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Abstract be compared. Several researchers have explored sequence

comparison algorithms [12, 15], culminating in our under-

We present practical parallel algorithms using prefix standing of how to solve a variety of sequence comparison
computations for various problems that arise in pairwise problems, including subsequence matching){m.n) time
comparison of biological sequences. We consider both con-and space [4]. Myers and Miller [11] presented a tech-
stant and affine gap penalty functions, full-sequence andnique to reduce the space requirement to optitiah +n),
subsequence matching, and space-saving algorithms. Thevhile retaining a time complexity ap(mn). Huang [7] ex-
best known sequential algorithms solve these problems intended this algorithm to subsequence matching. These algo-
O(mn) time andO(m + n) space, wheren and n are rithms are very important because the lengths of biological
the lengths of the two sequences. All the algorithms pre-sequences can be large enough to render algorithms that use
sented in this paper are time optimal with respect to the bestquadratic space infeasible.

known Sequentia| a|gorithms and can L@{ n ) pro- Edmiston et. al. [2] present parallel algorithms for

logn . . .
cessors where is the length of the larger sequence. While Seduence and subsequence matching that achieve linear
speedup and can use up@min(m,n)) processors. Lan-

optimal parallel algorithms for many of these problems are ) X 4
known, we use a simple framework and demonstrate howder et. al. [9] discuss implementation on a data parallel

these problems can be solved systematically using repeate&ompu'[.er' Tgtleselj\lgorith?s store thg entire dy”;.m.‘c prol-
parallel prefix operations. We also present a space-saving3ramming table. Huang [6] presented a space-efficient al-

i m+tn - -
algorithm that use$) (m + %) space and runs in optimal  9°rithm that uses onig) ( P ) space per processor; how
2
time wherep is the number of the processors used. ever, the run-time of this algorithm @ (@)

A widely studied identical problem is string editing

finding the minimum cost sequence of operations required
1 Introduction to turn one string into another by using insertions, dele-

tions and substitutions of individual characters. Highly par-

Sequence comparison is an important tool for re- allel algorithms for this problem havg been developed fqr

searchers in molecular biology in their efforts to relate PRAMs and hypercubes [1,' 13], using almost quadratic
the molecular structure and function to the underlying se- "umber of processors. While the number of processors
quence. Biological sequences can be treated as strings ovéa" be scaled down by proportionately increasing the work-
a fixed alphabet ogharacters In this paper, we consider 0&d of each processor, the corresponding algorithms are
the comparison of two biological sequences. This compar-Not space-efficient. From a practical standpoint, space-
ison is done by aligning the two sequences, which refers to€fficiency and the ability to use a moderate number of pro-
stacking one sequence above the other and matching chai€SSOrs optimally are important.
acters from the two sequences that lie in the same position, " this paper, we develop a simple framework for solv-
To deal with missing characters and extraneous charactersnd the various sequence comparison problems using prefix
gaps may be inserted into either sequence. A scoring mechomputations as the basic building block. We show how
anism is designed for each possible alignment and the goaf® do sequence and subsequence matching using both con-
is to find the alignment with the best possible score. Two Stant and affine gap penalty functions. Our algorithms pro-
types of comparisons are of interest: 1) aligning the full se- vide linear speedups and can use u@téL) processors

. logn
quences and 2) finding subsequences of the sequences thgh, < n). Our space-saving algorithm retains time opti-

result in an alignment with maximum possible score. mality and use®) (m + ) space. Throughout this paper,

Let m andn be the lengths of the two sequences to . . . .
optimal time for a parallel algorithm means linear speedup
*Research supported by NSF CAREER under CCR-9702991. with respect to the best known sequential algorithm.




2 Preliminaries Then, the following alignment of DNA sequences ATGACC
and AGAATC has a total score af
We use thepermutation networks our model of parallel

- . . A T G A - C C
computation. In this model, each processor is allowed to A - G A A T C
send and receive at most one message during a communi- T 1 1 -1 0 1

cation step. The cost of the communication step s ul,
wherel is the length of the largest message. This corre- | et A = gy, ay,...,am andB = by, bs, ..., b, be two
sponds to the assumption that communication correspondsequences. Without loss of generality, we assume through-
ing to any permutation can be realized simultaneously. Thegyt the paper thath < n. The optimal score for aligning
permutation network model closely reflects the behavior of 4 and B is found by dynamic programming [14]. Con-

most multistage interconnection networks. struct a tableT' of size (m + 1) x (n + 1) such that
Our algorithms are stated in terms of the following well- 7[; 1 (0 < i < m,0 < j < n) records the optimal

known parallel primitive operationg @enotes the number  score for aligningi;, as, . . ., a; andby, bs, .,b;. Align-

of processors). For a detailed description and run-time anal-ing a string with the empty string is trivial; we can only

ysis, the reader is referred to [8]. insert gaps in the empty string. Therefdf&), 0] = 0, and

Broadcast: In a Broadcast operation, one processor has a

message of sizéto be sent to all other processors. This j

operation take® ((7 + ul) logp) time. T[0,5] = Y f(=",b) 1)
Reduce: Considerm data itemseg, 21, ..., 2,—1 and a bi- k=1

nary associative operatgrthat operates on these data items i

and produces a result of the same type. We want to com- T[i,0] = > flar, =) 2)
putes = 20 ® 1 ® T2 ® ... X T, _1. This operation takes k=1

O(3 + (1 + p) log p) time. = T[i—-1,0]+ f(a;, ") 3)
Parallel Prefix: Considern data itemszg, 1, ..., Tn-1

and a binary associative operatorthat operates on these ~ When aligning non-empty strings,,az,...,a; and
data items and produces a result of the same type. We wanb1, b2, . .., b;, there are three possibilities: &) is aligned
to compute the: partial sSumsso, s1, . . ., sn_1, Where with a gap, 2)b; is aligned with a gap or 3}, is aligned

with b;. This leads to the following recurrence equation:
Si=rXoRT1 VT2 V... R0 x;

This problem can be solved @\( + (7 + 1) log p) time. o Tli—1,5]+ f(?i, =)
The algorithms presented are applicable to other models Tli,j] = max q T[i,j =1+ f(" =", b;) (4)
of computation as well, and often equally efficiently. This Tli—1,5 = 1]+ f(ai, b))

is because we use a few simple communication primitives.

For example, the above operations can be done in the sam ) . .
y column, or diagonal by diagonal (where a diagonal rep-

time on hypercubes. Also, under the assumption that theresents all entrie§, j) of the table such that+ j is a con-
distance between communicating processors (in the absence J J

of network contention) can be ignored due to the large set-Stam)' Either way, when computing an entry of the table,

up costs and the moderate size of the parallel computers, thvlghf eri\tnﬁsfriﬁq;lre(ijnm ccr)mv\?utmg Itt aliie avallabtlii.] The table
same run-time would hold for meshes as well. s typicaily fifled using a row scan, ta r@.(mn) e
Once the table is filled]'[m, n] contains the optimal

score. If we draw a link fronT[4, j] to one ofT[i, j — 1],

T[i —1,j] or T[i — 1,57 — 1] which gives the maximum

) i ) , value in equation (4), optimal alignment can be expressed
Consider the problem of comparing two biological se- as a path in tabl@, that starts &'[m, n] and ends &[0, 0].
quences. Lek be the alphabet and-" denote the gap. A | ¢t ys call such a path an optimal path. Traversing an op-
score functionf : BU{*~"} xZU{* "} = IR prescribes  ima| path from?’[m, n] to T[0, 0] and retrieving an opti-

the score for any position in the alignment. The score of the 5 alignment s called the Traceback procedure. This takes
alignment is the sum of scores over all the positions. The O(m + n) time.

objective of sequence comparison is to compute the align- »j| the parallel algorithms for sequence comparison de-

ment with the maximum p955|ble score. i i signed so far fill the dynamic programming table diagonal
Suppose we have the simple scoring function defined asi,y, giagonal. This is because the entries required for com-

1, c¢1=c,cC1,c0€EY puting a diagonal are available from the previous two diag-

flei,e2) =< 0, ¢ #c2, c1,c2ER onals, facilitating concurrent computation of each diagonal.
—1, g =‘—"orecy="*‘—" On the contrary, the entries in a row of the table depend not

equentially, the matrix can be filled row by row, column

3 The Basic Algorithm



only on the previous row but also on the row being com-

Typically, scoring functions assign the same score for

puted. The only drawback of the diagonal based algorithmaligning any character with a gap. Such functions are called
is that the size of the diagonals vary and some diagonals are&onstant gap penalty functiongve restrict our attention to
too short to be concurrently computed, leading to idling of them in order to simplify the discussion throughout the re-

processors. Nevertheless, such an algorithm runs in optimaminder of this paper. Suppose thdt, < —

0] (%) time and can usmin(m,n) processors [2].

We present algorithms to compute the table row by row
(or column by column) using parallel prefix. This leads to a

uniform work distribution to all the processors at all times.

Another advantage is the reduction in the number of table

entries communicated per iteration frento p. Suppose we
are computing thé*® row using the previously computed
(i — 1)t row. We updatd'[i, j] using equation (4)T[i —
1,j]andT[i—1, j—1] are already computed, as they belong
to the previous row. Separating precomputed terms, let

max{ T[i—l,j]+f(ai,z_a)) )

wlj] = T[i — 1,5 — 1] + f(as, b,

o f wli]
Then, TTi,j] —max{ T[g,j )
(6)
Let z[j] = Zf ' br)
k=1
= max{ wlj] — JO=",b)
T[Z’J ] Z :11 (‘—’,bk)
= max{ wlf] = Yhey £ =",bx)
z[j — 1]
Let yli] = Z ", br) (7)
) = -l ®)

Then partial sumsziz0 f(t=",bg), asj ranges from to

n, can be computed using parallel prefix. As a result of this,

the z[j]'s are known. Then,

z[J]
zlj = 1]

Since thez[j]'s are known,z[j]’s can be computed using
parallel prefix withmax as the binary associative operator.
Then,T[i,j] (1 <i<m,1<j <n)isderived using

e[+ ) f( -

2[j] + yli]

z[j] = max { 9)

i, 5]

(10)

N=f(="0) =

—g for any ¢ € ¥. Alternatively, we say that each gap is
charged a penalty af . For such a scoring function,

max{ wlj] + gj
z[j — 1]

xj] (11)

T, j] = =z[j]—gj (12)
Thus, each row of the table can be computed using equa-
tions (5), (11) and (12), using a parallel prefix for comput-
ing equation (11) alone.

Let p be the number of processors with id’s ranging from
0to p— 1, and for simplicity, assume: andn are multiples
of p. Processoris responsible for computing columh§+
1 through(i + 1)+ of the tableT". Distribution of sequence
B is trivial sinceb; is needed only in computing column
Therefore, processais givenbi%H ... b(iﬂ)%

Eacha; is needed by all the processors at the same time
when rows: is being computed. We distribute sequente
among all the processors to reduce storage. Procéssor
storesa;m 41 ... a341) =, and broadcasts it to all proces-
sors when rowi 5 is about to be computed. If there is
enough space, each processor can store a coply arid
broadcasting is eliminated.

Computingw]j] in equation (5) requireg[i — 1, j — 1],
which may not be available locally. Each proceskaan
communicate and get sudfi — 1,5 — 1] from processor
k — 1. This process can be done fast because each processor
has only one such entry to get from another processor. An-
other way to solve this problem is to make use of the com-
munication performed for parallel prefix to computg]
andz[j]. When parallel prefix is performed for comput-
ing y[j] andz[j] in row i — 1, each processot receives
y[j — 1] andz[j — 1] where columry belongs to itself and
columnj — 1 belongs to processér— 1. We can use them
to computel'[i — 1,5 — 1], andw[j] in the next row can be
computed locally.

Initializing the first row of the table is done by parallel
prefix using equation (1). For the computation of réw
T'i, 0] should be initialized and stored by procesgoising
equation (3).

Computing each row take8(3 + (7 + u) log p) time.
Each of thep broadcasts for broadcasting portions of string
AtakesO(% + (7 + p) log p) ime. The whole computa-
tion takesO(=* + 7(m + p) log p + pm log p) time, which
is optimal forp = O(%). The space required on each

Equations (5), (7), (8), (9) and (10) are used to compute aprocessor i@(%).

row of the table using information from the previous row.
Computing equations (7) and (9) requires parallel prefix.

So far we have focused on computing the table, which
only yields the score of an optimal alignment. To retrieve



an optimal alignment, we must perform the traceback pro- 0 (min(m n )) processors. If so, we can save time and

’ logn

cedure. The sequential traceback procedure t@kes+n) space by computing jugt and using sequential traceback.
time and can be accommodated without significantly affect-

ing the parallel run-time provided that + n = O (%) 4 Affine Gap Penalty Functions
This further restricts the number of processors that can be

used toO(m). Thus, we can use onfy (min (m,ﬁ)) The gap penalty functions used so far compute the
processors. Recall that < n. penalty of a sequence of gaps to be equal to the sum of

We can increase the number of processors that carnthe penalties of the individual gaps. The scoring functions
be used by parallelizing the traceback procedure, mod-used in practice are oftaaffine gap penalty functiong-or

ifying Hirschberg's technique [5]: Letev(A4) (resp., a maximal consecutive sequencekoflaps, an affine gap
rev(B)) denote the reverse of the sequende(resp., penalty function assigns a penalty/of gk, whereh is the

B), i.e. rev(A) = amam—1...as3a2a; andrev(B) = gap sequence starting penalty. Thus, the first gap is charged
bubn_1...b3byby. LetT*[i, j] denote the optimal score for  h + g, while the rest of the gaps are chargeeach.

aligning an,Gm—1 . .. a;+1 With bpb,_1...bj41. We can To find the optimal alignment using affine gap penalty

computeT* in a manner similar t@”, using parallel pre-  functions, we consider the sequential algorithm presented
fix. Consider any colump. An optimal alignment passes in [14]. It uses three table®;, T, and T3, each of size

throughT [k, j] iff (m+1) x (n+1). As before, entryi, j] in each table cor-
responds to the score for optimally aligning, as, . .., a;
Tk, j]+ Tk, j] = ,max (T[i, ] + TR, 5]) with by, b, . . ., b;, but with the following exception: In fill-

ing T, we consider alignments whetg is matched with

b;. ForT,, we consider alignments where*is matched to

b; and forT3, we consider alignments whedgg is matched
do =" It is easy to see that the tables can be filled with the
following equations (for more explanation, see [14]):

i.e., add columry of the tablesI” andT® and each largest
entry in the resulting column is on an optimal path. Each
column can be processed in parallel. To compute a uniqu
optimal alignment, we can select the topmost (alternatively,
bottommost) largest entry in each column.

Tii—1,7-1
Comput.ingrR takes the same amount of time and space Ti[i,j] = f(ai,b;)+ max T; E B l,j' . 1%
as computing’. Each processor hascolumns of both the .
) D Ts3[i— 1,7 —1]
tables. By adding the corresponding columns from both the o
tables, each processor can produce its share of the optimal Tl ? [%J - }] —(g+h)
path inO (%) time. This increases the run-time by about 2li,j] = max T2E’§ - 1} - ?g )
a factor of3 and the space required by a factorof T3 ’ L )
To reduce the usage of space, note that it is suffi- T - Tl [l_ - 1’],] —(g9+ h)
cient to compute the intersection of an optimal path with sli,j] = max T2F' - 1’]% —(g+h)
st — Ll —4g

the rightmost column stored in each processor. We can
then perform a sequential traceback within each processory,,

v with and ind dentlv of oth e compute all the three tables together, row by row. The
concurrenty W't. anR Independently o o't €I ProCesSOrS. sk rows of 7y andTy can be computed directly as they de-
Thus, in computindg’ ™, we only store entries in columns

n on 3n dth h - ios. e PEnd onlyoni — 1) rows. After computing them, thé"
PP p »n and throw away the remaining entr|e§. € row of T» can be computed using parallel prefix. Separating
still need to store the most recently computed roW'§fin precomputed terms, let

order to compute the next row. We need om(m + %) [ 1—( )
Ti[i,j—1]—(g+h

space per processor to compiit€. To find a unique opti- wlj] = max{ TG 1] — 3 (13)

mal path, we adopt the following strategy: in case of a tie sli,j —1] - (g+h)

in moving from one entry to the next during traceback, we )

give priority to 1) the entry just above the current entry in Then Thli, j] = max{ ?M -

the same column 2) the entry just above the current entry in 2l g =1 -9

the previous column and 3) the entry in the same row asthe  This is same as (6) by treating(‘ — ',b;) = —g for

current entry but in the previous column, in that order. The anyb;. So, thei*" row of T, can be computed in the same

time for the parallel traceback & (m + %) way using parallel prefix: Use equations (13), (11) and (12),

except thafl” should be changed @, in equation (12).

Though we can use up 10 (logn) processors in this Initialization and computation of the tables is done in

manner, it may be sufficient in practice to be able to use the same manner as the basic algorithm, except thatrows



of the three tables are filled before filling raw+ 1. The
same run-time analysis holds as well. Thus, we can use

at mostO (1ogn) processors to compute the tables in op-

timal parallel time. If we perform a sequential traceback
procedure and wish to be time-optimal, we can use only
0] (min (m, @)) processors.

We can attempt to increase the number of processors that Figure 1. Parallel space-saving algorithm
can be used by computirig’, T, T, corresponding to
aligning rev(A) andrev(B) using the affine gap penalty . )
function. By properly combining all the tables, we can com- €M intop subproblems and solve them sequentially on each
pute a table where a largest entry in each column lies on arPr0C€Ssor (see Figure 1), using the sequential space-saving
optimal path. However, picking the topmost largest entry in algorithm [11]. The solutions qf the subproblems are then
each column may not give us an optimal path but only parts concatenated to get the t%al alignment. Note that each sub-
from several optimal paths. However, a different method Problem receives exactly ™ of sequence but an unde-

can be used to utiliz& (L) processors. This method is termined portion of sequencé. Since the total length of

. log n the sequencd is m, the sequential run-time of computing
presented in the next section. .
each subproblem i® ).

It remains to describe how the intersection of an optimal
path with the special columns can be computed. We only
store information on the special columns of a table. In ad-

All the algorithms presented so far requ@é%) space  dition, we store the most recently computed row of a table
per processor, which limits the lengths of the sequences thatn order to compute the next row using parallel prefix. For
can be compared. Here, we show how to reduce the spaceeonstant gap penalty functions, we can compute the forward
requirement toO (m + 2 ) while maintainingO (%) and reverse tables and identify the topmost largest entries

yalong the special columns to split the problem into subprob-
lems. As noted before, such a method does not work for
affine gap penalty functions.

A more general approach, that works for either type of
penalty functions, is as follows: For each enffyi, j] of
expense of increasing the run-time @b % . Our a table, compute both the ‘value’ of the entry and the row

algorithm offers another alternative in the tradeoff between number of the entry in the closest special column to the left

time and space where we retain time-optimality and attemptthat lies on an optimal path f“?fﬁ[oa 0] to T[i’j]: Let us ,
to reduce the space requirement as much as possible. call such a row number a pointer to the previous special

To put the various algorithms in practical perspective, column. This essentially gives us the ability to jump from

DNA sequences can range from a few thousand base pair§pecial cqlumn to special column qnd perform a traceback
(characters for our purpose) to three billion base pairs (forln the entire table, without considering other columns. Sup-

the human DNA) long. SUppOSe we are comparing two se.Pose we are computing a row of a tgble. The values in 'the
quences of length abod00, 000 and we usel00 proces- row are computed using parallel prefix as before. The point-

sors. Assuming that each table entrytibytes, the naive ers to previous special column can be computed by another

algorithm requires about00 MB of space per processor parallel prefix. Recall that an ent@li, j] may originate
L . ' fromT[i —1,4], T[i — 1,5 — 1], or T[i,5 — 1]. If the en-
too large to fit in the main memory of most current systems. ¢ Its f v in th ; . |
Huang’s algorithm requires only abatiKB! Our algorithm ryjrje.su f’ .romlan entry ml N pret\;lous rot l ;th’J]
uses aboui.4 MB. While Huang's algorithm can work with ;)r l[]f t?] J t_ ]) WI? S]lmﬁ%/ copy 1 € pomn .erhot € en-
very limited amounts of memory, the space-requirement of tLy' . f enfrj): re;u Sl rt()) ¢ 't[w - ],twe tV\gS 0 .‘iogly
our algorithm can be reasonably satisfied even for very large, € pointer ofT'ls, j — 1] but it may not yet be available.

sequences. We believe that it is a good practical choice-l-heref?rle I I'Srl]nr"t'?]lly Setthtmr (\Lljvn:e::&q)’tukn I?]Sf _bl ![‘:‘l
given that it is simple and time-optimal. a special column. 11 S0, the row nu 5 taken to be the

Let us defing — 1 special columng’y (1 < k < p— 1) pointer. We can then fill the undefined entries using parallel

of a table to be the last columns of the parts of the table prefix and the following operation:
allocated to each processor, except the last processor. i.e., U, T=UY=1u
Cr = k x 2. If we identify the intersection of an opti- ctPy=<{ y, y#u
mal path with the special columns, we can split the prob- T, r#u,y=u

5 A Space-Saving Algorithm

run-time. Our algorithm develops on the ideas presented b
Edmiston et. al. [2] in the context of performing tracebacks
with limited amounts of memory. Huang [6] presented an

algorithm that uses only optimap ("LT*") space, at the



After computing the current row, we discard the previous suffix of b1b, ... b;. Alignment of empty suffixes is a valid
row except for entries intersecting with the special columns. alignment, resulting in a score 6f Thus, if no non-empty

This gives us a space bound@f(m + %) Cltis possib'e suffixes Ofalag R andble . b] can be aligned with a

to combine the two parallel prefix operations into a single pﬁ‘:’gwe Score, zi;)hsrlozlld be placed |E£?,]].T1r;h(irel;flore, b
parallel prefix operation using a slightly more complex op- allthe scores in the table are non-négative. fhe table can be

erator. This is useful in practice because it slashes the com—f'”ed with the following equation:

munications costs in half. The details are omitted in the . . ¢

; : Tli—1,5]+ f(a;," =)

interest of brevity. Ti,j— 1]+ f(—",b;)
A sequential traceback procedure along the special TT[i, j] = max T[z',— 1,j—1] +f((,l'Jb')

columns can be used to split the problem iptsubprob- 0 ’ v

lems inO(p) time. This does not significantly affect the
run-time of O (%) providedp? = O(mn). While this Once the table is filled, the maximum entry in the table gives

is a reasonable assumption in practice, time-optimality canthe score for the subsequence matching problem. An opti-
be retained even if this is not true. The idea is to paral- mal alignment corresponding to this score is retrieved by
lelize the traceback procedure itself using parallel prefix. Performing a traceback from a maximum entry in the table
Each special column contains pointers to the previous spe-Until a score of) is reached.
cial column. It is required to establish pointers from the last It is very easy to extend the parallel prefix based algo-
special column to every other special column by following fithm to the subsequence matching problem. Let
the chain of pointers leading to it. This can again be done . . L
using a parallel prefix within the time bounds required. _ Tli = 1,51+ f(ai,* =)

It remains to describe how the data required for the sub- wlj] =max  Tli—1,5 = 1]+ f(a;,bj)
problems is moved to the respective processors. Sequence 0
B is already distributed appropriately. To distribute se-

. o . As before, computing thev[j]’s requires information
guenceA, recall thatA is presently distributed uniformly pufing ] aut ! !

I th While bett thod be d only from the previous row. With this modification for com-
aprosg alltne plrocgss?rs. h'ftl ef tﬁ er methods can be I?buting thew[j]’s, the rest of the algorithm is the same as
signed, a simpie circular shitt of the sequence among allyagra - Affine gap penalty functions can be taken care of
the processors suffices to prove the required time complex-

. : . . in a similar manner as well. The equations for computing
ity. Performp circular shift operations on the sequente T,, T, andTs in Section 4 need to be modified to turn any

such that the entire sequence passes through each processR%}n-negative entry into a zero entry. Each processor can
Each processor retains as much of sequehes it needs. ) , ) ) , ,

Assuming a linear array can be embedded in the processofCan its portion of the table i (%) time to identify the
topology, this requires only (rp + m) time. If there is largest entry in its portion of the table. The largest entry in
sufficient memory on each processor to store the entire sethe whole table can be computed using a simple reduction
quenceA through out the computation, none of this data operation. Optimal alignment can be read off from the ta-
movement is necessary. Notice that this does not violateble starting from the largest entry. As before, if a sequential
our space bound of (m n %) Finally, by defining all traceback procedure is used, the number of processors that

| o b il col btai can be used is limited by the length of the optimal align-
columns to beé Special columns, we can obltain a NoN-Space, . - gince the length of the optimal alignment can be as
saving algorithm for affine gap penalty functions that can

" high asm + n in the worst case, onl§ ( min (m, IL))
useO (10 n) processors. . oe ™

& processors can be used, ﬁ'ﬂ?ﬁ limit stems from the need
to perform parallel prefix on items.
6 Subsequence Matching If more processors need to be used, we can easily con-

vert the subsequence matching problem into the sequence

In the subsequence matching problem, we are interested"@{ching problem and use any of the methods described
in an alignment between a subsequenceladnd a sub- earlier. Given sequencesand B, we compute the neces-

sequence of3 that results in the highest possible score. S&Y dynamic programming tables to identify the position

The problem can be solved using an approach similar to se.°f @ largest entry. While doing so, it is not necessary to

quence matching [14, 15]. For simplicity, assume a constantStore the table as we can keep track of a largest entry oc-
gap penalty function. As in the case of sequence matching,C,U”Ed so_far and the position at which it occurred using a
atableT of size(m +1) x (n+1) is created but with the fol- single variable on each processor. Therefore, the only mem-

lowing difference: EntryT'[i, 7] is used to store the highest ory required is that needed for storing the previous row and
score of an alignment between a suffixgfi, ...a; anda  for computing the current row, which is onty (%) A




largest entry in the table corresponds to the end of an op-pointing out an erroneous algorithm in an earlier draft of
timal subsequence matching. Létj] denote the position  this paper.

of a largest entry and letax denote the largest entry. We

can run a sequence comparison algorithm on the sequencereferences

a;a;—1 -..ap andb;b;_q ... by until an entry recordsuax.
This entry corresponds to the starting point for an optimal 1]
subsequence that ends[atj]. Again, note that we need

only O (%) memory to compute the table as we are inter-

ested only in the entry recordingaxz. Let the entry be
[k,1]. Therefore, the subsequences from the sequeAces
andB that result in an alignment with the highest score are
akagy1 - .. a; andbbiy ... b;. We can align them using [3]
any of the sequence matching algorithms described earlier.
The method consists of three phases: Running a sub-
sequence matching algorithm betweeyas . ..a,, and
bibs ...b,, running a sequence matching algorithm be- [4]
tweena;a;_y ...a; andb;b;_; ...b;, and running a se-
guence matching algorithm betweenag....a; and [5]
bibi+1 ... b;. We need to find the alignment only in the third
phase. It remains to discuss how data is distributed for the
second and third phases. To prove time-optimality, it is not [6]
necessary to redistribute the data to balance the computa-
tion in the second and third phases across processors. We
can simply partition the table to be computed such that a
processor is responsible for computing the columns of the [7]
table that correspond to the subsequence oftlitss orig-
inally assigned to. It is easy to verify that while some pro- 8
cessors may idle and some others may have less columns to
compute during the second and third phases, the work done

by each processor in any of the phases is cﬁth%). 0]

In practice, one may wish to redistribute the necessary sub-
sequences of the sequences such that all processors have a
uniform work load during the second and third phases. [10]

(2]

7 Conclusion
[11]

In this paper we use prefix computation to obtain opti-
mum time complexity for solving various problems related [12]
to sequence comparisons; the methods reduce the space
complexity as well. In the proposed algorithms all pro-
cessors are assigned equal amount of work. Furthermore,
our algorithms communicate fewer number of table entries. [13]
Consequently, they are expected to give better performance
in real applications than the previous optimal time parallel [14]
algorithms. Our methodology, discussed in the context of
the sequence comparison problems, is general and can be
used to parallelize other dynamic-programming problems. [15]
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