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Abstract. Multihop lightwave networks are becoming increasingly popular in
optical networks. It is attractive to consider regular graphs as the logical topology for
a multihop network, due to its low diameter. Standard regular topologies are defined
only for networks with the number of nodes satisfying some rigid criteria and are not
directly usable for multihop networks. Only a few recent proposals (e.g., GEMNET
[10]) are regular and yet allow the number of nodes to have any arbitrary value.
These networks have one major problem - node addition requires a major
redefinition of the network. We present a new logical topology which has a low
diameter but is not regular. Adding new nodes to a network based on this topology
involves a relatively small number of edge definition/redefinitions. In this paper we
have described our new topology, a routing scheme that ensures a low diameter and
an algorithm for adding nodes to the network.

1 Introduction

Optical networks have become one of the emerging technologies for computer
communication and provides low-loss transmission over a frequency range of about
25THZ. Signals can be transmitted over large distances at high speeds before
amplification or regeneration is needed. Wavelength division multiplexing(WDM)
allows the simultaneous data transmission at different carrier frequencies over the same
optical fiber. A WDM network can offer lightpath service where a lightpath is a circuit
switched connection between two nodes in the network and it is set up by assigning a
dedicated wavelength to it on each link in its path [1]. We are looking at networks that
provide permanent lightpaths which are set up at the time the network is initially
deployed or is subsequently updated by addition of new nodes. Local area optical WDM
networks may be categorized as single-hop or multi-hop networks. A single hop network
allows communication between any source-destination pair using a single lightpath
from the source to the destination. In a multihop network [2], to communicate from a
source to a destination, it is necessary to use a composite lightpath consisting of a
number of lightpaths. In other words, to communicate from a source inodea
destination node, we have to select nodeg X,, ..., X1 such that there is a lightpath
Lo from nodeu to nodex,, a lightpathL; from nodex; to nodex,, ..., a lightpath_,_;
from nodex_, to nodev. Our composite lightpath for communication fronu to v

consists of the lightpaths,), L, ... ,Ly.q and, in order to use this composite lightpath to



send some data fromto v, we have to first send the data from node nodex;jusing
lightpath Ly. This data will be buffered at noag using electronic media until the
lightpathL, from nodex; to nodex is available. Wheih ; is available, the data will be
communicated to node, using lightpathL,. This process continues until the data is
finally communicated from nodg_; to destination node. In this case we say that this

communication required k lightpaths and hencehdps In optical networks,
communication using a single lightpath is relatively fast and the process of buffering at
intermediate nodes using electronic media is relatively slow. Each stage of electronic
buffering at intermediate nodes, X, ..., X1 adds an additional delay in the

communication and limits the speed at which data communication can be made from the
source node to the destination node Thus a network which requires, on an average,
a lower number of hops to go from any source to any destination is preferable.

The physical topology of an optical network defines how the nodes in the network
consisting of computers (also calleddnodesand optical routers are connected using
optical fibers. A popular technique for implementing multihop networks is the use of
multistar networks where each endnode broadcasts to and receives optical signals from
a passive optical coupler. To define a lightpath from naenodey, the nodex must
broadcast, to the passive optical coupler, at a waveléggthnd the nodg must be
capable of receiving this optical signal by tuning its receiver to the same wavelength
Ax,y This scheme allows us to define a lightpath between any pair of nodes. The logical
topology of a network defines how different endnodes are connected by lightpaths. It is
convenient to represent a logical topology by a directed graph (or digeaphy, E)
whereV is the set of nodes afdis the set of the edges. Each nod&aktpresents an

endnode of the network and each edge (denoted byy ) represents a lightpath from
end nodex to endnodey. In the graph representation of the logical topology of a
multihop network, for communication from to v, we can represent the composite
lightpathL consisting of the lightpathlsy, L4, ... , L, by the graph-theoretic path

U X = Xy = oo = X_q = V.

If we use the shortest length path for all communication between source-destination
pairs, the maximum hop distance is thiameterof G. It is desirable that the logical
topology has a low average hop distance. A rough rule of thumb is that networks with
small diameters have a low average hop distance. To ensure a high throughput and low
cost, a logical topology should be such that

¢ G has a small diameter
¢ G has a low average hop distance.

« The indegree and outdegree of each node should be low. The last requirement is
useful to reduce the number of optical transmitters and receivers.

These conditions may be contradictory since a graph with a low degree usually
implies an increase in the diameter of the digraph and hence the throughput rate. Several
different logical topologies have been proposed in the literature. An excellent review of
multihop networks is presented in [3].

Both regular and irregular structures have been studied for multihop structures [4],



[5], [6], [7], [8], [9]. Existing regular topologies(e.g., shuffle nets, de Bruijn graphs,
torus, hypercubes) are known to have simple routing algorithms and avoid the need of
complex routing tables. Since the diameter of a digraph mitbdes and maximum
outdegred is of O(logy n), most of the topologies attempt to reduce the diameter to
O(logq n). One problem with these network topologies is that the number of nodes in the
network must be given by some well-defined formula involving network parameters.
This makes it impossible to add nodes to such networks in any meaningful way and the
network is not scalable. This problem has been avoided in the GEMNET architecture
[3], [10], which generalizes the shufflenet [6] to allow any number of nodes. A similar
idea of generalizing the Kautz graph has been studied in [11] showing a better diameter
and network throughput than GEMNET. Both these topologies are given by regular
digraphs.

One simple and widely used topology that has been studied for optical networks is
the bidirectional ring network. In such networks, each node has two incoming lightpaths
and two outgoing lightpaths. In terms of the graph model, each node has one outgoing
edge to and one incoming edge from the preceding and the following node in the
network. Adding a new node to such a ring network involves redefining a fixed number
of edges and can be repeated indefinitely. This is an attempt to develop a topology which
has the advantages of a ring network with respect to scalability and the advantages of a
regular topology with respect to low diameter.

In this paper we introduce a new scalable topology for multihop networks where the
graph is not, in general, regular. The major advantage of our scheme is that, as a new
node is added to the network, most of the existing edges of the logical topology are not
changed, implying that the routing schemes between the existing nodes need little
modification. The diameter of a network withnodes isO(logq n) and we need to

redefine onlyO(d) edges. In section 2, we describe the proposed topology and derive its
pertinent properties. In section 3 we present a routing scheme for the proposed topology
and establish that the diamete©i@ogy n). We have conclude with a critical summary

in section 4.

2 Scalable Topology for Multihop Networks

In this section we will define the interconnection topology of the network by
defining a digraplG. In doing this we need two integera andd, wheren represents

the number of nodes in the network atid n, is used to determine the maximum
indegree/outdegree of a node. As mentioned earlier, the digraph is not regular - the
indegree and outdegree of a node varies fromdi 1o

2.1 Definitions and notations
Let Zp be the set of afi-digit strings choosing digits frod = {01, 2 ...,d-13
and let any string oZp be denoted bz%xl...xp_l . We divzflg iptd. sets

So Sy vees Sp such that all strings iﬁp havinq as the left-most occurrence of 0 is



included in Sj , 0<j<p and all strings with no occurrence of 0 (i>q.¢0 ,
0<j<p )areincluded irfSp . We now define an ordering relation between every pair
of strings ian . Each string 5, is smaller than each strin§jin i <if. For two
strings a4, 0, [ SJ- ,0<j<p ,ifo; = XoXqg---Xp_1 O2 = Yo¥1---Yp_1 andt is the
smallest integer such thax, # y, themy <o,  Xf<y,

Let k be the integer such that*<n<d*! . we note that, for a strin@jn ; ,

Sceal = (@-1 " and|s| = (d-1)'d*") 0 sk .

Definition 1. Let 0, be a string o, , where; = XoX;... XX w1 Xy g os .
0<i<p, sothai is the left-most digit which is 0.

ForO<i<p-1:We will call the strings, obtained by interchanging the digits in
the ith and the (i+1)th position ia, , theimageof o, . Clearly, if x; . ; = 0,0, and
o, represent the same string. Otherwisg/[J1 S | ; irAageis not defined for any

string in groups,, or in grous,, _4

We consider a network @f nodes, whered“<n<d“*! . we will represent each
node of the interconnection topology by a distinct strixgx, ... x, Zf, 4 . As

d“<n<d? 1, all strings ofZ, , ; will not be used to represent the nod&s We will

use then smallest strings fromZ, , ;  to represent the nodeS.0Ne will useS,, to
denote the set containing the largest string. We will use theusegdstring to denote a
string of Z, , ; which has been already used to represent some néd&ia will call

all other strings ofZ, ,; asnusedstrings. We will use a node and its string
representation interchangeably.
Definition 2. We consider a stringy = XyX;...% 0 Z , 1. We will call a string

xoxl...xi_](xjxj +1---X) as aprefix(suffix)of the stringo = XpX;...% .

Definition 3. A pivotin a stringo = XyX;...X, is the left-most 0 in the string. If

ol Sj, 0<j<k, then X is the pivot foro . A pivot is not defined for a string
oUS 1
Properties 1 -3 given below are for strings used to denote nodes in a network with
n nodes so that these strings are alfip, ;



Property 1. All strings of S, are used strings.

Property 2. If o O Sj is an used string, then all strings &,, Sy, ---, Sj 1 are
also used strings.

Property 3.1f o, = 0x;...x, , X, #0 ando, , theimage of; , is an unused
string, then all strings of the formx; x,...X, ] O<j=sd-1 are unused strings.

The proofs for Properties 1 - 3 are trivial and are omitted.

2.2 Proposed Interconnection Topology
We now define the edge set of the digrépliet any nodei in G be represented by
U= XgX;...X,. The outgoing edges from nodean be of four types and are defined as
follows:
Type A: There is an edgeu = XoX  Xg-- X = XqXg .o Xy ] whenever

X1X5...X ] is an used string, forsom¢ 0Z

Type B: There is an edge fromu - v, wharbe the image af, as defined
earlier, whenever the following conditions hold:

ayuld§g ,0<i<k-1

b) v represents an used string

c) u#vand

d) atype A edgeu - v does not exist in the network.
Type C: There is an edgeu = 0X;X,...X, - 0y;...y, , Where
Xq X9 Xy Y1Yo--- Y O Zy and y,y,...y, istheimage of;x,...x,  whenever
the following conditions hold:

b) x;#0 and x,0x,...x, , the image af, is an unused string

or

c) X, =0
Type D: There is an edge 0x;X5...X - 0X,...X] for alljdz
whenever the following conditions hold:

a x#20 and

b) x;0%,...x, ,the image ofi, is an unused string

We note that ifu O § ,0< j<k nodev = X;X5...X] always exists (from

property 2, sincev [ SJ- 1 )
As an example, we show a network dior 2,k = 2 with 5 and 6 nodes respectively



in figure 1(a) and (b). We have used a solid line for an edge of the Type A, a line of dots
for edges of Type B and a line of dashes and dots for edges of Type D. In this small
network there are no edges of Type C. We note that Type D edges are the only ones that
may need to be redefined as more nodes are added to the network. the edge from 010 to

100 satisfies the condition for both an edge of the BPE X5 Xy — Xq X9 Xy ] and

an edge of the typOx; X,...X, - X;0%5... X

(b)
ﬁg. 1. Interconnection topology with= 2,k = 2 with (a)n = 5and (bn = 6 nodes.

2.3 Limits on Nodal Degree

In this section, we derive the upper limits for the indegree and the outdegree of each
node in the network. We will show that, by not enforcing regularity, we can easily
achieve scalability. As we add new nodes to the network, minor modifications of the
edges in the logical topology suffice, in contrast to large number of changes in the edge-
set as required by other proposed methods.

Theorem 1:In the proposed topology, each node has an outdegree ofitf.to

Proof: Letu be a node in the network given byx; ...x, U Sj andviebe the

image ofu, if an image can be defined for the node. We consider the following three
cases:

i) 0<j<k: Foreveryv given by x;Xx,...xt forallt, 0st<d-1is an used

string sincev O SJ _1 - Therefore the edge- v exists in the network. There

are the onlyd such edges from. In addition there may be one outgoing edge
u - w fromu to its imagew. Henceu has a minimum outdegreleand max-
imum outdegree+1.

ii) j = 0: According to our topology defined abovewill have an edge to
X1X,...X, ] Wheneverx,X,...x,j is an used string for sofgzZ . We have
two subcases to consider:



*If p (p > 0) of the stringsx;X,...X,j are used strings, for spne< j <d
andw is also an used stringhenu has edges to all thenodes with
used strings of the form;x,...x,j andwo Henceu has outdegrep
+ 1. So,u has an outdegree of at least 1 and at ekt

*Otherwise, ifwis an unused stringhen all strings of the fornx,; x,... X j
are unused string®(operty 3) andu hasd outgoing edges of Type D
to nodes of the formdx,x5...x j 0<j<d .and one outgoing edge of
Type C. Hencel has outdegreeg+1.

i) j =k+1If pof the strings x;X,...x,j are used strings, for some j,
0<j<d, thenu has outdegree @ We note tha;X,...x,00 S, is an used

string. Thereforel < p<d , andhas an outdegree of at least 1 and at ighost

since an image af is not defined in this case.
Theorem 2.In the proposed topology, each node has an indegree o to

Proof: Let us consider the indegree of any nedgven by ygy;...y, O Sj . As
described in 2.2, there may be four types of edges to avexslfollows:

* An edge (Type A)tygyq...Yi_1 — Yo¥1---Yx Whenevetyyy,...y,_; is an
used string, forsoméd Z . There may be at masdges of this type to
» There may be an edge (Type B) - v , wheis the image ofl.

* If yo = 0, vmay have one incoming edge of Type C.

* If yo = Oand tygy;...y,_1 is an unused string for sorh&l Z , there is an edge

(Type D) Oty;...Y,_1 = Yo¥1---Yi - There may be at mabsuch edges ta

We have to consider 2 cases, j=0and > 0.
If j > 0, v can have at most one incoming edge- v , Wirésethe image oil

and up tod edges of the typey,y,...Y,_1 - YoY1---Yx - Therefore, the maximum
possible indegree ofis d+1.

If j = 0, an edge of the typ®ty,...y, _1 —» Yo¥1---Yx  €Xists if and only if the

corresponding edge otygy;...y,_1 - Yo¥1---Yx  (Type A) does not exist in the
network. Therefore, there is always a total of exatthcoming edges te of these two
types. Nodev §, may also have one incoming edge of Type C. Therefore, the
maximum indegree ig+1.



2.4 Node Addition to an Existing Network

In this section we consider the changes in the logical topology that should occur
when a new node is added to the network. We show that atOtd)stdge changes in
G would suffice when a new node is added to the network. When a multistar
implementation is considered, this me&ig) retunings of transmitters and receivers,
whereas for a wavelength routed network, this means redefinitio(dpfightpaths. In
contrast, other proposed topologies [10], [11] requdéd) number of edge
modifications. As discussed in the previous section, the nodes are assigned the smallest
strings defined earlier. When adding a new ngdee will assign the smallest unused

string to the newly added node. Let the smallest unused stringpg...x, O SJ- .To
add a node we have to consider the following two cases:

Case i)0<j<k:Letv =x;X,...xt, 0st<d-1, thenv[ Sj_1 and must

exist in the network. Letvy = Oxgx;...x,._; themwyOS, and is guaran-
teed to exist in the network. Let be a node in the network, such thas the

image ofw; thenw, [ Sj _, andis guaranteed to exist in the network.

*We add an edge —» v for each node= x;X,...xt in the network.
*We add a new edge = 0XyX;...X,_1 — U  to the network

*If w,#wg, we add an edg&/, - u to the network.

If ud S;, we delete the edge/, —~ v for each node= 0x,...Xt in
the network.
Every string txgx;...x,_;,1<t<d-1,w0 Sj +1 and is an unused string.
Thereforewy andw, are the only predecessorswfAlso, if w is the image of, then

wl §, ; and does not exist in the network.

Caseii)j = k+1: Letv = xX,...xt ,0st<p—1 be used strings in the

network. Also, letw = txyx;...x,_; ,0st<q-1 be used strings

*We add anew edge - u  to the network for eack txyX;...X, 4 .
O<st<g-1
*We add a new edgel - v to the network for each x;X,...xt ,

O<t<p-1



We note thatv, = 0XpX;...X,_1 0 S, isanused string. Therefore, there is at least

onew such thatw - u exists. Similarly, x;X,...x,00 S, is an
used string. Therefore, there is at leastwsech thatu - v exists.
Fig. 2.(a) shows again the network with 6 nodes given in Figure 1. We choose the

smallest unused stringu = 110 to represent the new node being inserted. The
following new edges are added to the network.

i) The nodeu will have outgoing edges of Type A to nodes 100 and101.

i) The node 110 is the image of node 101. Hence there will be a Type B edge
from 101 to 110.

iii) Finally, there will be a Type A edge from 011 to 110.
The final network with 7 nodes is shown in Fig. 2.(b).

Fig. 2. Expanding a topology with= 2,k = 2 from (a)n = 6 to (b)n = 7 nodes.

3 Routing strategy

In this section, we present the routing scheme in the proposed topology from any
source nodeS to any destination nodd. Let S be given by the string

X= XgXq...X O Sj andD be given by the string Y= yyy,...y, 0 S  .Ingeneral,

a path fronSto D may require a number of hops, where each hop represents a traversal
of an edge in the network. We will first informally describe the routing scheme and then
illustrate it through an example. A formal proof of correctness is omitted due to lack of
space. The outline of the routing algorithm is given below.



Find_path

(digits_to_be_inserted, pivot_position)
Find-best-suffix-prefigsource, destination);
current-node —~  source

path ~ List consisting of source only

While (current-node != destination)

(current-node,path,pivot-positiony-
Insert-digit{path,digits_to_be-inserted,pivot-positjpn

(current-nodepath, Pivot-position) — Move-pivofpath, pivot-positiol

EndWhile

return path;

In this section, we will explain the three main functiofisd-best-suffix-prefix
Insert-digits and Move-pivotthrough an example. The details of the functions are
omitted due to lack of space.

The functionFind-best-suffix-prefifirst finds the length (L1) of the longest set of
digits from source strin which can also be used as digits in destination s¥fifighe
suffix of X of length L1 must contain the same digits as the corresponding pr&fof of
length L1 and the ordering of the digits may differ only in the position gfittee This
function determines the position of this pivot (pivot position) in the source string and the
list of new digits that must be shifted in (list of digits to be inserted) to obtain the
destination string.

The functioninsert-digits calculates the next node in the path by traversing an edge
of Type A or Type D from the current node and inserting the next digit from the list of
digits to be inserted. This is done only if the following conditions are satisfied.

a. the destination has not been reached

b. the next node calculated msert-digits exists in the network

c. there is at least one more digit to be inserted and

d. the left-most digit of the current node will not be used as part of destination

string Y.

The functionMove-pivotcalculates the next node by traversing an edge of Type B
from the current node. This essentially causes the pivot to move one digit to the right.
This may be necessary for one of two reasons:

i) the next node calculated insert-digitsdoes not exist or

ii) it is necessary to move the pivot to its proper location with respect to the desti-

nation stringy.

The next node calculated in this step is used as part of the path only if it exists in the
network.



Example. We consider the topology of Fig. 2(a). Let, the source noSe@®l and
the destination node k#=011. We can find a path froBito D, by following edges of
Type A from each node to the next and inserting successive digits of the destination. The

final path is given byP,= 001 - 010- 101- O011. Since each node in the path

exists in the network, P1 is a valid path.

We now consider a second example wigr@11 andD=000. We try to follow a
Type A edge from node 011 to node 110. But 110 isuamsedstring and the
corresponding node does not exist in the network. Therefore, we must first follow an
edge of Type B from 011 to its image 101. The path from node 101 to node 000 can be
constructed using only Type A edges as in the previous example. The final path is given

by P,= 011 - 101~ 010- 100- 000

Theorem 3 The functionFind-path will always perform correctly if there is no
nodeu in the network such thau 0 S , 4

We omit the proof, due to lack of space.

Theorem 4 The functionFind-pathwill find a path of at most 2k+1 hops, if there
is no nodeu in the network such thau 0 § | ¢

Proof.
Part 1: The maximum possible number of digits in list of digits to be inserted is k+1.
So, Insert-digits introduces at most k+1 hops traversing edges of Type A or Type D.

Part 2: We consider a source string= XXy ... X withl O's. Let the left-

most 0 occur in thi#gh position, the next 0 in thexp,)th position, the next in thétp,)th
position and so on until the last O in tivepg)th position. Each of these 0’s may become

the pivot in the function move-pivot. Using tﬂéo as the pivot, we can traverse at most
(i+pj+1)-(i+p))-1 edges of type B. Therefore, the maximum number of Type B edges

traversed byove-pivotis
(i+py)-i-1 + (i+p)-i+py)-1 + (+Pg)-(i+p)-1 ... +k-(i+Py)-1=k-(m+1)
Therefore, the maximum number of hopsk=l) + k-m-1) = Z&x-m = 2k, for m=0.

Theorem 5.1f a network contains all nodes &, Sy, ... ,Scthen
sthere exists an edg® - y = X;X,...x,0 and

* o(y, D) represents a path frop  Bbof length that cannot exceed k+1.
Proof. Since the network contains all nodes§pn Sy, ... ,§ y U S; for some j,

j £k and must exist. Our topology (section 2.2) ensures that the 8dgg exists.
The path given below consists only strings belonging to gréupe < i<k and hence
are used strings:

X1 X9 X0 = X5 % 0y = X3... %0y = - = Yo¥q--- Yk



The number of edges in the above patkHd, hence the proof.
Theorem 6: The diameter of the network irk21.

If there is no node in the network such that(0 S , ; , thé&mnd-pathwill return
a path of R or less hopsTtheorem 4.

If there is a node in the network suchthatJ § , ; , th@heorem 5can be used
to find a path ok+1 hops fronsto D, hence the proof.

4 Conclusions

In this paper we have introduced a new graph as a logical network for multihop
networks. We have shown that our network has an attractive average hop distance
compared to existing networks. The main advantage of our approach is the fact that we
can very easily add new nodes to the network. This means that the perturbation of the
network in terms of redefining edges in the network is very small in our architecture.
The routing scheme in our network is very simple and avoids the use of routing tables.
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