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Abstract processors are available, the problem is to be split into (at
most) N subproblems, and the goal is to balance the weight
Parallel load balancing is studied for problems with of the subproblems assigned to the individual processors.
certain bisection properties. A class of problems has  The weight of a problem represents the load (e.g., CPU
bisectors if every problem of weightw(p) in the class can  load) caused by processing that problem. It is assumed that
be subdivided into two subproblems whose weight (load)the weight of a problem can be calculated (or approximated)
is at least ana-fraction of the original problem. A prob- easily once it is generated.
lemp is to be split intoV subproblems such that the maxi- Instead of splitting the original problem infé subprob-
mum weight among them is as closevi@) /N as possible.  lems in a single step, we propose to use repehaitszttions
It was previously known that good load balancing can be in order to generate th¥ subproblems, because in practice
achieved for such classes of problems using Algorithm HF, it is often easier to find efficient bisection methods than to
a sequential algorithm that repeatedly bisects the subprob-find a method for splitting a problem into an arbitrary num-
lem with maximum weight. Several parallel variants of Al- ber of subproblems in one step. A bisection subdivides a
gorithm HF are introduced and analyzed with respect to problem into two subproblems.
worst-case load imbalance, running-time, and communica-  Our research is motivated by an application from dis-
tion overhead. For fixed, all variants have running-time  tributed numerical simulations, namely a parallel solver for
O(log N) and provide constant upper bounds on the worst- systems of linear equations resulting from the discretization
case load imbalance. Results of simulation experiments re-of partial differential equations. This solver uses a variant
garding the load balance achieved in the average case areof the finite element method (FEM) with adaptive, recursive
presented. substructuring [6, 7]. The recursive substructuring phase
yields an unbalanced binary tree (called FE-tree). In order
to parallelize the main part of the computation, the FE-tree
must be split into subtrees that can be distributed among the
available processors. Useful bisection methods for FE-trees
Dynamic load balancing for irregular problems is a ma- @nd the speed-up achieved by incorporating dynamic load
jor research issue in the field of parallel computing. It is balancing using bisections are reported in [1].
often essential to achieve a balanced distribution of load Besides distributed hierarchical finite element simula-
in order to reduce the execution time of an application or tions, load balancing using bisections can be applied to
to maximize system throughput. Load balancing problems computationalfluid dynamics, domain decompositionin the
have been studied for a huge variety of models, and manyProcess of chip layout [12], or multi-dimensional adaptive
different solutions regarding strategies and implementationnumerical quadrature [4]. In this paper, we will not be con-
mechanisms have been proposed. A good overview of re-cerned with details regarding any particular application. In-
cent work can be obtained from [14], for example. Ongoing Stead, we study parallel load balancing from a more abstract
research on dynamic load balancing is reviewed in [13], em-Point of view and for a very general class of problems.
phasizing the presentation of models and strategies within
the framework of classification schemes. 2. Load balancing model
We consider a general scenario where an irregular prob-
lem is generated at run-time and must be split into subprob- As in [1, 2], we study the following simplified model
lems that can be processed on different processord If for dynamic load balancing. The parallel system consists

1. Introduction



of NV processors, numbered fromto N. The number of A perfectly balanced load distribution QN processors
a processor is referred to as itk Thei-th processor is  would be achieved if a problem of weightw(p) was di-
denotedP;. Initially, a problemp resides onP;. P, is vided intoN subproblems of weight exactly(p) /N each.
calledbusy while the other processors are idle and called We say that an algorithm haserformance guaranteg if
free A free processor becomes busy when it receives athe maximum weight produced by the algorithm is at most
subproblem from a busy processor. The goal of the loada factor ofp larger than this ideal weight(p)/N even in
balancing is to splip into NV subproblems;, ..., py such the worst case. Note that we ignore other factors that might
that subproblenp; can subsequently be processed By affect the quality of a load distribution in a particular ap-
1 < i < N. (A load balancing algorithm is allowed to plication (e.g., we assume that there are no precedence con-
split p into fewer thanN subproblems. In this case, some straints among the subproblems, so that all subproblems can
processors remain idle.) Assuming a weight functicthat be processed in parallel once the load has been distributed,
measures the resource demand (for example, CPU load oand we do not consider communication costs between sub-
main memory requirement, depending on the application atproblems). The following theorem shows that the perfor-
hand) of subproblems, the goal is to minimize the maximum mance guarantee of Algorithm HF can be bounded by an
weight among the resulting subproblems, i.e., to minimize expression irx that does not depend ow.
maxi <i<n W(pi)-

Repeated bisections must be used to split a problem intoTheorem 2 [1] Let P be a class of problems with weight
N subproblems. Bisections will not always split a prob- functionw : P — Rt that hasa-bisectors. Given a prob-
lem p with weightw(p) into two subproblems with weight lemp € P and a positive integeV, Algorithm HF uses
w(p)/2 each, but for many classes of problems there is a bi- N — 1 bisections to partitiorp into N subproblemsp,,
section method that guarantees that the weights of the two .., py such thatmax;<;<ny w(p;) < %p) - ro , Where
obtained subproblems do not differ too much. ro=|1]-(1- a)LlJ’z-

(e

a

Definition 1 [1] Let0 < a < % A classP of problems
with weight functionw : P — R* hasa-bisectorsf every
problemp € P can be efficiently divided into two problems
p1 € Pandpy € P with w(p;) + w(pz:) = w(p) and

w(p1), w(p2) € [aw(p), (1 — a)w(p)].

Note thatr,, is equal t@2 for « > 1/3, smaller thars for
a>1-1/v2 =~ 0.159, and smaller thai0 for o > 0.04.
Hence, Algorithm HF achieves provably good load balanc-
ing for classes of problems with-bisectors for a surpris-
ingly large range o#v.

Note that our definition characterizes classes of problems It is common to represent the process of recursively sub-
that haven-bisectors in a very abstract way. In a particular dividing a problem into smaller problems by atree. In [1] a
application, problems might correspond to subdomains of bisection treevas used to represent the run of a bisection-
a numerical computation, to parts of a simulated system,based load balancing algorithm on inpuandN'. The root
to parts of the search space for an optimization problemof the bisection tre&), is the problenp. If the algorithm bi-

(cf. [9]), or to program execution dags. A definition very sects a problempinto ¢; andgs, nodesy; andg, are added
similar to ours &-splitting) is used in [10, pp. 315-318]un- to T}, as children of nodg. In the end, T, hasN leaves,
der the assumption that the weight of a problem is unknown which correspond to thé&" subproblems computed by the
to the load balancing algorithm. algorithm, and all problems that were bisected by the algo-
rithm appear as internal nodes with exactly two children.

algorithm HF(p,N):
P:={p}h 3. Parallel load balancing
while |P| < N do
g = a problem inP with maximum weight; Algorithm HF is a sequential algorithm that bisects only
bisectg into ¢: andgs; one problem at a time. Hence, the time for load balancing
P:=(PU{q,¢}) \{ah grows (at least) linearly with the number of processors. We
od; assume that each bhisection step is performed sequentially on
return P one processor. Therefore, the time spent in load balancing
can be reduced substantially if several bisection steps are
Figure 1. Algorithm HF executed concurrently on different processors.
Figure 1 shows Algorithm HF_(eaviest ProblemiFst), We assume that a processor that bisects a problem can

which receives a problemand a numbelN of processors  quickly (in constant time) acquire the number of a free pro-
as input and divideg into N subproblems by repeated ap- cessor and, after bisecting the problem into two subprob-
plication of a-bisectors to the heaviest remaining subprob- lems, send one of the two subproblems to that free proces-
lem. sor. In Section 3.4 we will discuss ways to implement such



a management of free processors in a parallel system with- In order to parallelize Algorithm HF, we must, on the
out increasing the asymptotic running-time. one hand, perform several bisections simultaneously, but,
Furthermore, we assume that the bisection of a problemon the other hand, ensure that no subproblem is bisected un-
into two subproblems requires one unit of time and that less it would also have been bisected by the sequential Al-
the transmission of a subproblem to a free processor re-gorithm HF. First, we observe that subproblems with weight
quires one unit of time. Our results can easily be adaptedgreaterth;,“i{V](V_P).7«CY are certainly bisected by Algorithm HF
to different assumptions about the time for bisections andand can always be bisected by Algorithm PHF as well.
for interprocessor communication. Finally, we assume thatNext, note that subproblems with weight at megp) /N
standard operations like computing the maximum weight are certainly not bisected any further by Algorithm HF; such
of all subproblems generated so far or sorting a subset ofsubproblems can be assigned to a processor immediately by
these subproblems according to their weights can be donlgorithm PHF.
in.time O(log N). This assu_mption is sa.tisfied by the ide- Algorithm PHF can carry out a first phase of load bal-
alized PRAM model [8], which can be simulated on many ,ncing as follows. Before the first bisection is made, the
realistic architectures with at most logarithmic slowdown. valuesw(p), N, anda are broadcastP, bisects the orig-
inal problemp into p; andp-, and then sendg, to P.
Whenever a processor gets a subprobieim the follow-

In this section, we describe a parallelization of Algo- ing, it checks whethew(q) > “(2) . 1, and, if so, bisects it
rithm HF, referred to as Algorithm PHE &rallel HP. Al- into two subproblems and sends one of the two subproblems

3.1. Parallelizing Algorithm HF

gorithm PHF is shown in Figure 2.

algorithm PHF{,NV)
if i =1thenq :=p;
elsewait until a problemy is receivedfi;
while w(g) > # -Tq dO
bisectq into ¢; andgqs;
@ sendg- to a free processor;
q:=q;
od;
(b) barrier;
(c) f := number of free processors;
while f > 0 do
(d) m := maximum weight of remaining subproblems;
(e) h := number of proc. with subprobletr m(1 — «a);
if h < f then
if w(g) > m(1 — «) then
bisectq into ¢; andgqs;
(U] sendg- to a free processor;
q:=qu; fi;
else determine thef heaviest subproblems;
if g is among thenthen
bisectq into ¢: andgs»;

cocode forP;

(9) sendy. to a free processor;
q := q; fi;
fi;
f:=f —min{h, f};
(h) if f > 0then barrier; fi;
od;

Figure 2. Algorithm PHF

to a free processor. This phase ends when all subproblems
have weight at mosi”l(\,—”) - ro. A barrier synchronization

is performed in step (b) to ensure that all processors finish

the first phase of the algorithm at the same time. Free pro-

cessors that have not received a subproblem during the first
phase go to step (b) of the algorithm directly as soon as they
are informed about the termination of phase one.

Consider the bisection tree representing the bisections
performed in the first phase. L& denote the maximum
depth of a leaf in this bisection tree. Under our assump-
tions, the running-time for the first phase is clearly bounded
by O(D). Now observe that a node at deptin the bisec-
tion tree has weight at most(p) (1 —«)?. ThereforeD can
be at moslog% N. The running-time for the first phase

can thus be bounded hﬂ(logl% N).

If one was only interested in obtaining a parallel al-
gorithm with the same performance guarantee as Algo-
rithm HF, one could stop the load balancing after this first
phase and leave the remaining free processors idle. How-
ever, as will be seen from the simulation results presented in
Section 4, the maximum load obtained from Algorithm HF
is much smaller than the worst-case bound for many prob-
lem instances, especially wheris small. Thus we aim at a
parallel solution that produces the same partitioning as the
sequential Algorithm HF.

In order to achieve this, Algorithm PHF continues as fol-
lows. After the barrier synchronization in step (b), the num-
ber f of free processors is calculated in step (c) and made
known to all processors. At the same time, the free proces-
sors can be numbered framo f, and the id of theé-th free

Steps that require a form of global communication (com- processor can be storedit In this way, any processor can
munication involving more than two processors at a time) later on determine the id of theth free processor by ques-
are shaded in the figure; on many parallel machines thesdioning P;. Then, the second phase of the algorithm consists

steps will not take constant time, but tir@glog V).

of iterations of the following steps: (1) Determine the max-



imum weightm among the subproblems generated so far time O(log N). Altogether, phase two has running-time

(m is broadcast to all processors). (2) Determine the num-

O(%1n L log N), which isO(log V) for fixed c.

berh of processors that have a subproblem of weight at least

m(1—a), and number them frorhto k (h is broadcast to all

Theorem 3 Given a problenp from a classP of problems

processors). (3a) < f, all h processors that have sub- With a-bisectors for a fixed constant Algorithm PHF sub-

problems of weight at least (1 — «) bisect their subprob-
lem; thei-th such processor sends one of its two resulting
subproblems to thé&th free processor that has not received
a subproblem in a previous iteration. (3byf> f, the f
heaviest subproblems are determined and numberedifrom
to f (employing either selection or sorting as a subroutine);
for1 < ¢ < f, the processor with théth among thef

heaviest subproblems bisects its subproblem and sends on

of the two resulting subproblems to ti¢h free processor
that has not received a subproblem in a previous iteration.

In each iteration, the value gf represents the number
of remaining free processors. Every processor can updat
its copy of f locally by subtractingnin{h, f}. The load

dividesp into N subproblems in tim&(log N) such that
the resulting subproblems are the same as for the sequen-
tial Algorithm HF.

While the described parallel implementation of Algo-
rithm HF has optimal running-time for constamtunder
our assumptions, there are also drawbacks of this approach.
Iéirst, we have completely ignored the management of free
processors in phase one so far. Although we will show in
Section 3.4 that this can be implemented without increasing
the asymptotic running time, it must be expected that sub-

stantial communication overhead will occur. Further, the

%econd phase of Algorithm PHF requires global communi-

cation in each iteration.

balancing terminates when there are no free processors left.

Observe that thenin{h, f} subproblems chosen for bi-

section in each iteration would also have been bisected by

3.2. Algorithm BA

the sequential Algorithm HF, because none of the bisections To overcome the difficulties encountered with Algo-

in the current iteration can generate a new subproblem with
weight greater tham (1 — «). Hence, Algorithm PHF pro-
duces the same partitioning pfnto N subproblems as Al-
gorithm HF.

Note that global communication is required in every it-
eration of phase two. The values«afandh can be deter-

rithm PHF, we now propose an alternative algorithm for the
load balancing problem that is inherently parallel. The max-
imum load generated by this algorithm in the worst case is
larger than the worst-case bound for Algorithm HF only by
a small constant factor. In addition, the management of free
processors can be realized efficiently for this algorithm, and

mined and broadcast to all processors in steps (d) and (eyo global communication is required at all.

by simple prefix computations (see [8]) in tiniglog N).

The barrier at the end of every iteration takes time at most
O(log N) as well. In all iterations except the last one, no
further global communication is required: a processor that
bisects a problem in that iteration can determine the id of

a free processor by a single request to another processor

whose id it can determine locally. Only in the last iteration
it can be necessary to determine théeaviest subprob-
lems and number them fromto f. This can be done in
time O(log N) by employing a parallel sorting or selection
algorithm (see [8]).

Taking all this into account, the reader may verify eas-
ily that the running-time for one iteration of phase two is
O(log N) under our assumptions. In addition, the maxi-
mum weight among all subproblems is reduced by a fac-
tor of (1 — «) in each iteration. As the maximum weight
can never become smaller thar(p)/N, the algorithm
will terminate no later than aftef iterations if I satisfies
wo) oy, (1 —a)f < M2 This inequality is satisfied
if (1—a)*l5]72 <o As(1-a)s < a (note
that(1 — a)= < 1/e and(1/e)™= = a), the former in-
equality is surely satisfied if > éln é Hence, the num-
ber of iterations performed by Algorithm PHF in phase two
is bounded from above by In £+, and each iteration takes

algorithm BA(p,V)
if N =1 then return {p};
elsebisectp into p; andpo;
co assume w.l.o.gn(p1) < w(p2)
a := w(p1)/w(p);

if aN — |aN| < athen Ny := |aN|;
elseN; := [aNT7; fi;
Ny := N — Ny,

return BA(p1,N1) U BA(p2,N2);
fi;

Figure 3. Algorithm BA

Algorithm BA (Best_Approximation of ideal weight) is
shown in Figure 3. It receives a problemfrom a class
of problems that haa-bisectors and a humbe¥ of pro-
cessors as input. Its output is a set containing/thsub-
problems generated from If N > 1, the problenp is
bisected into subproblems andp,, and theN processors
are partitioned between the two subproblems according to
their relative weight. Subproblem receivesV; > 1 pro-
cessors; = 1,2. Then, Algorithm BA is invoked recur-
sively with input(p;, N;), i = 1,2. These recursive calls
can be executed in parallel on different processors. Note



that Algorithm BA does not require knowledge of the bi-

section parameter of the given class of problems.
Algorithm BA choosesV; and N, such thatV, + Ny =

N and the maximum ofw(p;)/N;, ¢ = 1,2, is mini-

mized. We assume w.l.o.g. that(p;) < w(ps) and let

& = w(p1)/w(p). Furthermore, lefaN] = &N + u and

|&N| = aN — d, where0 < d,u < 1. Itis not diffi-

cult to show that the maximum of(p;)/N;, i = 1,2, is

minimized if N, is setto|aN | if d < &, and to[aN] if

d > a.

Next, we give three lemmata (proofs are omitted due to

SinceN; > 1/a we can apply Lemma 6 fay; with p =
1 — a. Thisyields:

w(p)
N

w(q)
N,

<

()

- €.

It remains to consider the bisection step at subprohjem
By Lemma 4 and fromV; > 1/a we derive:

wig) N _wla) 1
N, N -1~ N 1—a’

3)

space restrictions) that allow us to obtain a performanceCombining (1), (3), and (2) completes the proof regarding

guarantee for Algorithm BA. In the following, &P be a
class of problems with weight functiom : 7 — Rt that
hasa-bisectors.

Lemma 4 Given a problenp € P and an integetV > 2,
it holds for each bisection step made by Algorithm BA that

max{—wl(\’;f),—wl(\’,’j)} < vl N whereN; > 1is the
number of processors assigned to subprobtem = 1,2,

by Algorithm BA.

Lemmab5 Given a problemp € P and a positive in-
teger N < 1/a, Algorithm BA usesV — 1 bisections
to partition p into NV subproblemspy,...,py such that

max;<;<n W(p;) < w(p)(l— a)L%J.

Lemma6 Letp € P,p > a,andN € N. Then, for any
subprobleny generated by Algorithm BA on inp@p, N)
that has been assigned > p/a + 1 processors it holds
that 2 < M2} ¢(1-a)/p,

Now we can prove a performance guarantee for Algo-
rithm BA.

Theorem 7 Let’P be a class of problems with weight func-
tionw : P — Rt that hasa-bisectors. Given a problem
p € P and a positive integelV, Algorithm BA partitiong
into N subproblemsy, ..., pyx such that

M.e. {EJ .(1_a)LiJ71_

N @
If « is a fixed constant, the running-time of Algorithm BA is
O(log N).

Proof: If N < 1/a, the theorem follows from Lemma 5.
Therefore, we assum¥ > 1/« for the remainder of this
proof. Consider a pat = (qo, g1, - - -,qx) from the root

p =: qo Of the bisection tred}, to some leap; =: ¢, ¢ €
{1,...,N}. For0 < j < k, let N; denote the number of
processors assignedgpby Algorithm BA. Letg; 1, be the
first node on this path (i.e., the node with minimum index)
such thatV;;; < é Using Lemma 5 we conclude:

W(gi41) {EJ (1 —a)les],

)<
max w(p;) <

1)

the performance guarantee of Algorithm BA because the
bounds are valid for any root-to-leaf path.

The management of free processors for Algorithm BA
is very simple and does not introduce any communication
overhead (see Section 3.4). Therefore, the running-time for
Algorithm BA in our model is obviously bounded by the
maximum depth of a node in the bisection tree representing
the run of Algorithm BA, because in every step of the algo-
rithm the internal nodes at one level of the bisection tree are
bisected in parallel. It is not difficult to see that the number
of processors is reduced by at least a factoflof «/2)
in each bisection step, and thus the depth of a leaf in the
bisection tree canbe atmdsgg_ 1 N. O

T—a/2

3.3. Combining BA and HF: Algorithm BA-HF

Our bound on the performance guarantee of Algo-
rithm BA (Theorem 7) is not as good as the one for Algo-
rithm HF. To obtain a highly parallel algorithm for our load
balancing problem with a performance guarantee closer to
the one for Algorithm HF we integrate Algorithm BA and
Algorithm HF by dividing the bisection process into two
phases. While the number of processors available for a par-
ticular subproblem is large enough, Algorithm BA-HF (see
Figure 4) acts like Algorithm BA.

algorithm BA-HF(p,N)
if N> o/a+1then
bisectp into p: andp.;
coassume w.l.o.gn(p1) < w(p2)
& = w(p1)/N;
if aN — |[aN| < &then N, := |[aN|;
elseN; := [aNT7; fi;
Ny := N — Nl;
return BA-HF(p1,NV1) U BA-HF(p2,N>);
else return[PJHF(p,IV); fi;

Figure 4. Algorithm BA-HF

If the number of processors assigned to a subproblem is
below a certain threshold, Algorithm HF is used to partition
this subproblem further. To define this threshold precisely,



we assume that Algorithm BA-HF has knowledge about the
bisection parameter of the given problem class. Algo-
rithm HF is invoked by Algorithm BA-HF itV < o/a +1,
wheres € RT is a parameter predefined by the application

Let AlgorithmBA be an algorithm that is identical to Al-
gorithm BA except that it does not bisect any subproblems
with weight at mosf% - ro. The first part of phase one of
Algorithm PHF consists of an execution of AlgorithBA

to reach the desired performance guarantee. Depending 08n inputsp and N. Theorem 7 implies that this execution

the value ofo/«, it may be advantageous to choose either
the sequential Algorithm HF or Algorithm PHF for the im-
plementation of the second phase of Algorithm BA-HF.

Regarding the running-time, it is clear that the first phase ;)

of Algorithm BA-HF is at most as long as the running-time
for Algorithm BA and can thus be bounded bylog N) for

fixeda. If o and, thereforeg /« are considered constants as
well, the second phase of Algorithm BA-HF requires only

takes tim&)(log V). Atthe end of this execution, only sub-

problems of weight greaterthéﬁ?—) -r, have been bisected.
Furthermore, no remaining subproblem can be heavier than
2L (1-a) L2511, This follows from Theorem 7, be-
cause the only subproblems of weight greater ﬂ%ﬁ “To

that are not bisected by AlgorithiBA are those that have
been assigned to a single processor, and these subproblems

constant additional work per processor, no matter whetherwould not have been bisected by Algorithm BA either.

the sequential Algorithm HF or Algorithm PHF is used. In
this case, the overall running-time for Algorithm BA-HF is
O(log N). If o is allowed to be arbitrarily large, it is nec-
essary to use Algorithm PHF in the second phase of Algo-
rithm BA-HF in order to achieve running-tint¢(log V). A
bound on the performance guarantee for Algorithm BA-HF
can be proved in a similar way as for Algorithm BA (Theo-
rem?7).

Theorem 8 LetP be a class of problems with weight func-
tionw : P — Rt that hasa-bisectors. Given a problem
p € P, a positive integeN, ando > «, Algorithm BA-HF
partitionsp into N subproblem®,, ..., pxy such that

%-e(l_a)/“- (1—!—%) “Ta -

If « is a fixed constant, the running-time of Algorithm BA-
HF is O(log N).

)<
1235’%""(3’1) <

According to this theorem we can bring the worst-
case bound of Algorithm BA-HF on the ratio between
maxi <;<n W(p;) andw(p)/N arbitrarily close to the cor-
responding bound for Algorithm HF. For aay> 0, if we
leto > 1/In(1 + €), the performance guarantee of Algo-
rithm BA-HF is increased by a factor of at makt ¢ in
comparison to Algorithm HF.

3.4. Managing the free processors

For Algorithm PHF, the problem of managing the free

The second (and last) part of phase one of Algo-
rithm PHF is very similar to phase two and consists of a
constant number of iterations (for fixed in each of which
all remaining subproblems with weight greater t “To
are bisected. As each iteration reduces the maximum weight
among the remaining subproblems by a facto(lof- «),
it is not hard to see thdt;- | + 1 iterations suffice to reach
a situation where all remaining subproblems have weight at
most% To

After the end of the first phase of Algorithm PHF, the re-
maining free processors are determined and assigned num-
bers in timeO(log N). As explained in Section 3.1, this
knowledge can be exploited during the second phase of Al-
gorithm PHF as follows: a busy processor can locally de-
termine the numberof the free processor to which a newly
generated subproblem must be sent, and a single request to
processofP; suffices to acquire the id of that free processor.

For Algorithm BA, the management of the free proces-
sors can be done in a very simple and efficient way. With
each subproblem, we simply store the rangé, j] of pro-
cessors available for subproblems resulting frormitially,
the original problenp has the full rangél, N] of proces-
sors available. Whep is divided intop; andp, such that
p1 getsN; processors angh getsN, processorsy; stays
on P, and gets the randé, V], while p» is sent toPx;, +1
and gets the randé&/; + 1, N]. Similarly, a probleny with
range[i, j] is always bisected &®;, and the resulting sub-
problemsy; andgs with corresponding numbers of proces-

processors is the most challenging. In the first phase, it canSOrs N1 and N> = j + 1 — i — N; are associated with
be the case that a large number of processors bisect probrangesfi,i + Ny — 1] and[i + Vi, j], and problemy, is
lems in parallel simultaneously and need to get access to &€nt to processar+ Ni. In this way, each processor can

free processor in order to send a newly generated subproblocally determine to which free processor it should send a
lem to it. Each sender must get the id of a different free Newly generated subproblem, and no overhead is incurred
processor. Depending on the machine model, various sofor the management of free processors at all. This is one of
lutions employing distributed data structures for managing the main advantages of Algorithm BA.

the free processors may be applicable: (randomized) work For Algorithm BA-HF, the simple management of free
stealing [3], dynamic embeddings[5, 11], etc. Inthe follow- processors that is applicable for Algorithm BA can be used
ing, we outline a solution that employs a modified version while the number of processors for a subproblem is large.
of Algorithm BA as a subroutine. For subproblems that are to be partitioned among a small



Table 1. Worst-case upper bounds (ub) and avg. ratio
observed minimum, average, and maximum
ratios for & ~ U[0.01,0.5], 0 = 1.0 4.0 1 o8 BA
.o
| BA | 35 - .‘-._.‘o,..c
logN | ub min | avg | max Pl ‘ ‘_.A-“"A BA-HF
5 27.25| 1.70| 2.73| 4.98 3.0 1 .,,-"" A
10 | 166.12| 3.14| 4.01| 5.80 o a
15 | 166.12] 4.31| 5.04| 6.47 S e
20 | 166.12] 5.27| 6.03| 8.16 90 - :AA
| BA-HF | 0+:0-:0-:0-- 0000000 -0 +-0+-0---0--0 HF
logN ub min avg max 1.5 T T T T T T T T T T T T T T log N
10 101511 1.99| 2.27 | 3.40 56 78 91011121314151617181920
15 | 101.51| 2.40| 2.92| 4.72 , . .
20 101511 3.16 | 3.88| 5.89 Figure 5. Comparison of the average ratio for
& ~ UJ[0.1,0.5], 0 = 1.0
| HF |
log N ub min | avg | max algorithms and the uniform load distribution was recorded.
S 23.43| 1.55| 1.94 | 2.63 The main focus of interest was the sample mean of the ob-
10 37.35| 1.87| 1.96| 2.08 served ratios for all three algorithms, but also the maxi-
15 37.35] 1.94| 1.96| 1.98 mum and minimum ratio, as well as the sample variance
20 37.35|| 1.96| 1.96 | 1.97 was computed.

Simulations of this stochastic model for several choices

number of processofsV < o/a + 1), the managementof ~ ©of the intervala, 5] andN = 2%,k € {5,6,....,20}, were
free processors is trivial if the sequential Algorithm HF is Performed. As an example for the outcome of the experi-
used. If Algorithm PHF is used in the second phase of Algo- Ments, the observed ratios for the case- U[0.1,0.5] are
rithm BA-HF, however, the more complicated management Plotted in Figure 5. We chose the number of processors as

of free processors described above can be employed. consecutive powers afto explore the asymptotic behavior
of our load balancing algorithms (experiments with values

of N that were not powers df gave very similar results).
The influence of the threshold parameteon the perfor-

To gain further insight about the balancing quality mance of Algorithm BA-HF in our stochastic model was
achieved by the proposed algorithms, we carried out a se-also studied.
ries of simulation experiments. The goal of this simulation It is remarkable that the sample variance was very small
study was to obtain information about the average-case bein all cases except if an interval, 2a] with very smalla
havior of Algorithms BA and BA-HF in comparison to Al-  was chosen. Even more astonishingly, the outcome of each
gorithm HF. Since Algorithm PHF produces the same parti- individual simulation was fairly close to the sample mean of
tioning as Algorithm HF, no separate experiments were con-all 1000 experiments. Especially for Algorithm HF the ob-
ducted for Algorithm PHF. The following stochastic model served ratios were sharply concentrated around the sample
for an average-case scenario that may arise from practicamean for larger values ¥ (see Table 1).
applications seems reasonable: Assume that the actual bi- In all experiments, Algorithm HF performed best and Al-
section parametet is drawn uniformly at random fromthe  gorithm BA-HF outperformed Algorithm BA. Usually, the
interval[a, 8],0 < a < f < 1/2,and that allvV — 1 bisec- observed ratios differed by no more than a factoB d¢br
tion steps are independent and identically distributed. (Suchfixed V. Table 1 shows that the average and even the max-
an assumption is valid, for example, if the problems are rep-imum ratios in our simulations were substantially smaller
resented by lists of elements taken from an ordered set, andhan our worst-case bounds (which were calculated accord-
if a list is bisected by choosing a random pivot element and ing to Lemma 5, Theorems 7, 8, 2, and Theorem 6 from [1]).
partitioning the list into those elements that are smaller thanThis indicates that the performance of the proposed load

4. Simulation results

the pivot and those that are larger.) We wiitev Ula, ] balancing algorithms will most likely be significantly better
if & has uniform distribution off, 3]. than the worst-case guarantees for practical applications.
We repeated each simulation experim&d0 times to As exemplified by Figure 5, the average ratio obtained

obtain data that is statistically meaningful. In each experi- from Algorithm HF was observed to be almost constant for
ment theratio between the maximum load generated by our the whole range ofV = 32 to N = 220 = 1,048,576



processors. lts exact value depended only on the particulaReferences
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