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Abstract. Parallel solution of irregular problems require solving the
graph partitioning problem. The extended eigenproblem appears as the
solution of some relaxed formulations of the graph partitioning problem.
In this paper, a new subspace algorithm for the solving the extended
eigenproblem is presented. The structure of this subspace method allows
the incorporation of multigrid preconditioners. We numerically compare
our new algorithm with a previous algorithm based on Lanczos iteration
and show that our subspace algorithm performs better.

1

Introduction

One of the main problems encountered when dealing with irregular problems on
parallel architectures is mapping the data into the various processors. Traditionally graph partitioning has been used to achieve this goal.
Kernighan and Lin developed an effective combinatorial method based on
swapping vertices [10]. Multilevel extensions of the Kernighan-Lin algorithm
have proven effective for graphs with large numbers of vertices [9]. Like combinatorial methods, spectral methods have proven effective for large graphs arising from FEM discretizations [12]. In fact, currently various software packages
(METIS [8] and Chaco [4] and others) combine multilevel combinatorial algorithms and spectral algorithms. The spectral algorithms which are used in these
packages are based on the models that partition a graph by finding the second
smallest eigenvector of its graph Laplacian using an iterative method. This is in
fact the model that we used in [7] and [6].
However, as the example below shows, there are number of reasons for modifying the traditional model and spectral heuristics for graph partitioning. Recently, Hendrickson et al. [5] pointed out the problems with traditional models.
Consider Figure 1. Assume we have already partitioned the graph into two pieces,
left and right halves, and that we have similarly divided the left half graph into
top and bottom quadrants. When partitioning the right half graph between processors 3 and 4 we should like messages to travel short distances. The mapping
shown in the left-hand figure is better since the total message distance is less
than that for the right-hand figure. Note that even though in modern computers
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the distance between processors may not imply very different timings, smaller
distances traveled by the messages will decrease congestion problems. The basic
idea is to associate with each vertex in the partitioned subgraph a value which reflects its net desire or preference to be in the bottom quadrant instead of the top
quadrant. Note that this preference is a function only of edges that connect the
vertex to vertices which are not in the current subgraph. The preferences need
to be considered when subgraphs are partitioned. These preferences should be
propagated through the recursive partitioning process. In order to to overcome
this problem, Hendrickson et al. used an extended eigen-model in [5].
Another way in which extended eigen-models occur is when some nodes are
pre-assigned to some partitions, and we wish to assign the remaining nodes to
the remaining partitions. In this situation the extended eigen-model can also be
used to assigning the remaining nodes. This can be a much smaller problem, and
would be very useful for dynamic re-partitioning.
In other words, extended eigen-models can be used to develop more refined
models of the true costs of a partition, and to develop algorithms which give
more useful and effective partitionings.
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processor 4

processor 2
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Fig. 1. Partition between the 4 processors.
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Extended Eigen-Model

Here we describe the motivation given in [5], but notice that there are other
applications in which similar problems to extended eigenproblems need to be
solved [1]. Let G = (V, E) be a graph with vertices v ∈ V and edges eij ∈ E.
We also allow either edges or vertices to have positive weights associated with
them, which we denote by wv and weij respectively. Assume we want to divide
V into two subsets V1 and V2 , and that we have a vector d of preferences for
the vertices of V to be in V1 . The cost associated with a partition now has two
components. First, every edge eij ∈ E crossing between V1 and V2 contributes
a value of we (eij ). Second, for each vertex in V1 with a negative preference we
add the magnitude of the preference to the cost, and similarly for each vertex in

3

V2 with a positive preference. Our goal is to find a partition of the vertices into
two sets of nearly equal size in which this combined cost function is minimized.
A graph partition can be described by assigning a value of +1 to all vertices
in one set and a value of −1 to all vertices in the other. If we denote the value
assigned to a vertex i by x(i), then the simple function (x(i) − x(j))2 /4 is equal
to 1 if the vertices i and j are in different partitions and equal to 0 otherwise. If
d(i) is the preference for a vertex to be in the set denoted by +1 which we will
define to be V1 , then the new problem we want to solve is
P
P
we (eij )(x(i) − x(j))2 − 12
d(i)x(i)
Minimize f (x) = 14
eij ∈E

i∈V

Subject
P to
wv (i)x(i) ≈ 0
(a)

(1)

i∈V

(b) x(i) = ±1.
After some transformations and relaxing the integrality constraint that x(i) =
±1, this model can be expressed as
Minimize f (x) = y T Ay − 2hT y
Subject to
(a) sT y = 0
(b) y T y = ωv

(2)

where A is the graph Laplacian matrix for the edge weights we , ωv = |V | the
number of vertices, si = wv (i), and hi = d(i) for all i.
We introduce Lagrange multipliers λ and µ, and look for stationary points
of the Lagrangian function
F (y, λ, µ) = y T Ay − 2hT y + λ(sT y) + µ(ωv − y T y) = 0.

(3)

satisfying (a) and (b).
Taking derivatives with respect to the components of y, we obtain
∇y F (y, λ, µ) = 2Ay − 2h + λs − 2µy = 0.

(4)

We can calculate λ by left multiplying Equation 4 by sT . Since s is orthogonal
to y and s is a zero eigenvector of A, we have λ = 2sT h/ωv . We now define
g =h−

sT h
s,
ωv

(5)

which allows us to rewrite Equation 4 as
Ay = µy + g.

(6)

This extended eigenproblem must be solved subject to the constraints in (2). In
fact, we need to use the smallest µ for which a solution of (2, 6) can be found.
A proof of this fact can be found using [11, Thm. 4.3, p. 78], for example.
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In [5], Hendrickson used a numerical method for solving this extended eigenproblem based on the Lanczos algorithm, which will be described in section 4.
Next section we present our theoretical motivation for studying subspace algorithms for the extended eigenproblem. In section 5 we compare our subspace
algorithms with the method of [5].
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Subspace Algorithms for Solving Extended
Eigenproblems

Generalized Davidson algorithms are subspace methods for large symmetric
eigenvalue problem. They solve the eigenvalue problem Ay = µy by constructing
an orthonormal basis Vk = {v1 . . . , vk } at each k th iteration step and then finding
an approximation for the eigenvector y of A by using a vector yk from the subspace spanned by Vk . Previously, we have developed a Davidson-type algorithm
for solving the Ay = λy model where A is the graph Laplacian matrix [6, 7].
Now, we present Davidson-type algorithms to solve the extended eigenproblems.
Our problem is to find the smallest µ and the corresponding y such that
Ay = µy + g. The corresponding optimization problem being
Minimize f (y) = y T Ay − 2hT y
Subject to
(a) sT y = 0
(b) y T y = ωv .

(7)

The solution of this problem is given by the solution of Equation 4. Notice that
if we represent y in a subspace V with y = V z, we can rewrite (7) as
Minimize f (z) = z T V T AV z − 2hT V z
Subject to
(a) sT V z = 0
(b) z T V T V z = ωv .

(8)

Again, the solution of this problem can be obtained from the Lagrangian
F̃ (z, λ, µ) = z T V T AV z − 2hT V z + λsT V z − µ(ωv − z T V T V z) = 0.

(9)

This leads to
∇z F̃ (z, λ, µ) = V T 2AV z − V T 2h + λV T s − 2µV T V z
= V T [2AV z − 2h + λs − 2µV z]
= V T [2Ay − 2h + λs − 2µy]
= V T ∇y F (y, λ, µ).

(10)

Consequently, The subspace problem (8) can be used to estimate the solution of
the original problem (7). That gives us an opportunity to develop Davidson-type
algorithms for the extended eigenproblem.
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4

Algorithm

The problem is to find the smallest µ and the corresponding y such that
Ay = µy + g
Subject to
(a) sT y = 0
(b) y T y = ωv .

(11)

The problem of finding the smallest µ and the corresponding y is not simply a
matter of a linear system eigensolver because the norm constraint on y must also
be satisfied. An iterative approach can be used. That is we guess a value of µ,
solve for y and check whether y T y = ωv and adjust our guess for µ accordingly.
The existing approach of [5] is described here. We multiply Ay = µy + g by
QTj ∈ IRj×n (the transpose of the Lanczos basis at step j) and look for a solution
of form y = Qj z, obtaining
QTj AQj z = µQTj Qj z + QTj g.

(12)

From the standard Lanczos process we have after j steps that QTj AQj = Tj +
QTj rj eTj where Tj is a tridiagonal matrix, Qj is orthogonal, rj is the residual
vector and ej = (0, . . . , 0, 1, 0, . . . , 0)T where 1 is at the j th position. Hence
equation (12) becomes (Tj + QTj rj eTj )z = µz + QTj g. Since in exact arithmetic
||QTj rj eTj || is zero, we can solve
(Tj − µI)z = QTj g.

(13)

Substituting g̃ = QTj g we obtain
(Tj − µI)z = g̃.

(14)

where we seek the pair (µ, v) corresponding to the left-most value of µ such that
the applicable constraints are satisfied.
Now, the constraint equations are considered. Using y = Qj z the norm constraint on z becomes ωv = y T y = z T QTj Qj z = z T z = ωv . Qj can be constructed
in such a way that all of its columns are orthogonal to s. The problem is then
to find the smallest µ and the corresponding z
(Tj − µI)z = g̃
Subject to
(a) ||z||22 = ωv ,

(15)

||(Tj − µI)−1 g̃||22 = ωv .

(16)

which can be rewritten as

since Tj is tridiagonal, the cost of calculating (Tj −µI)−1 g̃ is O(k). In [5], equation
(16) was solved using a bisection method.

6

However, there are a number of numerical difficulties with the Lanczos method,
which are due to roundoff error [3, §9.2.2]. One of the main difficulties is that
the Qj matrices may become highly non-orthogonal for large j. Usually, some
sort of re-orthogonalization scheme is needed [3, §§9.2.3–9.2.4], or else a method
of removing “ghost” eigenvalues [3, §9.2.5]. Either approach results in code that
is more reliable but less efficient.
We need to choose a method for solving the problem on a subspace. Instead
of Lanczos we use an eigendecomposition approach which is described next.
We consider the eigen decomposition of A = QΛQT , where Q is orthogonal.
Substituting this into Equation (12), we have
(A − µI)−1 g = Q(Λ − µI)−1 QT g,

(17)

||(A − µI)−1 g||22 = ||Q(Λ − µI)−1 QT g||22 = ||(Λ − µI)−1 ĝ||22 ,

(18)

where ĝ = QT g. The inversion of (Λ−µI) has cost O(k), where k is the dimension
of the system. For each A only one eigendecomposition is needed, which costs
O(k 3 ). This makes it a competitive approach that is also very reliable. Since our
minimization problem is
z = (Λ − µI)−1 ĝ
Subject to ||z||22 = ωv ,

(19)

||(Λ − µI)−1 ĝ||22 = ωv .

(20)

we can rewrite it as

Equation (20) can be solved using a bisection method, but Brent’s method gives
better convergence rates [2].
Below we present the main steps of the Davidson algorithm for the extended
eigenproblem.
1. Define V1 as V1 = [v1 ].
2. Find the extended eigenproblem solution (µ, y) on the subspace. The projected matrix on the subspace is Sj = VjT AVj where Vj is the current orthogonal basis.
3. Use Ritz values (uj = Vj yj ) and vectors to estimate residual: rj = Auj −
µj uj − g = Wj yj − µj Vj yj − g, where Wj = AVj .
4. Solve tj = Mj rj approximately. (This corresponds to preconditioning the
residual.)
5. Orthonormalize tj against the current orthogonal basis Vj . Append the orthonormalized vector to Vj to give Vj+1 .
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Numerical Results

We compared our new subspace algorithm with the Lanczos based algorithm previously used for the extended eigenproblem. Our preconditioner was a multigrid
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algorithm and research is under development exploring the use of other multilevel
preconditioners for this algorithm. The two algorithms have been implemented
and run on a HP VISUALIZE Model C240 workstation, with a 236MHz PA-8200
processor and 512MB RAM. Both algorithms were run with square matrices of
various sizes. Figure 2 compares the observed running timings. From this graph
we can see that the subspace algorithm takes less than the Lanczos based algorithm for all the test cases, specially as the problem sizes get bigger. In addition,
there are other problems inherent to the Lanczos algorithm that will be avoided
with our new preconditioned subspace algorithm.
4
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Fig. 2. Timings comparing the subspace implementation of extended eigenproblem
against the Lanczos implementation of extended eigenproblem.
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