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Abstract can be completely reconstructed as the union of these max-
imal squares. Hence, the MAT is a succinct representation
The medial axis transform (MATpf a setS is defined of a binary image. The MAT representation may still be re-
as the set of centers and radii of maximal disks that are dundant, since some squares may be contained in the union
contained inS. If S is a region of a binary image, the disks of others. However, the problem of finding the minimum
are defined as upright maximal squares of black pixels andnumber of rectangles that cover theixels in a binary im-
the regions$ is the union of these maximal squares. In this age is NP-hard [3]. Hence, it is important to detect all the
paper, we present af)(1) time algorithm for computing  maximal disks or squares dfpixels in order to reconstruct
the medial axis transform of aN' x N binary image ona  the image correctly.

reconfigurable mesh of sizé x N x N. The computation of the MAT of a binary image has been
studied both in the sequential and parallel domains. Jenq
and Sahni [5] presented @ N?) sequential algorithm for
1. Introduction this problem. However, many real-time image processing
tasks require the computation of MAT and hence it is im-
portant to develop fast parallel algorithms for this problem.
Jeng and Sahni [5] designed éx{log N) time, N2 pro-
cessor algorithm both for the CREW PRAM and the SIMD
hypercube. Later, a work-optimal CREW PRAM algorithm
was reported by Kim [6]. His algorithm runs id(log N)

Shape representation is an important problem in pattern
recognition. One of the most important issues related to
shape representation is data reduction. Tedial axis
transform(MAT)was first introduced by Blum [1] as a
shape descriptor which has very good potential for data re-" : ; ,
duction. Since its introduction, MAT has been extensively M€ usingO(N*/log V) processors. In this paper, we
studied in computer vision and pattern recognition litera- Present ar(1) time algorithm for computing the MAT of
ture. See the recent paper by Clesial [2] for detailed a binary image of siz&/ x NV ona reconfigurable mesh_of
references. The book by Rosenfeld and Kak [9] gives anSiZ€ N x N x N. Our algorithm has the fastest possible
excellent introduction to MAT. running time for this problem.

The MAT of a setS can be defined as the set of centers ~ The reconfigurable mesimodel was first proposed by
and radii of the maximal disks that are containedsinin Miller et al [7] as an attempt to reduce the communica-
case of a binary image, each pixel in the image can take &ion diameter of a conventional mesh of processors. The
value eitheil (black) or 0 (white). The regions of interestin  reconfigurable mesh has been used recently for solving a
such an image are the regionslepixels. The disks in a bi-  variety of problems. These include algorithms for funda-
nary image are upright squares (sides parallel to the axes) omental data movements, sorting, selection, image process-
1-pixels. The MAT of a binary image is the set of maximal ing, graph problems and computational geometry.
squares, i.e., the set of squares such that no member of this Each processor in alV x N reconfigurable mesh has
set is enclosed by a larger square in the set. The re§jion four ports which can be configured under program control.

*This work was partially supported by a Research Launching Grant Hence, itis possible to construct long buses .Wlthm the mesh
of the Faculty of Engineering and Mathematical Sciences, University of [0 transfer data. Only one processor can write to such a bus
Western Australia. in a clock cycle, however all other processors connected




to the bus can read from the bus. Such a broadcast takesr even lengths or even rectangles. The main requirement
©(1) time. See the paper by Jaagal [4] for detailed dis- is that it should be possible to represent and manipulate any
cussion on the reconfigurable mesh architecture as well asuch shape compactly. This approach has been taken previ-
references to many algorithms developed for the reconfig-ously in [5]. So, in this paper, we assume that the shapes

urable mesh.
We use the three dimensional right-handed coordi-

nate system for representing a three-dimensional reconfig-

urable mesh. A processor is indexedRRE (i, j, k) where
i,j and k are the indices along the, y and z directions
respectively. The origin of the coordinate system is at the
top-left corner of thery-plane and the processor at the top-
left corner of thezy-plane has an inde®RE(1,1,1). An
N x N x N mesh hasV submeshes parallel to thg-plane
each of sizeV x N. All the processors on th&" such sub-
mesh are represented BF (x, x,4), when PE(x,*,1) is
the submesh on they-plane. Similarly, all the processors
on theit® (resp. j*) submesh parallel to thex (resp.zz)
plane are represented B (i, %, %) (resp.PE(x, j, )).
Given a sequenae , as, - . ., a,, the prefix sum problem
involves computing all the sums;, a; + a2, a1 + a2 +
as, . -.,a1+az+...+ay,. Olariuetal [8] presented a prefix
sum algorithm for a binary sequence i.e., eacte {0, 1}.
We need a generalization of the algorithm in [8]. In our
version of this problem, eaaly € {—1,0,+1}. Suppose,
z; denotes thg'® prefix sum { < j < n),ie.,z; = a; +
as + ...+ a;. We omit the proof of the following lemma in
this version.

Lemma 1.1 Given a sequence,as,-..,a, With each
a; € {—1,0,+1}, the prefix sums; for this sequence can
be computed on a reconfigurable mesh of sizen in O(1)
time, provided none of the prefix sumsis negative, i.e.,
z; 20,1<j<n.

are squares (of odd or even lengths) and we determine the
top-left corner as well as the side lengths of these squares.
For al-pixel I[i, j], the set of pixeld[i +m, j + n] such
thatm < (N —i)andn < (N —j)andm,n =0,1,2,...is
called the diagonal dffi, j] or Diag(i, j). If there is a set of
contiguousl-pixels in Diag(i, j) starting atl[, ], this set

of contiguousl-pixels is called thdull diagonal of I[i, j]

and denoted by¥'D(i,j). |FD(i,j)| denotes the number

of 1-pixels in FD(i, j).

For al-pixel I[i, j], the set of pixeld[i + m,j],0 <
m < (N - Z) (resp' I[Zv] +m]70 <m < (N _.7))
is called thecolumn(resp. row) ofI[i, j] and denoted by
Col(i,j) (resp. Row(i, j)). If there is a contiguous set of
1-pixelsinCol(i, j) (resp.Row(i, j)) starting atl[z, 5], this
set of contiguous-pixels is called théull column(resp.full
row) of I[i, j] and denoted by'C(i, j) (resp. FR(i,j)).
|FC(i,7)| (resp.|FR(i, j)|) denotes the number dfpixels
in £C(i,7) (resp.FR(i, 7))

For al-pixel I[i, j] the maximakquareof 1-pixels with
I[i, j] as the top-left corner is denoted i, j). For a
1-pixel I]i, 5], if there is an equilateral triangle dfpixels
aboveF D(i,j) and with F'D(i, j) as one of its sides, this
triangle of1-pixels is called theossible upper-halbf the
squareS(i, j) orUH (i, 7). Similarly, if there is an equilat-
eral triangle ofl-pixels belowF' D(i, j) and with F D(i, j)
as one of its sides, this triangle @fpixels is called the
possible lower-halbf the square5 (i, j) or LH (i, j). The
1-pixels on F'D(i, j) are included both iV H(i,j) and
LH(i,j). These definitions are illustrated in Figure 1. The

The rest of this paper is organized as follows. We discusspProof of the following lemma is omitted in this version.

some properties of the medial axis transform in Section 2.
The algorithm for computing the MAT of a binary image is
presented in Section 3.

2. Properties of MAT

We assume that the imadeis given as anV x N ar-
ray with a black pixel (resp. white pixel) representedlby
(resp. 0) in this image. The origin of the coordinate sys-
tem is at the top-left corner of the image and the pixel at
the top-left corner is represented 3, 1]. Thex (resp.y)

coordinate increases downwards (resp. towards right). This
is the usual matrix representation of an image. We assume a

right-handedcoordinate system to make the notations con-
sistent with the notations of the mesh. A pixél, j] is in
theit row and;t"* column of the image.

In [9], the squares in a MAT are restricted to be of odd

Lemma 2.1 For k > j, al-pixel Ii, k] € UH(i, j) iff for
every pixell[i,m],j <m <k, |[FC(i,m)| > (m—j+1).
Similarly, fork > i, a 1-pixel I[k,j] € LH(i,j) iff for
every pixell[m, j],i <m <k, |[FR(m,j)| > (m—i+1).

If I[i,n],n > j is the lastl-pixel in thei® row such
thatI[i,n] € UH(i,j), we say thal/ H (i, j) has aside-
lengthn — j + 1 and itis represented &8 H (i, j)|. Simi-
lar to [UH (i, )|, we denote the side-length &fH (i, j) as
|LH (i, j)]-

Lemma2.2 The maximal square of 1-pixels
top-left corner as I[i,j] has a side-length
in(|UH (i, )|, |LH (i, j)|)-

with
min

3. Algorithm for computing the MAT

length. However, we feel that this restriction is unnecessary  There are two phases in our algorithm. In the first phase,
and we can use any set of regular shapes like squares of odtbr every 1-pixel I[i,j],1 < i < N,1 < j < N, we
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Figure 1. An 8 x 8 binary image and illustration
for some of the definitions. For the under-
lined 1-pixel I[4,1], |FD(4,1)| =5, |[FC(4,1)| =
5 and |FR(4,1)] = 5. The shaded triangle is
UH(4,1) and the dashed triangle is LH(4,1).
|[UH (4,1)] 5 and |LH(4,1)] = 4. Hence,
|S(4,1)] =min(|{UH(4,1)|,|LH(4,1)|) = 4.

find the maximal square df-pixels with I[i, j] as the top-
left corner. There may be many squareslégfixels with
I[i, j] as the top-left corner, however, our aim in the first

pixel, connects its two pairs of ports,E andW,S. If a
processor holds @-pixel, it connects only th&V/,S pair of
ports. This can be done in(1) time for all the processors.
Now the meshPE(x, x) is divided into disjoint diagonal
buses. Each processBi¥ (m, n) holding al-pixel now de-
termines whether it is the last processor on such a bus. This
is done by checking whethd?E(m + 1,n + 1) holds a

1 or a0-pixel. PE(m,n) is the last processor on a bus if
PE(m + 1,n + 1) holds a0 pixel. If PE(m,n) is a last
processor on its bus, it writes its index on the bus that starts
at theN port of PE(m,n). A processorPE(i,j) on the

bus reads this index from the bus that connectdtaadE
ports of PE(i, j) and can determing’D(i, j)|. This com-
putation is done simultaneously for all the buses and takes
O(1) time.

The computation of FR(i, 7)| is similar to Step 1 and
can be done through construction of disjoint horizontal
buses inO(1) time. At the end of Step 2, each pro-
cessorPE(i,j) holding a1-pixel gets the three values
\FD(i, )|, |[FC(i, j)| and|FR(i, j)|. Note that|F D(i, )|
and |FC(i, j)| are required for computing H (i, ) and
|FD(i,j)| and |FR(i,j)| are required for computing
LH(i,j). In the following step, we discuss the method of
computingU H (i, j). The computation of. H (i, j) is sim-
ilar.

phase is to find the largest square among those. We asStep 3.

sume that initially the image is given in the processors
P(x,x%,1), one pixel per processor. In other words, the pix-
elsIfi,j],1 <i < N,1 < j < N are given in the proces-
sorPE(i,j,1),1 < i < N,1 < j < N. If we omit the

We computel H (i, j) from |FD(i,7)| and |F'C(i, j)|
in this step. For each pixd? E(i, j) holding al-pixel, we
have to check the condition in Lemma 2.1 for all the pixels
PE(i,k),j < k < N. We describe the computation for

third index of the mesh, it is assumed that the computationthei** row of the image, but the same computation is done

is done in the two dimensional mesh on thgplane, i.e.,
in the meshPE(x, %, 1).

3.1. Phase 1

Step 1.

In this step, each processéi(i, j) holding a1-pixel,
computedF'C(i, j)|. Each processor that holdslapixel,
connects itdN and S ports. If a processor holds(apixel,
it does not connect these two ports. The méXh, ) is
now split into disjoint buses parallel to theaxis. If a pro-
cessorP(m, n) is the last processor on such a bus, it writes
its index on the bus that starts at procesBém — 1,n).

A processoP E(i, j) on this bus reads the index of the last
processor on the bus and can deterniin@(i, j)| from this
index. This computation is done simultaneously for all such
buses and take3(1) time.

Step 2.

The next task is to determin& D(i, j)| for all the pro-
cessorsPE(i,j) that hold al-pixel. This is done in the
following way. Each processaPE(i, j) that holds al-

simultaneously in all the rows.

For the it" row PFE(i,*,1), we use thei’® mesh
PE(i,x,*) parallel to the yz-plane. A processor
PE(i,j,1) sends|FD(i, )| and|FC(i, )| to the proces-
sorsPE(i,j,m),N —j+1 < m < N. Note that, only
the upper triangular processors (including the main diago-
nal) of the meshPE(i, %, x) get data elements due to this
transmission. All the processors that receive some input
due to this transmission are calladtiveand other proces-
sors are calledhactive Note that, among all the rows of
PE(i,*,*) to which|FC(i,j)| and|FD(i, j)| have been
transmitted, the rowP E (i, *, j) holds these two quantities
in the first active processaPE(i,j,j) in that row. The
computationinPE(i, x, j) is as follows.PE(i, j, j) broad-
casts|F'D(i,j)| to all the processors to its right i.e., to
the processor®E(i,n,j),7 < n < N. This is done
through the construction of a bus by joining tBeand W
ports of the processors in this row. Consider a processor
PE(i,k,j),k > j. Note that,PE(i, k, j) has already re-
ceived|FC(i, k)| in the previous step. Thepixel origi-
nally in PE(i, k) is part ofUH (i, j) if |[F'C(i, k)| satisfies
the condition in Lemma 2.1PE(i, k, j) can verify this in



O(1) time from |F'D(i,5)| and|FC(i, k)|. If PE(i,k,j) Each processaPE(i, j,1),1 < j < N sends|S(i, j)|

is part of UH (i, j), it storesl in one of its registerg; . to the processorBE(i, j,n),1 <n < N —j + 1. Since

Otherwise, it store8 in R;. S(i,j) can be enclosed by some other squéife k), k <
|[UH(i,7)| is determined in the following way. A pro- j, the top-left corner ofS(i, k) is to the left of that of

cessor that holds a in its R, register, connects it& S(i,7). So, it is sufficient to consider only the squares

and W ports. If a processor holdg in its R; register, S(i,k),1 < k < j to see whether at least one of those
it does not connect these two ports. Now, the processorssquares encloseS(i,j). Note that, thej* row of the
PE(i,n,j),j < n < N are divided into disjoint buses. meshPE(i, x,x), i.e., PE(i,*, j) hasS(i,n),1 <n < j
If a processoPE(i, k, j) is the last processor in its bus, it in the processorE(i,n,j),1 < n < j due to the
writes its index on the bus towards its left, i.e., the bus start- data transmission above. Hence, we use the processors
ingatPE(i,k —1,j). The index received b E(i, j, ) is in PE(i,*, j) to determine whethe§ (i, j) is enclosed by
the index of the last processBE (i, m, j), m > j whichis any other square(i,k),k < j. This is done in the
part of UH (i,j). PE(i,j,j) can compute the side length following way. PE(i, j,j) (holding S(i,j)) broadcasts
of UH (i, j) from this index. This computation takéx1) S(i,7) to the processor®E(i,n,j),1 < n < j. A pro-
time and is done simultaneously in parallel for all the rows cessorPE(i,m, j),m < j holds S(i,m),m < j and
of the meshPE(i, *,x). At the end of this step, the quan- can determine irO(1) time whetherS(i, m) completely
tities [UH (4,7)],1 < i,j < N are sent back to the pro- enclosesS(i,j). If S(i,m) completely encloses(i, j),
cessorsPE(i, j, 1) through disjoint buses perpendicular to PE(i,m, j) writes1 in one of its registers,, otherwise,
the zy-plane. The computation dtH (i, 7) is similar and it writes 0 in R,. After this, a processaPE(i,n,j),n < j
is done by using the meshes parallel to theplane. connects itsE andW ports if its R, register hold9. If

At the end of Step 3, each procesd®F (i, j) has got  PE(i,n,j) holdsl inits R, register, it does not connect its
both the quantitie$U H (i, j)| and|LH (i,5)| and can de-  E andW ports. Now, the rowPE(i, %, j) is split into a set

termineS (i, j) using the condition of Lemma 2.2. of disjoint buses if at least on®&(i, m), m < j completely
enclosesS(i, j). The last processor of each such bus writes
3.2. Phase 2 its index onto the bus towards its right. IXE(i, j, j) gets

an index from its left, it is completely enclosed by at least
Some of the squares found in Phase 1 may not be maxone squares (i, m), m < j.
imal in the global sense. This is due to the fact that if a This computation is done in each row of the mesh
squareS(i, j) encloses a squaig(k, 1), < k,j <land  PE(i,«,«) and in all the mesheBE (i, x,+),1 < i < N.
S(i,j) # S(k,1), S(k,1) should not be reported as part of Hence, after this step, each squaig,j),1 < i,j < N
the MAT for the image. Our task in this phase is to eliminate that is enclosed by another squate, m), m < j is elim-
all the squares that are not globally maximal, i.e., squaresinated. The elimination of squares of the second type is

which are enclosed by larger squares. similar to Step 4 and the details are omitted in this version.
We do this elimination in two subphases. In the first

subphase, Phase 2.1, we eliminate a non-maximal squar
S(i, k) if the square that enclose¥(i, k) has its top-left 8.2.2. Phase 2.2
corner in the** row or in thek!" column.

A squareS; may be enclosed completely by a max-
imal squareS;, or by a collection of maximal squares
SmsSm+t1,--+,9m+n- I this case, the top-left corners of
the squares that collectively enclaSgare in different rows
and columns (with respect to the top-left corneiSgj. We
eliminate all such squares in the second subphase, Phase

The task in this phase is to eliminate the remaining non-
maximal squares. After Phase 1, a proced3alk(i, j, 1)
that has the top-left pixel of a maximal square knows the
squareS(i, j) along with its side lengthS(, j)|. However,
we need the processor at the bottom-left cornef @f ;)
also to know|S(i, j)| for the computation in this phase.

29 This information can be passed to the relevant processors
through construction of disjoint buses@n(1) time and the
3.2.1. Phase 2.1 details are omitted.
We also need to mark all the processordif(x, x, 1)
Step 4. to indicate whether each of them is part of a top or a bottom

We determine the first type of enclosure in this step. side of a square. In our computation, we need to mark a
For thei*" row, we use the mesh perpendicular to tHe processoE(i, j, 1) with +1 if it is part of at least one top
row and parallel to thgz-plane. In our terminology, the side, with—1ifitis part of at least one bottom side and with
enclosure of squares with their top-left corners in proces- 0 if it not a part of any top or bottom side. This computation
sorsPE(i,j,1),1 < j < N are determined in the mesh can be done i (1) time for all the processoBE(i, j, 1)
PE(i,, ) which is parallel to thez plane. and the details are omitted in this version.



Step 5. PE(n,j,1) that is marked by $ and has got an index
The purpose of this step is to perform a parallel pre- writesZ on the bus (parallel to the-axis) that starts at the

fix computation to determine whetherlapixel is part of processoPE(n — 1,4,1). A processoPE(i, j,1) (which

only one square or part of multiple squares. We discussis the top-left corner of the squar®(i, j)) reads this in-

this computation for thgt* column, i,e., for processors dex. PE(i,j, 1) can decide whether the indéxis within

PE(x,7,1). This computation is done simultaneously inall S(i,j). If so, there is at least one pixel ii(i, j) which

the columns. The prefix sum is computed fréhi (1, j, 1) is not enclosed by any larger square and hefitgj) is

downtoPE(N, j,1). The mesh used for this computationis not completely enclosed by any larger square. If either

PE(x,j, %), i.e., thej'® mesh parallel to thez-plane. The  not within S(i, j) or PE(i, j, 1) does not receive any index

algorithm in Lemma 1.1 is used for this computation and from a processor liké®E(n, j, 1), all the pixels inS(i, 7)

at the end each processBI(x, j, 1) gets their prefix val-  are enclosed by at least one larger square. Note that, a non-

ues in theirR; registers. Note that, we can use Lemma 1.1 maximal square can be collectively enclosed by a set of

since none of the prefix sums can be negative. This is duemaximal squares. This computation is done simultaneously

to the fact that each bottom side must have a correspondingn all the processor®FE(i,j,1),1 < i < N that hold the

top side that appears earlier. So, for every prefix in the se-top-left corner pixels of the squares and also in each of the

guence oft1, 0 and—1, the number of-1s is at leastequal columnsPE(i, j,1),1 < j < N of the meshPE(x, ,1).

to the number of-1s. After this computation, if a processor This computation take®(1) time.

PE(i,j,1) holds some integer +1 inits R, register, the After this step, only the processors that hold the top-left

1-pixel in it is enclosed by more than one square and if it corners of maximal squares (i.e., not completely enclosed

holds+1, thel-pixel in it is enclosed by or part of only one by other maximal squares) mark themselves as maximal

square. The time requirement for this ste@id ) since the  squares.

computation in Lemma 1.1 takéx(1) time.

Theorem 3.1 The medial axis transform of aN x N bi-
Step 6. nary image can be computed (»(1) time on a reconfig-
The task in this step is to finally eliminate all the remain- yrable mesh of siz& x N x N.
ing non-maximal squares. This computation is done in the
meshPE(i, j, 1), i.e., the two dimensional mesh on the- References
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