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Abstract. Given an array of n real numbers A = (a1; a2; : : : ; an), de�ne
MIN(i; j) = minfai; : : : ; ajg. The range minima problem consists of
preprocessing array A such that queries MIN(i; j), for any 1 � i � j �
n, can be answered in constant time. Range minima is a basic problem
that appears in many other important problems such as lowest common
ancestor, Euler tour, pattern matching with scaling, etc. In this work
we present a parallel algorithm under the CGM model (Coarse Grained
Multicomputer), that solves the range minima problem in O(n

p
) time

and constant number of communication rounds.

1 Introduction

Given an array of n real numbers A = (a1; a2; : : : ; an), de�ne MIN(i; j) =
minfai; : : : ; ajg. The range minima problem consists of preprocessing array A
such that queriesMIN(i; j), for any 1 � i � j � n, can be answered in constant
time.

The parallel computing model used in this work is the CGM (Coarse Grained
Multicomputer). The CGM(n; p) consists of an input of size O(n) and p proces-
sors with point-to-point communication. An algorithm under this model consists
of supersteps that involve a local computing round and a communication round
between processors. In a communication round, each processor can send and/or
receive O(n

p
) data.

This is a more realistic model than the PRAM model for most real parallel
computers. The number of communication phases is taken into consideration in
the design of algorithms. It has been introduced in [7, 8] where algorithms using
a constant number of communication rounds were presented for several Com-
putational Geometry problems. Algorithms requiring O(log p) communication
rounds have been presented for the solution of several graph problems[6].

In this work we consider the range minima problem. We present an algorithm
under the CGM(n; p) model, that solves the problem requiring a constant num-
ber of communication rounds and O(n

p
) computation time. In the PRAM model,

there is an optimal algorithm of O(logn) time [12]. This algorithm, however, is
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not immediately transformable to the CGM model. Berkman et al. [4] describe
an optimal algorithm of O(log logn) time for a PRAM CRCW. This algorithm
motivates the CGM algorithm presented in this paper.

Range minima is a basic problem and appears in other problems. In [12],
range minima is used in the design of a PRAM algorithm for the problem of Low-
est Common Ancestor (LCA). This algorithm uses twice the Euler-tour problem.
The idea of this algorithm can be used in the CGM model, by using the same
sequence of steps. In [6], the Euler-tour problem in the CGM model is discussed.
Its implementation reduces to the list ranking problem, that uses O(log p) com-
munication rounds in the CGM model [6]. Applications of the LCA problem, on
the other hand, are found in graph problems (see [15]) and in the solution of
some other problems. Besides the LCA problem, the range minima problem is
used in several other applications [3, 10, 14].

2 The CGM model and some de�nitions

The CGM model was proposed by Dehne [7, 8]. It is similar to the BSP (Bulk-
Synchronous Parallel) model[17]. However, it uses only two parameters: the input
size n and the number of processors p, each one with a local memory of size O(n

p
).

The term coarse grained means the size of the local memory is much larger than
O(1). Each processor is connected by a router that can send messages in a
point-to-point fashion. A CGM algorithm consists of an alternate sequence of
computing and communication phases separated by a barrier synchronization. A
computing phase is equivalent to a superstep in the BSP model. In a computing
phase, we usually use the best sequential algorithm in each processor to process
its data locally.

In each communication phase or round, each processor exchanges a maximum
of O(n

p
) data with other processors. In the CGM model, the communication cost

is modeled by the number of communication phases. Some algorithms for Com-
putational Geometry and graph problems require a constant number or O(log p)
communication rounds [6{9]. Contrary to a PRAM algorithm, that is often de-
signed for p = O(nk), with k 2 N and each processor receives a small number of
input data, in this model we consider the more realistic cases where n� p. The
CGM model is particularly suitable in current parallel machines in which the
global computing speed is considerably larger than the global communication
speed.

De�nition 1 Consider an array A = (a1; a2; : : : ; an) of n real numbers. The

pre�x minimum array is the array P = (minfa1g;minfa1; a2g; : : : ;
minfa1; a2; : : : ; ang). The suÆx minimum array is the array S = (minfa1; a2;
: : : ; ang;minfa2; : : : ; ang; : : : ;minfan�1; ang;minfang).

De�nition 2 The lowest common ancestor of two vertices u and v of a

rooted tree is the vertex w that is an ancestor of u and v and that is farthest

from the root. We denote w = LCA(u; v).



De�nition 3 The lowest common ancestor problem consists of preprocess-

ing a rooted tree such that queries of the type LCA(u; v), for any vertices u and

v of the tree, can be answered in constant sequential time.

3 Sequential algorithms

The algorithm for the range minima problem, in the CGM model, uses two
sequential algorithms that are executed using local data in each processor. These
algorithms are described in the following.

3.1 Algorithm of Gabow et al.

This sequential algorithm was designed by Gabow et al. [10] and uses the Carte-
sian tree data structure, introduced in [18]. An example of Cartesian tree is
given in �gure 1. In this algorithm we need also an algorithm for the lowest
common ancestor problem.

De�nition 4 Given an array A = (a1; a2; : : : ; an) of n distinct real numbers,

the Cartesian tree of A is a binary tree whose nodes have as label the values

of array A. The root of the tree has as label am = minfa1; a2; : : : ; ang. Its left

subtree is a Cartesian tree for A1;m�1 = (a1; a2; : : : ; am�1), and its right subtree

is a Cartesian tree for Am+1;n = (am+1; : : : ; an). The Cartesian tree for an

empty array is the empty tree.
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Fig. 1. Cartesian tree corresponding to the array (10; 6; 12; 7; 2; 8; 1; 4; 5; 3; 11; 9).

ALGORITHM 1: Range Minima (Gabow et al.)

1. Build a Cartesian tree for A.

2. Use a linear sequential algorithm for the LCA problem using the Cartesian
tree.



The construction of the Cartesian tree takes linear time [10]. Linear sequential
algorithms for the LCA problem can be found in [5, 11, 16]. Thus, any query
MIN(i; j) is answered as follows. From the recursive de�nition of the Cartesian
tree, the value of MIN(i; j) is the value of the LCA of ai and aj . Thus, each
range minima query can be answered in constant time through a query of LCA
in the Cartesian tree. Therefore, the range minima problem is solved in linear
time.

3.2 Sequential algorithm of Alon and Schieber

In this section we describe the algorithm of Alon and Schieber [2] of O(n logn)
time. In spite of its non linear complexity, this algorithm is crucial in the de-
scription of the CGM algorithm, as will be seen in section 4. Without loss of
generality, we consider n to be a power of 2.

ALGORITHM 2: Range Minima (Alon and Schieber)

1. Construct a complete binary tree T with n leaves.
2. Associate the elements of A to the leaves of T .
3. For each vertex v of T we compute the arrays Pv and Sv, the pre�x minimum

and the suÆx minimum arrays, respectively, of the elements of the leaves of
the subtree with root v.

Tree T constructed by algorithm 2 will be called PS-tree. Figure 2 illustrates
the execution of this algorithm. Queries of type MIN(i; j) are answered as
follows. To determine MIN(i; j), 1 � i � j � n, we �nd w = LCA(ai; aj) in T .
Let v and u be the left and right sons of w, respectively. Then, MIN(i; j) is the
minimum between the value of Sv in the position corresponding to ai and the
value of Pu in the position corresponding to aj . PS-tree is a complete binary
tree. In [12, 15] it is shown that a LCA query in complete binary trees can be
answered in constant time.

4 The CGM algorithm for the range minima problem

From the sequential algorithms seen in the previous section, we can design a
CGM algorithm for the range minima problem. This algorithm is executed in
O(n

p
) time and uses O(1) communication rounds. The major diÆculty is how to

store the required data structure among the processors so that the queries can
be done in constant time, without violating the limit of O(n

p
) memory, required

by the CGM model.
Given an array A = (a1; a2; : : : ; an), we write A[i] = ai, 1 � i � n, and

A[i : : : j] = subarray (ai; : : : ; aj), 1 � i � j � n.
The idea of the algorithm is based on how queriesMIN(i; j) can be answered.

Each processor stores n
p
contiguous positions of the input array. Thus, given A =

(a1; a2; : : : ; an), we have subarrays Ai = (ain
p
+1; : : : ; a(i+1)n

p

), for 0 � i � p� 1.

Depending on the location of ai and aj in the processors, we have the following
cases:
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Fig. 2. PS-tree generated by the algorithm of Alon and Schieber for the array
(10; 3; 11; 8; 2; 9; 7; 15; 0; 1; 14; 4; 6; 13; 12; 5).

1. if ai and aj are in a same processor, the problem domain reduces to the
subarray stored in that processor. Thus, we need a data structure to answer
this type of queries in constant time. This data structure is obtained in each
processor by Algorithm 1 (section 3.1).

2. if ai and aj are in distinct processors p�i e p�j (without loss of generality,
�i < �j), respectively, we have two subcases:

(a) if �i = �j�1, ai and aj are in neighbor processors,MIN(i; j) corresponds
to the minimum between the minimum of ai through the end of array
A�i and the minimum of the beginning of A�j to aj . These minima can be
determined by Algorithm 1. To determine the minimum of the minima
we need one communication round.

(b) if �i < �j � 1, MIN(i; j) corresponds to the minimum among the mini-
mum of subarrayA�i[i��i

n
p
: : : (i+1)n

p
], the minimum of subarrayA�j [�j

n
p
+

1 : : : j � �j n
p
] and the minima of subarrays A�i+1; : : : ; A�j�1. The �rst two

minima are obtained as in the previous subcase. The minima of sub-
arrays A�i+1; : : : ; A�j�1 are easily obtained by using the Cartesian tree.
The minimum among them corresponds to the range minima problem
restricted to the array of minima of the data in the processors. Thus
we need a data structure to answer these queries in constant time. As
the array of minima contains only p values, this data structure can be
obtained by Algorithm 2 (section 3.2).



The diÆculty of case 2.b is that we cannot construct the PS-tree explicitly in
each processor as described in section 3.2, since this would require a memory of
size O(p log p), larger than the memory requirement in the CGM model, which is
O(n

p
), with n

p
� p. To overcome this diÆculty we construct arrays P 0 and S0 of

log p+1 positions each, described as follows, to store some partial information of
the PS-tree T in each processor. Let us describe this construction in processor
i, with 0 � i � p� 1. Let bi be the value of the minimum of array Ai. Let v be
any vertex of T such that the subtree with root v has bi as leaf and let dv be
the depth of v in T , that is the path length from the root to v, as de�ned in
[1]; and lv be the level of v, which is the height of the tree minus the depth of
v, as de�ned in [1] (lv = log p � dv , because tree T has height log p). Array P 0

(respectively, S0) contains in position lv the value of array Pv (respectively, Sv),
of the level lv of T , in the position corresponding to the leaf bi. In other words,
we have P 0[lv] = Pv [i mod 2lv + 1].

Figure 3 illustrates the correspondence between arrays P 0 and S0 stored
in each processor and the PS-tree constructed by the algorithm of Alon and
Schieber [2]. In Figure 3.b, the bold face positions in arrays S in each level of
the tree correspond to the suÆx minimum of b0 = 3 in each level. In this way,
we obtain array S0 in P0 (�gure 3.c).

ALGORITHM 3: Range Minima (CGM model)
fEach processor receives n

p
contiguous positions of array A, partitioned into

subarrays A0; A1; : : : ; Ap�1.g
1. Each processor i executes sequentially Algorithm 1 (section 3.1).
2. fEach processor constructs an array B = (bi) of size p, that contains the

minimum of the data stored in each processor.g
2.1. Each processor i calculates bi = minAi = minfain

p
+1; : : : ; a(i+1)n

p

g.
2.2. Each processor i sends bi to the other processors.
2.3. Each processor i puts in bk the value received from processor k, k 2

f0; : : : ; p� 1g n fig.
3. Each processor i executes procedures Construct P 0 and Construct S0 (see

below) .
fBy observing the description of Algorithm 2 (section 3.2), P 0[k] contains
position i of the pre�x minimum array in level k, 0 � k � log p.g

Given array B, the following procedure constructs array P 0 of log p+ 1 pos-
titions in processor i, for 0 � i � p� 1. This procedure constructs P 0 in O(p)
(= O(n

p
)) time using only local data. The construction of array S0 is done in a

symmetric way, considering array B in reverse order.

PROCEDURE 4: Construct P 0.
1. P 0[0] bi
2. pointer  i
3. inorder  2 � i+ 1
4. for k  1 until log p do
5. P 0[k] P 0[k � 1]



6. if binorder=2kc is odd
7. then for l  1 until 2k�1 do
8. pointer  pointer � l
9. if P 0[k] > B[pointer]
10. then P 0[k] B[pointer]

To simplify the correctness proof of this procedure, we consider p to be a
power of 2 and that, in each processor i, array B contains leaves of a complete
binary tree, as in the description of the sequential algorithm of section 3.2. We do
not store an entire array in each internal node of this tree, but only the log p+1
positions of the pre�x minimum array in each level corresponding to position i
of array B.

The value of the variable inorder of line 3 is the value of the in-order number
of the leaf containing bi, obtained in an in-order traversal of the tree nodes. It can
easily be seen that these values, from the left to the right, are the odd numbers
in the interval [1, 2p� 1].

Theorem 1 Procedure 4 correctly calculates array P 0, for each processor i, 0 �
i � p� 1.

Idea of proof. For a processor i, 0 � i � p�1, we prove the following invariant
at each iteration of the for loop of line 4: At each iteration k, let Tk be subtree
that contains bi and has root at level k. P

0[k] stores the position i of the minimum
pre�x array of the subarray of B corresponding to the leaves of subtree Tk and
the variable pointer contains the index, in B, of the leftmost leaf of Tk.

2

To determine S0 we have a similar theorem with a similar proof.

Lemma 1 Execution of Procedure 4 in each processor takes O(n
p
) sequential

time.

Proof. The maximum number of iterations is log p. In each iteration, the value
of pointer is decremented or remains the same. The worst case is when i = p�1.
In this case, at each iteration the value of the variable pointer is updated. As
the number of elements of B is p, the algorithm updates the value of pointer
at most p times. Therefore, procedure 4 is executed in O(p) = O(n

p
) sequential

time. 2

Theorem 2 Algorithm 3 solves the range minima problem in O(n
p
) time using

O(1) communication rounds.

Proof. Step 1 is executed in O(n
p
) sequential time and does not use communica-

tion. Step 2 runs in O(n
p
) sequential time and uses one communication round. By

theorem 1, step 3 is executed in O(n
p
) sequential time and does not require com-

munication. Therefore, algorithm 3 solves the range minima problem in O(n
p
)

time using O(1) communication rounds. 2



5 Query processing

In this section, we show how to use the output of algorithm 3 to answer queries
MIN(i; j) in constant time. A query MIN(i; j) is handled as follows. Assume
that i and j are known by all the processors and the result will be given by
processor 0. If ai and aj are in a same processor, then MIN(i; j) can be deter-
mined by step 1 of algorithm 3. Otherwise, suppose that ai and aj are in distinct
processors p�i and p�j , respectively, with �i < �j. Let right(�i) the index in A of the
rightmost element in array A�i, and left(�j) the index in A of the leftmost element
in array A�j . Calculate MIN(i; right(�i)) and MIN(left(�j); j), using step 1. We
have two cases:

1. If �j =�i+ 1 then MIN(i; j) = minfMIN(i; right(�i));MIN(left(�j); j)g.

2. If �i + 1 < �j, then calculate MIN(right(�i) + 1; left(�j) � 1), using step 3
of the algorithm. Notice that MIN(right(�i) + 1; left(�j)� 1) corresponds to
minfb�i+1; : : : ; b�j�1g. Thus, MIN(i; j) = minfMIN(i; right(�i));
MIN(right(�i) + 1; left(�j)� 1);MIN(left(�j); j)g.

The value of MIN(right(�i) + 1; left(�j)� 1) is obtained using step 3, as fol-
lows. Each processor calculates w = LCA(b�i+1; b�j�1) in constant time. Then
determines the level lw; determines v and u, the left and right sons of w, respec-
tively; determines l, the index of the leftmost leaf in the subtree of u. Processor
�i+ 1 calculates Sv(2

lw�1 � l +�i) and sends this value to processor 0. Processor
�j � 1 calculates Pu(�j � l) and sends this value to processor 0. Processor 0, �-
nally, calculates the minimum of the received minima. In both cases, processor
0 receives the minima of processors �i and �j.

Notice �nally that the correctness of Algorithm 3 results from the observa-
tions presented in this section.

6 Concluding remarks

In the CGM(n; p) model, we are interested in designing parallel algorithms that
have linear local executing time and that utilize few communication rounds {
preferably a constant number. This is because the communication between pro-
cessors is more expensive than the computing time of the local data.

In this work we present an algorithm, in the CGM(n; p) model, for the range
minima problem that runs in O(n

p
) time using O(1) communication rounds. This

algorithm can be used to design a CGM algorithm for the LCA problem, based
on the PRAM algorithm of J�aJ�a [12], instead of other PRAM algorithms as in
[13, 16] which would give less eÆcient implementations.
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Fig. 3. Execution of algorithm 3 using the array
(10; 3; 11; 8; 2; 9; 7; 15; 0; 1; 14; 4; 6; 13; 12; 5). (a) The data distributed in the pro-
cessors and the corresponding Cartesian trees. (b) PS-trees constructed by the
algorithm of Alon and Schieber [2] of section 3.2 for the array (3; 2; 0; 5) of the minima
of processors. (c) Arrays P 0 and S0 constructed by step 3 of algorithm 3 corresponding
to arrays P and S of T .
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