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Abstract. All-to-all broadcast scheduling problems are considered in
WDM optical passive star networks where k wavelengths are available
in the network. It is assumed that each node has exactly one tunable
transmitter and one �xed tuned receiver. All transmitters can tune to k
di�erent wavelengths, and have the same tuning delay � to tune from one
wavelength to another. In this paper, we take � to be a nonnegative inte-
ger which can be expressed in units of packet durations. When all-to-all
broadcasts are scheduled periodically in the network, the lower bounds
are established on the minimum cycle length depending on whether each
node sends packets to itself or not. And then, we present optimal schedul-
ing algorithms in both cases for arbitrary number of wavelengths and for
arbitrary value of the tuning delay. 1

1 Introduction

In optical communications, one of the most popular packet switched network
architecture is the passive star network because of its simplicity; packets may
be transmitted directly from source to destination without any routing process.
Additionally, WDM(Wavelength Division Multiplexing) is used to overcome the
bottleneck of communication bandwidth due to optoelectronic components.[1] It
is well known that tuning delay of transmitter/receiver can a�ect performance of
the network. One of critical issues is how to minimize the e�ect of tuning delay
for scheduling static or dynamic tra�c patterns.

Let's consider WDM optical passive star networks with N nodes and k wave-
length channels available in the network. All-to-all broadcast scheduling algo-
rithms on WDM passive star networks may be classi�ed into �ve categories
depending on the number and tunability of transmitters/receivers for each node:

{ STT-SFR, SFT-STR, MFT-SFR, SFT-MFR
{ MTT-SFR, SFT-MTR
{ STT-STR, MFT-MFR, STT-MFR, MFT-STR
{ MTT-STR, MFT-MTR, STT-MTR, MTT-MFR
{ MTT-MTR

1 This research was supported by the Institute of Information Technology Assessment
under Grant 97-G-0574.
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where S: single, M: multiple, T: tunable, F: �xed, T: transmitter, R: receiver.

We assummed that each node has exactly one tunable transmitter (e.g., laser)
and one �xed tuned receiver (e.g., �lter). The network is asynchronous so that
transmitters may send a packet or tune its wavelength at anytime. All transmit-
ters can tune to k di�erent wavelengths, and have the same tuning delay � to
tune from one wavelength to another. In this paper, we take � to be an arbitrary
nonnegative integer which can be expressed in units of packet durations. We also
normalize the unit time such that all packets can be transmitted in the unit time
so that the packet size is ignored for transmissions.

A special case of the general scheduling tra�c patterns is the all-to-all broad-
cast in which every node has a single packet to be transmitted to the other. The
problem is, given values k and �, how one can schedule all-to-all broadcasts us-
ing k wavelengths within a repeating cycle of minimum length. A transmission
schedule is a timetable that shows each packet is transmitted at which time using
which wavelength. In order to tranfer a packet, the transmitter should tune to
the wavelength of the receiver. A transmitter cannot transmit packets while it
is tuning to another wavelength. Hence it needs to transmit all the packets that
use the same wavelength without interruption if possible, and only then tune
to another wavelength. Also a wavelength should be used many times, since the
number of wavelengths used in WDM is limited compared to the number of
nodes. Thus, obtaining an optimal schedule amounts to �nding how to overlap
tansmissions of packets and tuning delays as much as possible.

There are two kinds of all-to-all broadcast scheduling problems depending on
whether each node sends packets to itself or not. In case each node sends single
packet to itself, N2 packets should be transmitted for each all-to-all broadcast.
Pieris and Sasaki [5] proposed a scheduling algorithm under the assumtion that
k divides N , and showed that the schedule length of their algorithm falls between

maxf� + N2

k
; N
p
�g and maxf� + N2

k
; k� + N � N

k
+ N2

k2
g. Later it was shown

that the schedule of [5] is actually optimal by Choi, Choi, and Azizoglu[2].

For the case where k does not divide N , they also proposed optimal scheduling
algorithms for three di�erent cases depending on the range of � except for a very
narrow range where their solution is within the bound of 13

12 of the optimal
schedule length [3]. In the case where each node does not send packets to itself,
the number of packets to be sent for each all-to-all broadcast is N (N � 1). Lee,

Choi, and Choi[4] showed that maxfN(N�1)
k

; k�+N�1g is a lower bound for the
cycle lengths of schedules and proposed an algorithm for obtaining a transmission
schedule that meets this lower bound under the assumption that k divides N .
Chang, Yeh, and Wee[6] proposed an algorithm for obtaining a schedule where
each node receives packets with a regular interval, and showed that the optimal
schedule length in that case is maxfC(N�1); d �

C�1+
1

C�1dC�1k
eeg, where C = N

k

is an integer.

In this paper, we present scheduling algorithms that �nds optimal schedules
for arbitrary values of N; k, and �.
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2 Lower Bounds to Schedule Cycle Lengths

Let us consider WDM optical passive star networks with N nodes n0, n1, � � �,
nN�1, where are k wavelengths w0; w1; � � � ; wk�1 available in the network. We
take arbitrary number of wavelengths k and arbitrary tuning delay � for a given
network composed of N nodes.

In this paper, it is assumed that all-to-all broadcasts are repeated periodically
after initialization of the network. The problem is to schedule packet transmis-
sions for each node pairs so that all nodes transmit once to every node within a
repeating cycle as short as possible. The transmission schedules are called opti-

mal if their cycle lengths meet a lower bound as shown in the following. All-to-all
broadcast scheduling problems can be divided into two categories; one is the case
that every node transfers packets to all nodes including itself, another is the case
that each node transfers packets to the other nodes except itself.

Firstly, let us talk about the case that every node transmits once to itself
for a cycle. For a given 2 � k � N , let Ri denote the set of nodes in which
their receivers' wavelengths are identically �xed to wi for 0 � i � k � 1. To
maximize sharing all the wavelengths, let's de�ne Ri = fnjjj � i (mod k); 0 �
j � N � 1g. Then, jRij = dNk e or jRij = bNk c = dNk e � 1. Specially, it is noted

that max0�i�k�1 jRij = jR0j = dNk e by the de�nition.

Theorem 1. For values k and �, the cycle length of any all-to-all broadcast

schedule is at least

maxf
�
N

k

�
N; k� +Ng

where each of N2 node pairs has single packet to be transmitted for a cycle.

Proof. Each node must receive N packets via only one wavelength �xed to its
receiver. These packets are transmitted from all the nodes in the network in-
cluding itself. Since more than two packets can not be transmitted via the same
wavelength at a time, the cycle length is at least the number of packets, jRijN
for 0 � i � k � 1, to be transmitted using a wavelength wi for a cycle. Thus,
jR0j = dNk e means that the cycle length is at least dN

k
eN .

On the other hand, every node transmits N packets using k di�erent wave-
lengths for a cycle. If we take into account the fact that all-to-all broadcasts are
repeated periodically, each node has to tune its transmitter k times for a cycle.
Thus, as for a node, the cycle length is at least the sum of total tuning delay for
a cycle and transmission time for N packets i.e., k� + N .

Another case is that nodes do not transfer any packets to themselves through
all-to-all broadcast. That is, the number of packets transmitted to a set of nodes
Ri using the wavelength wi could be di�erent if the transmitting node is an
element of Ri for 0 � i � k � 1. Thus, the lower bound to optimal schedule
length is slightly changed.
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Theorem 2. For values k and �, the cycle length of any all-to-all broadcast

schedule is at least

maxf
�
N

k

�
(N � 1); k� +N � 1g

where nodes do not tranfer any packets to themselves; each of N (N � 1) node

pairs has single packet to be transmitted for a cycle.

Proof. The proof is in the same manner as theorem 1.

In the next section, we present optimal scheduling algorithms for the latter
which may be more complicated than the former.

3 Optimal Scheduling Algorithms

The main ideas to construct an optimal scheduling algorithm can be derived
from two important system parameters, the number of wavelengths and the tun-

ing delay, that a�ect performance of WDM optical passive star networks. The
more wavelength channels are available in the network, the more packets can be
transmitted simultaneously. On the other hand, tuning delay is dependent on
practical devices and would limit the network throughput; while nodes spend
time to tune from one wavelength to another, they have to delay packet trans-
missions. Therefore, transmission schedules compromise the following two con-
tradictory conditions:

{ As for a node, packet transmissions must be scheduled as soon as possible
after every tuning delay for a cycle.

{ As for a wavelength, packet transmissions must be scheduled as soon as
possible from one node to another.

Remark In the previous research, it would be better that the packets transmit-
ted via the same wavelength in a node are scheduled all together before tuning
the transmitter to another wavelength. It should be noted, in the case of repeat-
ing all-to-all broadcasts periodically, that the cycle length includes the time for
tuning to the wavelength used for the beginning of the next broadcast. That is,
a wavelength looks like to be used one more time in a cycle with viewpoint of
one stage of repeating all-to-all broadcasts.

In our proposed transmission schedules, the order of wavelengths used by
each node is wj; wj�1; � � � ; w1; wo; wk�1; � � � ; wj+1, where 0 � j � p mod k. That
is, the �rst group to transmit packets to is Rj with jRjj = dNk e. The order of
nodes using the same wavelength is n0; n1; � � � ; nk�1, or a circular shift of this
order. Without loss of generality, we can assume that the order of wavelengths
used by each node is w0; wk�1; � � � ; w1, since we know that jR0j = dNk e. Also in
the following we notate w0 and wk interchangeably. The same comment applies
to R0 and Rk.
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Let N � k matrix M that represents relations between a node np for 0 �
p � N � 1 and the set of nodes Rk�i containig np for 0 � i � k � 1. Then, the
matrix M = (mpi) is de�ned by

mpi =

�
1 if p+ i � 0 (mod k)
0 otherwise

for 0 � p � N � 1 and 0 � i � k � 1. Note that the indices of mpi starts from
zero. For example, in the case of N = 8 and k = 3, the matrixM is the following:

M =

0
BBBBBBBBBB@

1 0 0
0 0 1
0 1 0
1 0 0
0 0 1
0 1 0
1 0 0
0 0 1

1
CCCCCCCCCCA

Thus, m12 = 1 means that the receiver of the node n1 is �xed tuned to the
wavelength w3�2 = w1.

Lemma 1. For N � k matrix M = (mpi),

iX
j=0

mpj �
i�1X
j=0

m(p+1)j � 0

for 0 � p � N � 1 and 0 � i � k � 1.

Proof. By the de�nition of the matrixM , the values
Pi

j=0mpj and
Pi�1

j=0m(p+1)j

are always 0 or 1. If
Pi

j=0mpj = 1,
Pi

j=0mpj �
Pi�1

j=0m(p+1)j � 0 because the

value
Pi�1

j=0m(p+1)j is at most 1.

Otherwise, i.e., If
Pi

j=0mpj = 0, p + j 6� 0 (mod k) for 0 � j � i. Since
(p+ 1) + (j � 1) 6� 0 (mod k) for 1 � j � i implies (p + 1) + j 6� 0 (mod k)

for 0 � j � i � 1,
Pi�1

j=0m(p+1)j = 0. Thus,
Pi

j=0mpj �
Pi�1

j=0m(p+1)j = 0.
Therefore, given inequality always holds.

Each node np starts transmitting packets to the nodes in group Ri�1 using
wavelength wi�1 right after �nishing transmitting packets to the nodes in group
Ri using wavelength wi delayed only by tuning delay �. The time sp when node
np transmits the very �rst packet using wavelength wk (i.e., w0) is set as follows:

sp =

�
N

k

�
p�

lp
k

m
+ 1

Algorithm 1 shows the initial transmission schedules compromising tuning
delay and lack of the wavelengths. In the algorithm, the statement T (np; t) = nq
means that node np transmits a packet to node nq at time t. The wavelength used
in this case is wq mod k. In the algorithm, the cycle length of optimal schedules
Lopt is de�ned by maxfdN

k
e(N � 1); k� +N � 1g.
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Algorithm 1 Initial Schedules of an All-to-all Broadcast

1: For p = 0 to N � 1 do

2: t sp
3: For r = k to 1 do

4: i r mod k
5: For j = 0 to jRij � 1 do

6: If (p 6= jk + i)
7: T (np; t) njk+i
8: t t+ 1
9: t t+ �

Figure 1 shows the transmission schedule constructed by Algorithm 1 when
N = 8; k = 3, and � = 5. The numbers on the leftmost column represent the
nodes, and time goes on from left to right.

Fig. 1. An example of initial schedules

Lemma 2. In the schedules generated by Algorithm 1, no two nodes use the

same wavelength at the same time.

Proof. We only have to check that two adjacent nodes np and np+1 do not use
the same wavelength simultaneously. Let � be the time when node np �nishes
transmitting packets using wavelength wk�i, and � be the time when node np+1
�nishes tuning its transmitter to start packet transmissions using wavelength
wk�i. Then � and � are expressed as follows:

� = sp + the number of packets transmitted + total tuning delay

=

��
N

k

�
p�

lp
k

m
+ 1

�
+

iX
j=0

(jRk�jj �mpj) + i�

Similarly,

� =

��
N

k

�
(p+ 1)�

�
p+ 1

k

�
+ 1

�
+

i�1X
j=0

(jRk�jj �m(p+1)j) + i�
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Hence

� � � =

�
N

k

�
�
�
p+ 1

k

�
+
lp
k

m
� jRk�ij+

iX
j=0

mpj �
i�1X
j=0

m(p+1)j

�
lp
k

m
�
�
p+ 1

k

�
+

iX
j=0

mpj �
i�1X
j=0

m(p+1)j

since jRk�ij �
�
N
k

�
. Recall that

Pi

j=0mpj �
Pi�1

j=0m(p+1)j � 0 by Lemma 1.

Hence � � � � 0 because
�
p
k

�� �p+1
k

�
= 0 unless p is a multiple of k.

Now, we have to consider the case when p � 0 (mod k). In this case,
�
p
k

� ��
p+1
k

�
= �1. By the de�nition of matrix M , p + 0 � 0 (mod k) implies that

mp0 = 1 is unique nonzero element in p-th row. Similarly, (p+ 1) + (k � 1) � 0
(mod k) implies that m(p+1)(k�1) = 1 is unique nonzero element in (p + 1)-th

row. Thus,
Pi

j=0mpj �
Pi�1

j=0m(p+1)j = 1� 0 = 1 for 0 � i � k � 1.
Therefore, � � � � 0 always holds for any value p.

Now let us denote the time for each node np to transmit all the packets for an
all-to-all broadcast as Lp. Note that the tuning delay for next all-to-all broadcast
is not considered.

Lemma 3. In the schedules generated by Algorithm 1, Lp = (k � 1)� + N � 1
for any p in 0 � p � N � 1.

Proof. Lemma 2 guarantees that each node does not have to wait for using a
wavelength that is being used by another node. In other words, each node can
start transmitting packets as soon as tuning to the wavelength is completed. By
the way, every node np transmits N � 1 packets. And every node np needs to
tune k � 1 times. Hence, Lp = (k � 1)� + N � 1 for any p.

Since all Lp are identical for 0 � p � N � 1, let us denote Lp simply as
L. Now we claim that if we repeat the transmission schedule constructed by
Algorithm 1 by many times, any time span of Lopt starting from any position
of the repeated schedule is an optimal schedule. Algorithm 2 �nds an optimal
schedule. Algorithm 2 di�ers from Algorithm 1 in that time t is replaced by
t� Lopt if t is later than Lopt.

For example, Figure 2 shows the repetitions of the transmission schedule of
Figure 1. Note that in Figure 2, Lopt = 22 is calculated with the values N; k and
�. If we take out any portion of Figure 2 spanning 22 time units, that constitutes
an optimal schedule.
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Fig. 2. An example of repeating initial schedules

Algorithm 2 Optimal Schedules for an All-to-all Broadcast

1: For p = 0 to N � 1 do

2: t sp
3: For r = k to 1 do

4: i r mod k
5: For j = 0 to jRrj � 1 do

6: If (p 6= jk + i)
7: If (t > Lopt) T (np; t� Lopt) njk+i
8: else T (np; t) njk+i
9: t t+ 1
10: t t+ �

Fig. 3. An example of optimal schedules with N(N � 1) packets

Theorem 3. For arbitrary values k and �, the cycle length of transmission

schedules by Algorithm 2 is optimal.

Proof. All we have to do is to show that Lopt�L is no less than tuning delay �.
Recall that L = (k � 1)� + (N � 1) by Lemma 3. If Lopt = dNk e(N � 1) then

dN
k
e(N � 1) � k� +N � 1, dN

k
e(N � 1)� f(k � 1)� + (N � 1)g � �

, Lopt � L � �
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Otherwise, Lopt = k� + N � 1 implies

Lopt � L = k� +N � 1� f(k � 1)� � (N � 1)g = �

Remark In the above example, Lopt = 3 � 5 + 8 � 1 = 22 is a�ected by the
value � = 5. Our algorithm also works in case that the value � is small enough to
determine Lopt only with values N and k. Figure 4 shows the optimal schedule
generated by Algorithm 2 when � = 4 with the same values N = 8 and k = 3.
In such case, Lopt = d83e(8 � 1) = 21.

Fig. 4. An example of optimal schedules for � = 4

Remark Another scheduling problem for all-to-all broadcasts takes place when
every node transmits packets to itself. Our algorithms can be applicable to this
problem if the line 6 in Algorithm 2 is deleted. In fact, each node has the same
number of packets that are transmitted using the same wavelength. This prop-
erty makes the proposed algorithms more simple. The proof of optimality in
transmission schedules is omitted. The following example is depicted to compare
two versions of optimal schedules when N = 8; k = 3 and � = 5.

Fig. 5. An example of optimal schedules with N
2 packets
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4 Conclusions

We presented optimal scheduling algorithms for all-to-all broadcasts repeated
periodically in WDM optical passive star networks where each node has one
tunable transmitter and one �xed receiver. Our algorithms work for arbitrary
values k and �. There are two versions: one for the case where nodes send packets
to themselves and the other case where they do not. Both versions �nd optimal
schedules.

As long as we use electrical bu�ers, it is important to guarantee enough time
to electrically process received packets which are usually of very big size in optical
networks. Hence, we are currently working on optimal scheduling algorithms with
additional condition that each node receives packets at a regular interval. On
the other hand, �nding optimal schedules for the other classes as mentioned in
the Introduction, particulary the case where both transmitters and receivers are
tunable, would be an interesting future research topic.
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