1j q
ponent of U . Suppose (without any loss of generality) that V 0 = fr1 ; : : : ; rp0 ; c1 ; : : : ; cq0 g with p0 < p.
First case If q0 = q, it means that for
all 1  j  q, rp0 +1 cj tp0 +1;j < 1. Let
= min1jq rp0 cj1tp0 ;j . Then, rp0 +1 can
be
P increased
P by a factor of , and the product
Moreover,
1ip ri
1j q cj is increased too.
the vertex rp0 +1 becomes connected to the component V 0 . So the number of connected components is
decreased by one.
Second case If q0 < q, it means that for
all (p0 + 1; 1)  (i; j )  (p; q0 ) and for all
(1; q0 + 1)  (i; j )  (p0 ; q), ri cj ti;j < 1.
Let r = min(1;q0 +1)(i;j)(p0 ;q) ri cj1ti;j and c =
1
0
min(p0 +1;1)(i;j)(p;q
. We alsoP
introduce the
P ) ri cj ti;j
notations
i , Rb =
p0 +1ip ri ,
P Ra = 1ip0 rP
Ca = 1jq0 cj and Cb = q0 +1jq cj .
Now, we have two possibilities to increase the
connectivity of the graph: either increase Rb and
decrease Cb by a factor of r or decrease Rb and
increase Cb by a factor of c . We must check that at
least one of this solution does increase the product
(Ra + Rb )(Ca + Cb ). Indeed, consider the function
+1



+1

R 7 ! R
f:
 ! f () = (Rb + Ra )( Cb + Ca )
+



+

Note that f 0 (1) = Rb Ca Ra Cb . Moreover, f is
a continuous function that is rst decreasing to a
minimum and then increasing. Therefore,
 if f 0 (1)  0, then for all   1; f ()  f (1). In
particular, f ( r ) > f (1).
 if f 0 (1)  0, then for all   1; f ()  f (1). In
particular, f ( 1c ) > f (1).
One of the previous two solutions will indeed increase the connectivity of U while preserving the

P

P

objective function 1ip ri 1jq cj . We conclude that there does exist an acceptable spanning
tree whos value is the optimal solution.
To summarize, given an arrangement, we are able
to compute the solution to the optimization problem. The cost is exponential because there is an
exponential number of spanning trees to check for
acceptability. Still, our method is constructive, and
can be used for problems of limited size.
In the rest of this section we deal with two particular simple cases.

4.3.3 Rank-1 Matrices

4.3.2 Case of a 2  2 Grid

because the 2  2 determinant tt11 tt1j is zero
i1 ij
(with t11 = 1). No idle time occurs with such a
solution, the load-balancing is perfect.
Unfortunately, given p  q integers, it is very difcult to know whether they can be arranged into a
rank-1 matrix of size p  q. If such an arrangement
do not exist, we can intuitively say that the optimal
arrangement is the \closest one" to a rank-1 matrix.

For small size grids, we can nd analytical solutions
to the optimization problem. As an example, we
will solve in this section the 2  2 case.
In the 2  2 case, we want to maximize
(see the de nition of Obj2 ) the quantity (r1 +
r2 )( max(r t1 ;r t ) + max(r t1 ;r t ) ). We normalize
our problem by letting r1 = 1 and r2 = r. We have
to maximize
(1 + r)( max(t 1 ; rt ) + max(t 1 ; rt ) ):
11
21
12
22
1 11

2 21

1 12

2 22

If the matrix (tij )1ip;1jq is a rank-1 matrix,
then the optimal arrangement for the 2D loadbalancing problem is easy to determine. Assume
without loss of generality that t11 = 1. We let
r1 = c1 = 1, ri = t1i for 2  i  p and cj = t1j
for 2  i  q. All the p  q inequalities ri tij cj are
equalities, which means that all processors are fully
utilized:
1
1
r t c = t  t = 1;
1

i ij j

ti1 ij

1

tj1 ij

4.4. Polynomial Heuristic

There are three cases to study:
First case 0  r  min( tt ; tt ): in this interval,
the value of the expression varies as an increasing function of r. So the maximum on this
interval is obtained for r = min( tt ; tt ).

In this section, we study a polynomial heuristic
to nd an arrangement of the processors (and a solution to the corresponding optimization problem)
that leads to a good load-balancing. The polynomial heuristic is based on the approximation of the
arrangement matrix by a rank-1 matrix, for which
the problem can easily be solved (see 4.3.3).

Second case max( tt ; tt )  r  +1: in this

4.4.1 Arrangement of the processors

11
21

12
22

12
22

11
21

11
21

12
22

interval, the expression varies as a decreasing
function of r. So, the maximum is obtained for
r = max( tt ; tt ).
12
22

11
21

Third case min( tt ; tt )  r  max( tt ; tt ): by
11
21

12
22

11
21

12
22
12
22

symmetry, we can suppose that  tt . So
our expression is now (1 + r)( rt1 + t1 ). This
function is rst decreasing and then increasing.
Hence, the maximum is obtained on the bounds
of the interval, i.e. for r = tt or r = tt .
t11
t21

21

12

11
21

12
22

In conclusion, there are 2 possible values for the
maximum, namely r = tt or r = tt . For the
objective function we obtain the value
11
21

max




1 + tt

1+

12
22

t11
t21





1

t11



+ max(t

1
t t21 )
max( 11 12
t22

t ;

12
22

1
12

+ t1

t11 t22 )
; 
t21

12

;

We are given the processors cycle times as input to
the heuristic. We arrange the processors cycle times
in the matrix T as follows

8i; 81  j < q; ti;j  ti;j+1 :
81  i < p;
ti;q  ti+1;1
This arrangement usually leads to an arrangement
matrix T which is close to a rank-1 matrix.
For instance, if we consider the case of 9 processors
with cycle times 1; 2; : : : ; 9, the arrangement matrix
T we obtain is
0
1
1 2 3
T = @ 4 5 6 A:
7 8 9
4.4.2 Computing the ri 's and the cj 's

As noticed above (see 4.3.3), the computation of
the ri 's and the cj 's is obvious when T is a rank-1

matrix. Our aim is to approximate T by a rank-1
matrix and then to compute the ri 's and the cj 's
corresponding to this matrix.
Let us denote by
USV t = T inv
the singular value decomposition of T inv , where
1
T inv = ( ti;j
)i;j . It is known that the best approximation (in the sense of the l2 -norm) of T inv by a
rank-1 matrix is given by
sabt;

where a and b are respectively the left and right
singular vectors associated to s, the largest singular
value of T inv .
Thus, if we set

8i; ri = sai ;
8j; cj = bj
we can expect that
8i; j; ri ti;j cj ' 1:
We consider T inv rather than T since the approximation by the rank-1 matrix is usually better on
the largest components. This way, we better approximate the components of T corresponding to
processors with low time cycle.
In order to ensure that the inequalities ri ti;j cj  1
are ful lled, we divide each cj by the largest component of the j th column of the matrix ri ti;j cj . Then,
in order to avoid idle time, we divide each ri by
the largest component of the ith row of the matrix
ri ti;j cj .
Thus, we obtain two vectors r and c satisfying
8i; j; ri ti;j cj  1 , and such that

8i; 9j ri ti;j cj = 1 :
8j; 9i ri ti;j cj = 1
Let us consider again the case of the matrix
0
1
1 2 3
T = @ 4 5 6 A:
7 8 9
0
1
0
1
1:1661
0:6803
We obtain r = @ 0:3675 A, c = @ 0:4288 A ; and
00:2100
0:2859 1
0:7933 1
1
B = (ri ti;j cj )i;j = @ 1
0:7879 0:6303 A :
1 0:7203 0:5402
The mean value of B is 0:8302, what means that on
average, the processors work 83:02%Pof time,
P and
the value of the objective function ( ri )( cj ) is
2:4322.

4.4.3 Iterative re nement

In this section, we propose an iterative re nement
in order to obtain a better arrangement of the processors (and a better solution to the corresponding
optimization problem).
In order to determine the new arrangement matrix,
we compute the matrix T opt = ( ri1cj )i;j . T opt is a
rank-1 matrix whose components are the processor
cycle times that are optimal with respect to the vectors r and c computed in 4.4.2. In the case of our
example, we obtain
0

1

1:2606 2:0000 3:0000
T opt = @ 4:0000 6:3464 9:5195 A :
7:0000 11:1061 16:6592
This suggests to choose another arrangement matrix
T for the processor cycle times, that better ts to
the matrix T opt . More precisely, we derive the new
matrix T from the following conditions
opt
8i; j; k; l; ti;j  tk;l () topt
i;j  tk;l :

Then, we compute the ri 's and the cj 's as shown
in 4.4.2 and we restart the process. We consider
that the process as converged when no modi cation
occurs in the matrix T .
In the case of our example, after the second step,
the arrangement matrix T becomes
0

1

1 2 3
T =@ 4 5 7 A
6 8 9

P

P

and the value of the objective function ( ri )( cj )
is 2:5065 (instead of 2:4322).
The convergence is obtained after
P three
Psteps. The
value of the objective function ( ri )( cj ) is then
2:5889 and the corresponding arrangement matrix
is
0
1
1 2 3
T = @ 4 6 8 A:
5 7 9
4.4.4 Numerical results

In this section, we present the results of our algorithm for processors with random cycle times in
[0; 1]. We consider the arrangement of n2 processors
into a n  n grid.
Figure 7 displays the evolution with n of the average
work load (the mean value of B ) of the processors
(when the convergence is reached).
Figure 8 displays the evolution with n of the ratio

of steps of the iterative process grows with n, and
therefore involves more than O(n3 ) ops with n2
processors (nevertheless, one usually obtain satisfying results after a few steps only).
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(( ri )( cj ))after convergence
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(( ri )( cj ))after the rst step
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Figure 9 displays the evolution with n of the aver0.35

0.3

In this paper, we have discussed static allocation strategies to implement matrix-matrix products and dense linear system solvers on heterogeneous computing platforms. Extending the standard ScaLAPACK block-cyclic distribution to heterogeneous 2D grids turns out to be surprisingly
diÆcult. In most cases, a perfect balancing of the
load between all processors cannot be achieved, and
deciding how to arrange the processors along the 2D
grid is a challenging problem. But we have formally
stated the optimization problem to be solved, and
we have presented both an exact solution (with exponential cost) and a polynomial heuristic.

0.25

References

ratio

0.2

0.15

0.1

0.05

0

0

2

4

6

8

10
12
size of of the grid

14

16

18

20

Figure 8. 

age number of steps necessary to reach the convergence.
14

12

average number of iterations

10

8

6

4

2

0

0

2

4

6

8
10
size of of the grid

12

14

16

18

Figure 9. number of iterations

4.4.5 Concluding remarks on the polynomial heuristic

The polynomial heuristic gives satisfying results.
Nevertheless, the algorithm does not converge to
an optimal solution with respect to the optimization problem. Moreover, it seems that the number
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