Randomized Algorithms on the Mesh
Lata Narayanan
Department of Computer Science, Concordia University, Montreal, Quebec H3G
1M8, Canada, email: lata@cs.concordia.ca, FAX (514) 848-2830

Abstract. The mesh-connected array is an attractive architecture for
parallel machines, and a number of existing parallel machines are based
on a mesh topology. In this paper, we survey the results on three fundamental problems in parallel computation: routing, sorting, and selection,
and demonstrate that randomized algorithms for these problems on the
mesh are often the most natural and ecient algorithms available.

1 Introduction
The mesh-connected array has been the object of a great deal of theoretical
study as well as the basis for a number of proposed and implemented parallel
computers. The simplicity and regularity of its interconnection pattern make
it ideal for VLSI implementation. Despite the fact that its diameter is large in
comparison to other well-studied networks (e.g., hypercube, butter y, shueexchange networks), work by Dally [7] suggests that high diameter networks
such as the mesh may provide a more ecient communication medium for VLSIbased parallel computers. A 2D mesh is used by Maspar machines [1], the Intel
Touchstone Delta [5], Paragon [5], and the Simult 2010 [40], and a 3D mesh
in the J-machine [32]. Furthermore, a large number of ecient algorithms have
been designed to run on this architecture.
In this paper, we discuss the fundamental problems of routing, sorting and
selection on mesh-connected parallel computers. Algorithms for these problems
have been extensively studied for nearly twenty years now. Since all such algorithms need data movement on the mesh, distance can be seen easily to provide
a lower bound on their performance. Another limiting factor could be link bandwidth. When an algorithm matches the distance lower bound for the problem,
we say that it is distance-optimal. A series of algorithmic re nements has given
rise to distance-optimal algorithms for routing and sorting, as well as ecient
algorithms for selection. At the same time, nding ecient implementations of
algorithms for these problems, especially sorting, continues to be an active area
of research.
Randomization is typically used in two ways in these problems. For routing,
randomization is used to reduce the likelihood of hot spots, by \scattering" data
in a limited but random fashion. For comparison-based problems, randomization
is additionally used to select a small set of \splitters", which enable the computation of approximate ranks of elements, at a much lower cost than computing
their exact ranks.

For almost all variants of these problems, optimal or best-available solutions
are given by simple randomized algorithms. While in many cases, such as for
permutation routing and sorting, deterministic algorithms with matching performance have been discovered subsequently, these do not diminish the value of
the randomized algorithms. First, the deterministic algorithms are more complicated, and thus less ecient in practice. Second, they were often directly
derived by \derandomizing" the randomized algorithms. In the case of selection, the best-known randomized algorithm has better performance than the
best-known deterministic algorithm. However, it is likely that the techniques of
derandomization mentioned above could be applied here as well.
On the practical side, there are numerous research results attesting to the fact
that implementations of randomized algorithms are typically faster in practice.
This is because they are usually simpler, and the constants hidden in lower order
terms are often smaller than in deterministic algorithms.
Section 2 formally de nes the computational model of the mesh and the
problems we consider. The following three sections brie y survey the results,
especially randomized algorithms, for the problems of routing, sorting and selection on the mesh respectively.

2 Preliminaries
The nn mesh-connected array of processors (or two-dimensionalmesh) contains
N = n2 processors arranged in a two-dimensional grid without wrap-around
edges. More precisely, it corresponds to the graph, G = (V; E ), with V = f(x; y) j
x; y 2 hnig and E = f((x; y); (x; y +1)) j x 2 hni; y 2 hn,1ig[f((x; y); (x+1; y)) j
x 2 hn , 1i; y 2 hnig, where hni = f1; : : :; ng. Nodes in the graph correspond to

processors and edges to bidirectional communication links. The two dimensional
torus-connected network (or torus) is a mesh with wrap-around edges. The ddimensional mesh and torus are the logical extensions of their respective twodimensional versions to higher dimensions.
Computations are to be performed using the following model of the mesh:
During a single parallel communication step, each processor can send and receive
a single packet along each of its incident edges, where a packet consists of at most
a single data element along with O(log N ) bits of header information used for
routing and counting purposes. Between communication steps, processors can
store packets in their local queues, which are of bounded size. Furthermore, they
can perform a constant number of simple operations (e.g., copying, addition,
comparison) on the elements and the header information of packets. The measures of performance commonly used are the number of parallel communication
steps, and the maximum queue size at any node. This model is often referred to
as a store-and-forward model for routing; other models for routing packets are
wormhole and cut-through models [10, 34]. For comparison-based problems, the
model given in [39, 24] has been used to prove many lower bounds. However, this
model is unnecessarily restrictive, and recent work on these problems is based
on the model described here.

Given a set of messages or packets, one at every processor in the network, and
a permutation P of the nodes in a n  n mesh, the permutation routing problem
is: for each (o; d) 2 P , to nd a connected path for the packet initially at o
(the packet's origin) to go to d (the packet's destination). In the k , k routing
problem, there are k permutation routing problems to be solved simultaneously.
The input to both the sorting and selection problems is a set X = fx1; : : :; xN g,
the elements of which may be linearly ordered. An indexing scheme is a bijection
from hNi to hni  hni. Commonly studied indexing schemes are the row-major
indexing, snake-like row-major indexing, and block-wise snake-like row-major
indexing. In the last ordering, the mesh is divided into square blocks of side n
for  < 1, and consecutively ordered blocks are physically adjacent on the mesh,
e.g. snake-like; the processors inside each block Bi are indexed with indices in
the interval [(i , 1)N  ; iN  ] in some arbitrary way. The sorting problem on the
mesh is: Given a set X , stored with one element per processor, and an indexing
scheme I , move the element of rank k in X to the processor labeled I (k). In
the k , k sorting problem, each processor initially holds k elements, and the
indexing scheme is such that in the nal sorted order, each processor holds k
consecutive elements. The selection problem is: Given a set X , stored with one
element per processor, an integer 1  k  N , and a speci ed processor (i; j ),
move the element of rank k in X to the processor labeled (i; j ). In what follows
we will consider only the case where the speci ed processor is labeled (d n2 e; d n2 e),
referred to as the middle processor below. It is generally straightforward how to
modify the algorithm for the case of another designated processor. In the multipacket selection problem, each processor initially holds ` packets.
The algorithms we discuss are generally randomized (Las Vegas) and therefore have some probability of failure. In this paper, with high probability means
with probability at least 1 ,n, for some appropriate constant . The tools that
are commonly used to analyze such probabilities are Cherno bounds, which are
bounds on the tails of the binomial distribution [3].

Proposition1. (Bernstein-Cherno bounds) Let SN;p be a random variable
having binomial distribution with parameters N and p. Then, for any h such
that 0  h  1:8Np,
,

P (SN;p  Np + h)  exp ,h2 =3Np :
For any h  0,
,

P (SN;p  Np , h)  exp ,h2 =2Np :
Central to many randomized sorting and selection algorithms is the use of
a random sample of the keys in order to determine approximately the rank of
each key. More speci cally, given N keys and a small constant  , consider the
problem of choosing N  , 1 elements which split the keys into buckets of size
between N 1, (1 , N ,2 ) and N 1, (1 + N ,2 ). Using ideas from [38, 37] we
describe the following randomized algorithm to select these splitters:

SELECT-SPLITTERS(N)
Phase A Select a sample of keys by having each key toss a coin with bias
N 5,1 ln N , for some constant .
Phase B Count the actual size S of the sample. Then select N  , 1 splitters
by picking every dS=N  e-th element from the sample to be a splitter.
Notice that the average size of the sample will be N 5 ln N and with high
probability the size will not di er from its average value by more than N 5=2 ln N .
Furthermore, the actual rank of the j -th splitter will be jN 1, (1  N , ). This
can be shown with the following lemma:

Lemma 2. For any suciently small constant , there exists > 0, such that,
given N keys, the above algorithm produces N  , 1 splitters which split the keys
into buckets of size N 1, (1  N ,2 ); the probability that the algorithm fails is
smaller than N , =5.

3 Routing on the mesh
Routing is well-known to be a problem where randomization makes a provable
di erence in the time needed to solve the problem using an oblivious algorithm
[42, 2, 18]. A good survey on strategies for routing can be found in [29], and
the book by Leighton is an invaluable and more detailed resource [28]. In this
section, we will focus on routing algorithms on the mesh.
An oblivious algorithm for routing is one in which the routing path for each
packet is chosen without knowledge of the origins and destinations of other
packets. Oblivious algorithms are interesting because they are clearly easy to
implement: the originating processor of a packet need not consult with other
processors in order to determine the path of the packet. Additionally, oblivious
algorithms are also typically easier to analyze. The so-called greedy algorithm is
a good example of an oblivious routing algorithm on the mesh. A packet starting
at node (i; j ) and destined for node (i0 ; j 0 ) would travel rst through the ith row
to the node (i; j 0 ) and then \turn" into the j 0,th column to reach its destination
by traveling only in the j 0,th column. It is well-known that the greedy algorithm
can perform very poorly on the mesh: on certain permutations, queues may build
up to have (n) packets.
The greedy algorithm does perform well on average. To analyze averagecase performance of routing algorithms, we generally assume that each packet
has a random destination. Thus there is a possibility that several packets are
destined for the same processor. In this situation, it can be shown that with
high probability, the greedy algorithm routes all packets in 2n + o(n) time steps
[27, 28]. Furthermore, the total size of all queues at any node does not exceed
7 with high probability. Unfortunately, the worst-case behavior of the algorithm
occurs in routing problems that do occur commonly in practice.
The good average-case behavior of the greedy algorithm allows us to make
use of a common technique to design an algorithm with good worst-case performance. In particular, a worst-case problem can often be converted into average

case problems with a small amount of overhead. This leads to the concept of
randomized routing, proposed by Valiant [42, 43]. In randomized routing, each
packet is greedily sent to a randomly chosen intermediate destination, and then
greedily sent to the actual destination. Thus each routing problem is converted
into two average-case routing problems, which can each be solved eciently using the simple greedy algorithm. Using this technique, we immediately obtain
a routing algorithm that runs in 4n + o(n) time steps and uses constant size
queues, with high probability. Note that in this case, the high probability is owing to the random choice of intermediate destination made by the algorithm, and
has nothing to do with the input received by the algorithm. Thus this algorithm
works well on any problem with high probability.
By reducing the amount of randomization, for example, by moving to a
random intermediate destination within a small distance in the same column
as the origin, as in [36], one can obtain a randomized algorithm that runs in
2n + O(log n) steps using constant size queues with high probability. In [16],
a simple randomized algorithm that routes in 2n + O(log n) steps using only
constant size queues is described. In [20], derandomizing techniques are applied
to convert this to a deterministic algorithm with the same performance.
Randomized algorithms are also the best possible in several variants of the
routing model such as cut-through routing [34], k,k routing [34], and de ection
routing [9, 17, 30, 14].

4 Sorting on the mesh
Sorting is one of the most important and well-studied problems in computer
science. The problem of sorting on a mesh has a long history starting with
Thompson and Kung [41], who gave an algorithm which sorts N = n2 inputs
into snake-like row major order in 6n + o(n) parallel communication steps on a
nn synchronous SIMD mesh; their algorithm may be adapted to run in 3n+o(n)
time on a MIMD mesh. Schnorr and Shamir [39] gave a second algorithm for
sorting into snake-like row major order on a mesh running in 3n + o(n) time.
This algorithm has the nice property that it is an oblivious comparison-exchange
algorithm, i.e. it consists solely of prespeci ed operations of the form, compare
the contents of cell i with cell j , and place the smaller in cell i and the larger in
cell j . A number of other sorting algorithms on the mesh are described in [28].
There is an obvious lower bound of 2n , 2 steps for sorting due to distance
constraints. For example, if the largest element is at the left top corner, then
the number of steps necessary just to move the element to its nal destination is
2n, 2. It is interesting to see if the sorting can be performed distance-optimally,
i.e. in 2n + o(n) steps. Kaklamanis et al. [15] gave a 2:5n + o(n) randomized
algorithm for sorting on the mesh. This algorithm is not an oblivious comparisonexchange algorithm; in particular, this algorithm duplicates packets, and every
processor is assumed to have a constant (> 1) size bu er. This was subsequently
matched by a deterministic algorithm given by Kunde [25]. The randomized

algorithm for sorting was then improved in [13] to a distance-optimal 2n + o(n)
algorithm on the n  n mesh.
We will brie y describe the key ideas behind these algorithms. First, a random sample of the elements, and then splitters are extracted from this as described in Section 2. These splitters are broadcast in each quadrant, in order
to determine approximately the rank of each element. In the meantime, a copy
of each element is routed to a random location in each quadrant close to the
middle of the mesh; this is so that the elements do not have as far to go after
computing their approximate ranks. Using these approximate ranks, the copy
of each element that is in the same quadrant as its destination is then routed
to an approximate destination which is provably very likely to be quite close to
its nal destination in the sorted mesh. The remaining copies do not survive,
so for each element only one of the four copies will survive. Meanwhile, in each
quadrant the exact ranks of the splitters are computed and broadcast. Using
these and local pre x operations, the exact rank of each of the elements can be
computed, and every element can be nally routed to its correct destinations.
In [20], some derandomizing techniques were presented, and the authors used
these techniques to derive from the above randomized algorithm a distanceoptimal deterministic algorithm for sorting on the mesh. The derandomizing
techniques essentially consist of a sort-and-unshue operation in place of randomized routing, to eliminate hot-spots, and using deterministically rather than
randomly chosen splitters. From a theoretical standpoint, then, every known randomized algorithm for sorting on the mesh can be matched by a deterministic
algorithm with the same performance. What then is the utility of randomization
for developing sorting algorithms on the mesh? It is clear that the development
of randomized algorithms preceded and guided the development of deterministic
algorithms. Randomized algorithms are simpler to conceptualize and describe.
This has the additional e ect that the constants in the lower order terms are
smaller in the randomized algorithms, thus making them more ecient in practice. The same is the case for the problem of k ,k sorting: see [19, 34, 25, 26] for
results. In [21], similar experiences are reported for algorithms for sorting-like
problems such as ranking and excess counting. Finally, randomized algorithms
for sorting are also the best-known for meshes with recon gurable or xed buses
[33].
Finding a sorting algorithm that performs well in practice on speci c parallel
machines continues to be an active area of research. In several papers, [12, 8, 6]
it can be seen that randomized algorithms such a version of Samplesort are the
best algorithms in practice, when there are large numbers of elements at nodes.

5 Selection on the mesh
Any selection algorithm requires at least n , 1 steps, since this is the distance
from the corners to the center of the mesh. This is the only known lower bound for
selection on the standard model of the mesh (Kunde's lower bound of 2n , o(n)
steps [24] applies only to a very restricted model of the mesh). Clearly any

sorting algorithm would suce to perform selection, thus there are algorithms
to place the median at the center processor in 2n + o(n) steps. In [15, 31], a
new selection algorithm that took 1:22n steps was described. This algorithm
was based on the well-known randomized linear-time sequential algorithm for
selection given by Floyd and Rivest [11]. The main open question is thus whether
there exists a distance-optimal, or n + o(n)-time algorithm for selection on the
mesh. This question is especially interesting in light of the fact that distanceoptimal algorithms for the related problems of sorting and routing have been
discovered, as discussed in the previous sections.
In [4], Condon and Narayanan show that the techniques used in the best previous selection algorithms cannot yield a distance-optimal algorithm. To explain
this, they de ne a notion of adaptiveness for comparison-based algorithms on the
mesh, and show that \weakly-adaptive" algorithms cannot be distance-optimal.
Intuitively, median- nding algorithms adapt over time, based on new information learned from comparisons. For example, packets that appear likely to be
the median, based on comparisons with a sample of elements, may be routed
towards the center early on. However, in all known median- nding algorithms,
such adaptive routing decisions are made only once or twice. This is in part
because gathering large samples of elements is expensive.
To precisely limit the degree of adaptiveness of an algorithm, they limit the
set of comparison results on which a processor's computation can depend. In
their model, at xed steps called knowledge steps, each processor learns the results of comparisons between every pair of elements that could possibly have
reached the processor at that step. Between knowledge steps, processors may
not perform new comparisons. However, at a step which is not a knowledge
step, a processor may still learn new comparison results in the following way: it
learns the comparison results of its neighbors at the previous step. An algorithm
is weakly-adaptive if it has O(1) knowledge steps; otherwise it is called highlyadaptive. A maximally adaptive algorithm is one where every step is a knowledge
step. Using this notion, they explain why the best previous algorithms for selection on the mesh were weakly adaptive. More importantly, they show that there
can be no distance-optimal weakly adaptive algorithm for selection on the mesh.
To prove this, they exploit the non-adaptiveness of the algorithm to show that
there must be many possible candidates for the median at some time t. Since
each processor can only store a constant number of packets, some candidate
must be of distance much greater than n , t from the center. Furthermore, on
a possibly di erent input, this candidate is the true median, and is also suciently far from the center that it cannot reach the center in (1 + )n steps for
some constant  > 0. They also show several other lower bounds for selection
for highly adaptive algorithms that are restricted in other ways, such as in the
number of packets that can be at one processor at any given time.
The best algorithm for selection is also given by [4]. Their 1:15n randomized
algorithm is obtained in part by increasing the number of knowledge steps, and
hence the adaptiveness, of the algorithm. Their algorithm, as well as previous
algorithms, including the method of [15], can be described as \ ltering" methods:

initially all elements are considered to be possible candidates for the median and
are routed towards the center; then, over time, unlikely candidates are ltered
out by a set of ltering processors to reduce the routing bottleneck close to
the center. Processors that are equidistant from the center form a diamondshaped lter at a given time. Each ltering processor uses sampling techniques
to compute, at this time, a restricted range that is likely to contain the median;
henceforth, elements routed to that processor which lie outside this range are
discarded. Thus, the routes of packets are adapted at the ltering steps.
The success of the ltering method depends on the routing scheme, the locations of the lters and the times that ltering is done. In the algorithm of Kaklamanis et al. [15], ltering is only done once, based on a single sample which is
collected at the center. Condon and Narayanan's scheme uses three lters, and
uses a new distributed sampling method to enable the ltering processors to lter
elements earlier in the algorithm. They also use a di erent randomized routing
method in order to spread packets uniformly over the mesh, which increases the
e ectiveness of the ltering method. They claim that their techniques push the
ltering method to its limits, in that little further improvement to the running
time can be obtained by increasing the number of lters.
It remains an open question whether a distance-optimal algorithm for selection on the mesh exists. The lower bound of [4] shows that, in order to achieve
such a bound, the number of knowledge steps of an algorithm must grow with
the input size. They also argue, though they do not prove, that even with an
arbitrary number of knowledge steps, it is unlikely that a distance optimal algorithm can be constructed using a ltering approach, where ltering diamonds
periodically eliminate all elements which are no longer live. An alternative approach might be to construct a highly dynamic scheme to route elements towards
the center, where the route of an element at a given time depends not just on
whether it is live or not. Instead, the route of an element may depend on such
parameters as its relative order among the live elements that are accessible to the
processor at which it currently resides. Analyzing or implementing an algorithm
based on this approach would likely be dicult, however.
The best deterministic algorithm for this problem also employs a ltering
approach, and takes 1:44n time steps [23]. The derandomizing techniques of
Kaufmann et. al. [20] would likely yield a deterministic 1:15n algorithm, but
as far as the author is aware, such a result has not been published. Distanceoptimal randomized algorithms for selection exist in some limited circumstances
[22]. Furthermore, the best multi-packet selection algorithms are randomized
(see [35]).
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