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Abstract
Accurate performance predictions are difficult to achieve
for parallel applications executing on production distributed systems. Conventional point-valued performance
parameters and prediction models are often inaccurate
since they can only represent one point in a range of possible behaviors. We address this problem by allowing characteristic application and system data to be represented by a
set of possible values and their probabilities, which we call
stochastic values.
In this paper, we give a practical methodology for using
stochastic values as parameters to adaptable performance
prediction models. We demonstrate their usefulness for a
distributed SOR application, showing stochastic values to
be more effective than single (point) values in predicting
the range of application behavior that can occur during execution in production environments.

1 Introduction
Parallel and distributed production platforms provide a
challenging environment in which to achieve performance.
The impact of multiple users sharing a platform creates an
environment where system conditions are dynamic and application performance is difficult to predict. However, prediction is critical to the achievement of performance. In
particular, it is a fundamental component in both application and job scheduling, as well as resource allocation.
The problem of developing accurate parallel application
performance predictions in production environments is twofold: First, the performance activities (e.g. communication
and computation) represented in the performance model
must reflect the dynamic changes in effective capacities
(e.g. CPU load and network bandwidth) inherent in production environments. Second, the parameters used by performance models must accurately reflect the range of behavior
observed in production environments.
Conventional approaches that develop fixed (unadaptable) performance models parameterized by single (point)
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values often provide an unacceptably inaccurate representation of application behavior in production environments. In
this paper, we describe a new approach for defining performance model parameters and adaptable performance prediction models, and demonstrate that this approach can be
used to predict the range of application performance in production environments more accurately than conventional
models.

1.1 Point Values and Stochastic Values
Most performance prediction models use parameters
to describe system and application characteristics such as
bandwidth, CPU load information, message size, operation
counts, etc. Model parameters are generally assumed to
have a single likely value, which we refer to as a point
value. For example, a point value for bandwidth might be 7
Mbits/second.
However, in practice, point values are often a best guess,
an estimate under ideal circumstances, or a value that is accurate only for a given time frame. Frequently it is more
useful to represent system and application characteristics
as a distribution of possible values over a range; for example, bandwidth may be reported as 7 Mbits/second  2
Mbits/second. We refer to values represented as distributions as stochastic values. Whereas a point value gives a
single value for a quantity, a stochastic value gives a set
of possible values weighted by probabilities to represent a
range of likely behavior.
Conventional performance prediction models cannot
take advantage of model parameters that are stochastic values. In [Sch97] we defined a performance prediction model
representation–called structural modeling–that reflects the
time-dependent dynamic mix of application performance
activities occurring during execution in a production environment. In this paper, we show how to extend structural
models to allow for model parameters that are stochastic
values, resulting in application performance predictions that
are stochastic values as well.
Our experiments using an SOR code demonstrate that
stochastic values can enhance the information conveyed by
a performance prediction. Whereas point value predictions

work  5% (or 11.4 to 12.6 seconds per unit of work). On
average both machines perform the same, however at any
given time their performance may vary radically.
With additional information about the distribution of application behavior, we can develop a sophisticated scheduling strategy tuned to the user’s performance metric. If the
accuracy of the prediction is a priority (i.e. there is a considerable penalty for an inaccurate prediction), then more
work could be assigned to the small variance machine (machine A). If there is little penalty for poor predictions, we
might optimistically assign a greater portion of the work to
the often faster machine B.
Note that the stochastic values as defined here are not
related to Petri net models [MBC84, Mol90], also called
“stochastic models”, in any way except through the application of conventional statistical techniques. Some
researchers, however, are beginning to use probabilistic
techniques to represent data for predictions of application performance in distributed environments. Brasileiro
et al. [BFM91] use probability distribution functions to calculate wait times on a token ring network. In addition, Das’s
group at Penn State has been studying the effect of assuming normal distributions in simulations [Das97].
Our work is also related to Karlin’s work in competitive analysis [KMMO94, IKP96], business information systems [Ver], and Kesselman and Bannister’s approach to
Quality of Service [KB97]. Although the areas represented
by these projects are dissimilar, all are beginning to address
the need for additional information, as we are, to make better decisions about performance.
In this paper, we define stochastic values and show how
they can be used to improve the predictions provided by
structural performance models for distributed parallel applications. In Section 2, we define stochastic values and show
how they can be combined in such models arithmetically.
In Section 3, we demonstrate how stochastic values can be
used to improve performance predictions using a distributed
SOR application in several production execution environments. We conclude with a summary in Section 4.

provide an estimate of application execution behavior for
a particular system state, stochastic values predict behavior
over a range of likely system states. Moreover, stochastic
value predictions provide valuable additional information
that can be supplied to a scheduler or to the programmer
to improve the overall execution performance of distributed
parallel applications.

1.2 An Example
To illustrate the role of stochastic values in parameterizing a performance model, consider a simple two-machine
system (consisting of machines A and B) executing an embarrassingly parallel application with a fixed number of
units of work to be completed. In order to predict the
amount of work each machine should be assigned, we need
an estimate of the execution time per unit of work of each
machine, as shown in Table 1.
Dedicated
Production (point)
Production (stochastic)

Machine A
10 sec
12 sec
12 sec  5%

Machine B
5 sec
12 sec
12 sec  30%

Table 1. Execution times for a unit of work in dedicated
and production modes on two machines.

In a dedicated environment, the time for machine A to
perform one unit of work might be 10 seconds and for machine B, 5 seconds. These can be represented as point values since typically there is negligible variance in runtimes
on dedicated machines. To balance the execution times of
the machines in this setting, machine B should receive twice
as much work as machine A.
In a production environment, contention for the processor and memory will cause the unit execution times of the
machines to vary in a machine-dependent fashion over time.
If we determine unit execution time using a mean capacity
measure over a 24-hour period for a fixed amount of work,
it is possible that A and B will have the same unit execution time on average, say 12 seconds per unit of work. In
this case, it would make sense to equally balance the work
between the machines.
However, mean values are only summary statistics for a
range of possible values, and may neglect critical information about the distribution of work over time. A stochastic
value includes information about the distribution of values.
For example, it may be that because machine B is much
faster than machine A, it has more users and therefore a
more dynamic load. Because of this, at any given time the
unit execution time for machine B might be 12 seconds per
unit of work  30%. That is, the time to complete a unit
of work will vary over an interval from 8.4 seconds to 15.6
seconds. On the other hand, since machine A is a slower
machine without as many users contending for it’s use, the
actual unit execution time might be 12 seconds per unit of

2 Using Stochastic Values for Predictions
There are two problems that must be addressed to make
it feasible to use stochastic values for performance prediction. The first problem is to determine the nature of the distribution associated with the stochastic value. In Section 2.1
we show that in many cases assuming that the distribution
is normal is satisfactory. This assumption greatly simplifies the second problem, namely how to combine stochastic
values to calculate performance predictions in a meaningful
way. After showing how normal stochastic values can be
used as prediction model parameters, we extend standard
error combination rules to define the arithmetic operations
needed to combine normal stochastic values in Section 2.3.
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2.1 Defining Stochastic Values
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Every stochastic value is associated with a distribution,
that is, a function that gives the probability associated with
each value in its range. General distributions are awkward
to work with because they have no unifying properties. It
is often appropriate to summarize or approximate a general distribution by associating it with a member of a known
family of distributions that is similar to the given data.
One common family used to approximate general distributions when appropriate is the family of normal distributions. Normal distributions can be defined using two values: a mean which gives the “center” of the range of the
distribution, and a standard deviation which gives a range
around the mean. For normal distributions, a range equal to
two standard deviations includes approximately 95% of the
possible values of the data.
Many real phenomena generate distributions that are
close to normal. For example, in-core memory benchmarks
on dedicated systems may exhibit execution time values
with normal distributions. Figure 1 shows a histogram of
runtimes for a sample sorting code on a single workstation
with no other users present and its corresponding normal
distribution.
Distributions are represented graphically in two common ways: The Probability Distribution Function (PDF), as
shown in Figure 1, which graphs values against their probabilities, similar to a histogram, and the Cumulative Distribution Function (CDF), as shown on the right in Figure 1,
which illustrates the probability that a point in the range is
less than or equal to a particular value.
Two distributions that can be successfully approximated
by normal distributions are long-tailed distributions and
modal distributions are described below.
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Figure 2. PDF and CDF for bandwidth with long-tailed
distribution and corresponding normal distribution.

2.1.2 Modal Distributions
For some application or system characteristics, such as CPU
load, the data can be viewed as several sets of data, each
having its own distribution. An example of this is Figure 3,
a histogram of load data for a workstation. The majority
of the data lies in three distributions: a normal distribution
centered at 0.94, a long-tailed distribution centered at 0.49
and another normal distribution centered at 0.33, each of
which we refer to as a mode.

100.0

Normal CDF
Runtime CDF

80.0

Percentage of values greater than X

However care must be taken so that the data points excluded
in an assumption of normality do not adversely affect the
quality of information resulting from the use of the distribution. In particular, we cannot assume that if we represent
long-tailed data with a normal distribution that almost all of
the data values will be covered within two standard deviations.
To illustrate, consider the data in Figure 2. The mean
is 5.25. Assuming that this data can be approximated by a
normal distribution, it’s stochastic value would be reported
as 5.25  0.8. Since approximately 9% of the actual values
are less than 4.45 or greater than 6.05, two standard deviations of the normal distribution represents 91% of the values, rather than the 95% typically assumed. In such cases,
we have exchanged the efficiency of computing the distribution for the quality of its results. Normal distributions are
a good substitution for long-tailed distributions only when
inaccuracy in the data represented by the normal distribution can be tolerated by the scheduler, performance model,
or other mechanism that will be using the data.
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Figure 1. PDF and CDF of sample runtime with normal
distribution.
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2.1.1 Long-Tailed Distributions
It is often the case that characteristic system data has a
threshold value, and that performance varies monotonically
from that point in a long-tailed fashion, with the median
several points below the threshold. For example, ethernet
bandwidth between two workstations can exhibit a longtailed distribution as shown in Figure 2.
In many cases we can adequately represent long-tailed
behavior using a normal distribution. This provides a
computational benefit since normal distributions are more
computationally manageable than long-tailed distributions.
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Figure 3. Load on a production workstation.

Stochastic values for modal data depend on how often
the data changes mode and how unpredictably. Stochastic
values to summarize multi-modal “bursty” data must be calculated differently than stochastic values derived from data
that remains within a single mode. For example, consider
a stochastic prediction calculated from a stochastic multimodal value for load on a production workstation. Assume
that each of the modes can be approximated by a normal distribution. If the load values remain within a single mode for
3

the duration of the application execution time, the stochastic
data can be approximated by a single normal distribution for
this mode. We use this approach in Section 3.1 to parameterize a performance prediction model on workstations with
production loads that remain within a single mode.
If the data changes modes frequently or unpredictably,
or if the application is long-running, assuming that the data
remains within a single mode is not sufficient. In this situation, we can calculate an approximate stochastic value by
averaging the modal distributions based on the percentage
of time the application executes in each mode. For example, if M1  SD1 represents the distribution in mode 1, and
M2  SD2 and M3  SD3 represent the distributions in
modes 2 and 3 respectively, a distribution of multi-modal
stochastic data can be obtained by calculating

Red-Black SOR is a distributed stencil application
whose data resides on an NxN grid. A common data distribution for this is a strip decomposition. The application is
divided into “red” and “black” phases, with communication
and computation alternating for each. In our implementation, this repeats for a predefined number of iterations. We
focus here on developing a structural model for Red-Black
SOR targeted to a distributed system since some of the most
challenging performance problems arise in this setting.
A structural model for a production SOR on a distributed
system is:

ExTime

P1 (M1  SD1 ) + P2 (M2  SD2 ) + P3 (M3  SD3 )

where Pi is the percentage of time the data spends in mode
i. Since each mode can be thought of as having a normal
distribution, so will the average stochastic value (see Section 2.3).
Note that P1 ; P2 and P3 change over time and are
system- and application-dependent. For some production
systems and applications, a static benchmark over a long
period of time may be suitable to predict fixed values for
P1 ; P2 and P3 . However, for other production systems and
applications (such as the systems we used in our experiments), stochastic data that reflects dynamically changing
modal values is required. For our experiments, we use values generated by the Network Weather Service [Wol96] at
runtime for our predictions.
In this paper we assume that data can be adequately represented by a normal distribution. In the next section we
show how normal stochastic data may be used to predict
application performance.

X

NumIts

Max fRedCompp g+
Max fRedCommpg + Max fBlackComppg
+Max fBlackCommp g ]
=

i=1

[

That is, the execution time is equal to the sum of the longest
running machine/data pair for each component for each iteration.
This structural model consists of four types of component models: RedCompp , RedCommp , BlackCompp , and
BlackCommp , where p refers to processor p and the strip
partition assigned to it. Each component model (shown
in boldface) must be evaluated in order to calculate a performance prediction of application execution time. Note
that most estimates of computation are based on evaluating
some time per data element, and then multiplying by the
number of elements being computed for the overall problem. There are two widely used approaches for this: counting the number of operations involved in computing one element, and benchmarking. In this work, the most accurate
prediction model for SOR used benchmarks divided by ambient load as expressed below. This model predicts computation time accurately in a dedicated environment to within
3%.

p  BM (Eltp )
RedCompp = NumEltload
p

2.2 Structural Modeling
In this section we define and demonstrate the use of
stochastic values as inputs to performance prediction models. We focus on performance prediction models represented as structural models [Sch97]. Structural models
provide a flexible and adaptable mechanism for predicting
application performance in dynamic production systems.
By parameterizing such models with stochastic values, we
can calculate performance predictions that are also stochastic values. We demonstrate that stochastic values can more
accurately represent execution behavior than point values in
production settings in Section 3.
Structural models are composed of component models
and equations representing their interactions. Component
models are defined (possibly recursively) as combinations
of model parameters (benchmarks, latency and bandwidth
measurements, operation counts, etc.) and/or other component models. We illustrate the development of structural and
component models for a distributed Red-Black Successive
Over-Relaxation application (SOR) below.

p  BM (Eltp )
BlackCompp = NumEltload
p
where



NumEltp : Number of elements computed by processor p,
BM (Eltp ) : Benchmark time for processor p to process a



loadp :



single element, and

Percentage of processor p available for use by this
application, supplied by the Network Weather Service.

Similarly, component models were defined for
RedCommp and BlackCommp . Due to space constraints,
we refer interested readers to [SB97] for details.

2.3 Arithmetic Operations over Stochastic Values
To calculate stochastic values for the left-hand side of
structural modeling equations, the right-hand side stochastic values may need to be combined arithmetically. By assuming that the distributions associated with the stochastic values are normal, we can take advantage of the fact
4

that normal distributions are closed under linear combinations [LM86] to define straightforward rules for combining
stochastic values.
For each arithmetic operation, we define a rule for combining stochastic values based on standard statistical error
propagation methods [Bar78]. In the following, we assume
that point values are represented by P and all stochastic values are of the form Xi  ai and represent normal distributions, where Xi is the mean and ai is two standard deviations. Note that these rules will hold true for all families
of distributions closed under linear combinations, not just
normal distributions.
Figure 4 summarizes the arithmetic operations between
a stochastic value and a point value, two stochastic values
from related distributions, and two stochastic values from
unrelated distributions. These formulas are outlined below
and discussed in depth in [SB97]
When combining two stochastic values, two cases must
be considered: when the distributions are related and when
they are unrelated. Two distributions are related when there
is a causal connection between their values. For example,
when network traffic is heavy, available bandwidth tends to
be low and latency tends to be high. When network traffic
is light, available bandwidth tends to be high and latency
tends to be low. We say that the distributions of latency and
bandwidth are related in this case. In the table, we provide
“conservative” formulas for the combinations of two related
stochastic values so that the data is not “over-smoothed”.
When two stochastic values are unrelated, their values
are independent. This may be the case when the time between measurements of a single quantity is large, or when
the two stochastic values represent distinct characteristics.
For arithmetic on unrelated stochastic values, we use a
probability-based square root error computation.
Since normal distributions are closed under addition and
subtraction, the resulting stochastic value will also have a
normal distribution. The product of stochastic values with
normal distributions does not itself have a normal distribution. Rather, it is long-tailed. In many circumstances, we

can approximate the long-tailed distribution with a normal
distribution and ignore the tail as discussed previously in
Section 2.1.1.
2.3.1 Group Operations over Stochastic Values
Often, structural models will combine components using
group operations such as Max, Min, or other operators. The
combination of stochastic values for operations over a group
must be addressed in a situation-dependent manner.
For example, consider the calculation of the Max operator. Depending on the penalty for an incorrect prediction,
different approaches may be taken. Max could be calculated
by choosing the largest mean of the stochastic value inputs,
or by selecting the stochastic value with the largest magnitude value in its entire range. For example, to compute the
Max of A = 4  0:5, B = 3  2 and C = 3  1, A has the
largest mean, and B has the largest value within its range.
However on average, the values of A are likely to be higher
than the values of B. The usage of the value in the structural
model will determine how Max should be calculated.

3 Experimental Verification
To demonstrate the usefulness of stochastic values as
performance predictions, we derive stochastic execution
time predictions for the distributed Red-Black SOR application discussed previously for two production settings. We
use a stochastic value to represent CPU loadp , a parameter
to the application structural performance model described
in Section 2.2. In a dedicated setting, the structural model
we used predicted application execution time to within 2%.
However, in a production environment with changing
load on the machines, the dedicated model with pointvalued parameters was no longer sufficient. The goal of
our experiments was to explore whether stochastic values
accurately predicted the range of values experienced by the
SOR application in a production system.
The environment for our experiments was a production
network of heterogeneous Sparc workstations connected by
10 Mbit ethernet. Workstations were shared by multiple

Figure 4. Arithmetic Combinations of a Stochastic Values

5

3.2 Platform 2

users and exhibited diverse processor speeds, available
physical memory, and CPU load. The network was also
shared by other users. The dynamic load data needed for
our experiments was supplied by the Network Weather Service. The Network Weather Service supplied us with accurate run-time information about the CPU load on our machines as well as the variance of those values at 5 second
intervals. At times the workstations were underused, so
various load generators were used to simulate other users
on the system.

Our second set of experiments were run on a platform
consisting of a Sparc-5, a Sparc-10, and two UltraSparcs,
again connected with 10 Mbit ethernet, and with both the
machines and the network shared with other users.
The loads on this platform were multi-modal, and
changed between modes frequently for all the machines, so
the technique we used for determining floadp g on Platform
1 did not apply to Platform 2. To evaluate the structural
model, we needed to determine an adequate stochastic value
for loadp on each machine. Each stochastic loadp value required the determination of both an expected mean and the
distribution associated with it. To determine the distribution
we needed to have an acceptable time frame of past values
to examine. Too small a time frame will give a limited picture of system behavior, while too large a time frame would
provide little additional useful information.
To determine a time frame for the distribution, we used
the following approach: The NWS supplied us with both
the present predicted mean load (point value) as well as
a history file of previous load measurements for each machine. These mean point values were used as parameters to
the structural model, resulting in a point value estimate for
the application execution time. This gave us a time frame
to use for generating the associated distribution information
for the stochastic floadp g values. Given this time frame,
we determined loadp for each processor using the averaging technique described in Section 2.1.2.

3.1 Platform 1
In our first set of experiments we used a production system consisting of two Sparc-2 workstations, a Sparc-5 and
and Sparc-10, all connected over 10 Mbit ethernet. All
resources were shared by multiple users. Analysis of the
load behavior showed that the distribution of floadp g for
the (consistently) slowest machine was tri-modal as shown
in Figure 3, but values typically remained within a single
mode during execution.
We describe a representative experiment in which the
load of the slowest machine in our environment was in the
center mode, with a mean of 0.48. Two standard deviations
of the preliminary data gave us a stochastic loadslowest
value of 0.48  0.05. All other model parameters were
point values.
Figure 5 shows that the execution time measurements
fall entirely within the stochastic prediction of execution
time for problem sizes that fit within main memory. The
maximal discrepancy between the means of the modeled
stochastic predictions (a reasonable point value representative of the stochastic predictions) and actual execution times
is 9.7%. The discrepancy between modeled stochastic predictions and actual execution times is 0%. Our experiments
indicate that within a single mode, stochastic information
can be used effectively to accurately define the range of application behavior. The next set of experiments explore the
regime where loadp shifts between modes during execution.
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Our approach (illustrated in Figure 6) is generalizable
and can be used for other applications. In the future, distributional data may also be supplied by the NWS.
Figure 7 shows the execution times and predicted times
for the SOR application for a moderate (1600x1600) problem size under bursty conditions, and Figure 8 shows loadp
one one of the machines during those runs. For example,
the first point on Figure 7 show a stochastic prediction of
42.79  6.35, with an actual execution time of 45.5415.
Our experiments show that stochastic values predict application behavior with small error. In particular, we capture
approximately 80% of the actual execution times within the
range of stochastic predictions, with a maximum error of
approximately 14%, where the error between a value v not
in the range of a stochastic value X  a is the minimum
distance between v and (X , a; X + a). In contrast, the
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Figure 6. Determining a Stochastic Prediction for
“bursty” multi-modal distributions.
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Figure 5. Execution times with predicted stochastic interval for SOR application on non-bursty platform.
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These results are typical. We performed experiments
for a number of problem sizes with similar results [SB97].
For all problem sizes, 74% of the actual execution times
fell within the range delineated by the stochastic predictions. Moreover the error between the stochastic predictions
and the actual times not within the stochastic range were
typically on the order of 15%, whereas the error between
the point value means predictions and the actual execution
times were often as large as 50%.

4 Conclusion
In this paper, we describe a new approach to application
performance prediction in production environments. We
have defined stochastic values to reflect a likely range of
behavior for model parameters, and extended the definition
of structural models to allow for stochastic parameters as
well as stochastic performance predictions. Experiments
with a distributed SOR application demonstrate that in production settings, stochastic values can accurately identify
the range of application execution behavior, providing more
comprehensive and more accurate information about application execution than point values. We are currently exploring the way such information can be used as part of sophisticated strategies for scheduling, performance modeling, and
program development for distributed parallel programs.
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