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Abstract
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This paper proves tight bounds on the bisection width 0O OO0 1 1 1 1
and expansion of butterfly networks with and without 00 1100 11
01 01 01 0 1

wraparound. Previously it was known that the bisec-
tion width of ann-input butterfly with wraparound is.
We show that without wraparound, the bisection width is
2(v/2 — 1)n 4 o(n) ~ .82n. This result is surprising be-
cause it contradicts the prior “folklore” belief that the bi- 1 ¢
section width is: in both cases. We also show that for every
setA of £ nodes in a butterfly with wraparound there are at
least(4 + o(1))k/ logk edges from4 to A, provided that 2 ¢

k = o(n).
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1 Introduction
Figure 1. A 32-node butterfly network.

This paper analyzes the bisection width and expansion
of a network called autterfly This network has been
studied extensively and it, or one of its variants, has served
as the routing network in several parallel computers and
ATM switches. Surprisingly, however, the precise values  Throughoutthis paper, we use the following terminology
of the butterfly’s bisection width and expansion were not to describe butterfly networks. Th@gogn)-dimensional
previously known. This paper proves tight upper and lower pytterfly 3, hasN' = n(logn+1) nodes arranged in log+
bounds on these parameters. 1 levels ofrn nodeseach. (All logarithms in this paper are
base 2.) Each node has a distinct labe| i) wherei is
the level of the node (& ¢ < logn) andw is a logn-bit
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1.1 The butterfly and cube-connected cycles net-
works
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is said towrap around We uselV,, to denote thélogn)- in order to solve the problem. In each casgBW (G) is a

dimensional butterfly with wraparound. This network has lower bound on the tim¢/], to solve the problem.

nlogn nodes. The bisection width of a network also gives alower bound
Anumber of properties of butterfly networks were known on the VLSI layout aread, of a networkG. In particular,

prior to this work. For example, it is not difficult to show Thompson proved that > (BW (())? [24]. Combining

that the diameter oB,, is 2logn, and the diameter df/,, this inequality with the inequality? > (I/BW (G))? for

is [ (3logn)/2], where thediameterof a network is the  any particular problem yields the so-called7” bound

maximum, over all pairs of nodesandv, of the length, in ~ AT? > Q(I?). (See [24].)

terms of edges, of the shortest path betwe@mdwv. Also,

the VLSI layoutarea oB,, is (14-0(1))n? [3] and the layout

area ofi¥, is ©(n?). Furthermore, the three-dimensional  Theexpansiorof a networkG is defined as follows. The

layout volumes of3,, andW, are®(n*/?) [14]. edge expansionf a setS of nodes i”(S, 5). We define

A network closely related to the butterfly is tioabe-  theedge-expansion functidiiZ (G, k) of the network to be
connected cycleg8, 21]. A logn-dimensional cube- _

connected cycles netwofkC'C), consists of: cycles, each EE(G, k)= min C(S,5)

containing log: nodes. Each cycle has a distinct log Si151=k

bit label, and within a cycle eachode is labeled with its for 1 < k < N. The set of neighbora/(S) of a sets are
position, a number between 1 and loginclusive. Taken the nodes ir6 that are adjacent toodes inS, i.e.
together, these labels give eanbde a distinct labelw, ), B
wherew is the label of its cycle, andlis its position in the N(S)={veS|Fues, (uv)eE}

cycle. Two nodes in different cycles are connected by an

edge if and only if they share the same positisithin their The node expansionf a setS is |AV(S5)]. We say that a
respective cycles, and their cycle labels differ only in the bit network G hasnode-expansion functioN E(G, k) if, for
in position:. l.e., two nodesw, i) and(w’, i) are connected 1< k < N,

if w andw’ differ in bit positioni.

1.3 Expansion

o NE(G, k)= min N(S).
1.2 Bisection width 5:|5|=k

Thebisection widthof an N -node networlG; = (V, E) The expansion of a netwofKis an indicator of the speed
is defined as follows. Acut (S, §) of G is a partition of at which information can disseminatedh In particular, if
its nodes into two set§ and S, whereS = V — S. The eachnode in a set o nodes holds a small piece of infor-
capacityof a cut, C/(S, S), is the number of (undirected) Mmation, they can increase the number of nodes holding the
edges with one endpoint fiand the other 5. A bisection  informationtok + N E(G, k) ina single step. Several load-
of a network is a cu(s, S) such that/S| < [N/2] and balacing algorithms exploiting this property are reported in
|S| < [N/2]. Thebisection widthBW () is the minimum, [9]. The expansion function can also be used to compare the
over all bisectiongs, 5), of C(S, S). In other words, the ~ computational powers of different networks. In particular,

bisection width is the minimum number of edges that must @ difference in the expansion functions of a guest network
be removed in order to partition the nodes into two sets of and a host network has been used to prove lower bounds on

equal cardinality (to within one node). the inefficiency of any emulation of the guest by the host
The bisection width of a network is an importantindicator [12,22]. Finally, we observe that the onfj-node bounded-
of its power as a communications network. As an example, degree networks known to be capable of routing and sorting
suppose that aiv-node networkG is used to route mes- deterministically inO(log V') time are those that incorpo-
sages between the processors in a general-purpose parallEfte some form of expansion (i.e., expansion functions of
computer, with one processor attached to emmtte. Ifeach  the formN E(G, k) > (1+ )k, for some fixed: > 0) into
processor sends a message to another processor chosentB€ir structures [1, 2, 15, 16, 26].
random, then the expected number of messages that cro
the bisection isV/2. Assuming that each edge of the net-
work can transmit one message in one time step, the time Lower bounds on the bisection width and expansion of an
required by the network to route the messages is at leastV-node networkH can often be proved bgmbeddinghe
N/2BW (). Hence, the smaller the bisection width, the complete grapli = K into H. In general, an embedding
longer it will take to route these messages. In additionto this of a guest network> into a host networl{ is a mapping
example, there are a large number of problems for which itthat maps nodes af to nodes of/ and edges of~ to
is possible to prove some lower bourigpn the number of  paths inH. Theload! of an embedding is the maximum
messages that must cross a bisection of a parallel machin@eumber of nodes off mapped to any one node &f. The

S$.4 Lower bounds based on embeddings



congestiore of the embedding is the maximum number of with theith node on level log node ofB/,. The nodes on
paths (corresponding to edgegifithat cross any one edge level 0 of B,, are called the input nodes of the Benast-
of H. Thedilation d of an embedding is the length of the work, and the nodes on level 0 &, are called the output
longest path. In proving lower bounds on bisection width nodes. Typicallyeach nput node is viewed as having two
and expansion, the embedding typically has load one, andnput ports (i.e., connections for edges), aath output
routes the same number of pathsacross each edge &f. node is viewed as having two output ports. The Benef-
Given an embedding ok into 4 with load one and  work is calledrearrangeableébecause it is possible to route
congestiore, a lower bound onBW (H) is computed as  edge-disjoint paths between its-nput ports and 2-output
follows. Let (A4, A) be a bisection off with capacity ports in any permutation [5, 6, 27].
C(A,A) = BW(H). Then removing the edges frofiy In addition to the cube-connected cycles and Bamet-
whose paths crogsi, A) yields a bisection oy with ca- works, the butterfly has been shown to be closely related
pacity at most - BW (H). SinceBW (Ky) = N?/4, we to the hypercube and other bounded-degree variants of the
havec - BW(H) > N2/4, and hence3W (H) > N?/4ec. hypercube, including the shuffle-exchange network and the
This approach readily yield@(n) lower bounds on the bi-  de Bruijn network. For example, it is not difficult to prove
section widths of3,, and¥,,, but without the right leading  that an N-node butterfly network can be embedded in an
constants. N-node hypercube with constant load, congestion, and dila-
The same technique can be used to prove lower bounds otion. In fact, Greenberg, Heath, and Rosenberg [11] proved
the edge expansion of a graph. Suppose hatis embed-  that, for some sizes oW, the butterfly network is a sub-
ded inH with load one and congestienLet A be any setof  graph of the hypercube. Also, Schwabe [23] showed that
knodesin . Foreach ofthé& (K, k) edges leadingout  an N-node butterfly network can emulaie steps of any
of the corresponding set iR, a path must be routed out computation of ardV-node shuffle-exchange network (or de
of Ain H. Thus, we musthave- C'(A4, A) > EE(Kw, k). Bruijn network) inO(T') steps, and vice versa.
Sincethe edge expansionf isEE (K, k) = k(N—k), More information about the structural and algorithmic
we haveC'(A, A) > k(N — k)/ec. SinceA was an arbitrary  properties of butterflies can be found in the book by Leighton
set ofk nodes,EE(Kn, k) > k(N — k)/c. Fork < N/2, [13]. Some of the parallel computers that use butterfly
EE(Kn,k) > kN/2,which givesE E(H, k) > kN/2c. networks or its variants are described in [4, 10, 18, 19, 20].
Prior to thiswork some bounds @&V ( B,,) wereknown,  The butterfly network and its variants are also used as routing
and BW (W,,) had been analyzed exactly. It is not difficult networks in modern ATM switches [25].
to show thatBW (B,) < n and BW (W, ) < n: parti-
tion the columns into those whose numbers start with a 01.6  Our results
and those that start with a 1. SimilarlBW (CCC,,) <
n/2. For the cube-connected cycles network, Manabe,
Hagihara, and Tokura [17] proved the converse, namely
BW(CCC,) > n/2. The same approach can be used to
show thatBW (W,,) > n. HenceBW (CCC,,) = n/2 and
BW (W,,) = n. Since these results appear only in Japanese
we present original proofs in [7], but for the sake of brevity
omit them here. Prior to this worlBW (B,,) was known to
be at least:/2. This lower bound is proved by embedding
the graph &' into B,,, where Z{ is a variant of the com-
plete graph in which any two nodes are connecteshoypar-
allel edges. There is an embedding &2 = 2K, (logn+1)
into B,, with load 1 and congestion(logn + 1)2. Since

BW (2K (ogn+y) = (n(logn+1))?/2, BW(B,) > n/2. In this section we show that the bisection width of the

These embeddings also imply that the edge EXPaNSIony, ywterfly, BYY (B,), satisfies: 22 — 1)n < BW(B,) <
functions ofB,, andW,, satisfyE E(B,,, k) = Q(k/logn) 2(v/2 — '1)n n O(n)'_ -
andEE(Wa, k) = Q(k/logn), for k < N/2. We reach this result as follows. We begin by ottucing
1.5 Related networks a highly symmetric graph, thmesh of starsand an embed-

ding of the butterfly into this graph. We use the embedding

Another network closely related to the butterfly is the and the (as of yet unknown) bisection width of the mesh of
Benes' network. A loge-dimensional Berehetwork con-  stars to establish tight lower and upper boundBd¥i( B, ).
sists of two back-to-back log-dimensional butterflie$,, We conclude by computing the bisection width of the mesh
andB,,, where the'th node on level log of B, is identified of stars.

We begin in Section 2 by proving that the bisection width
of the n-input butterfly network without wraparound,,,
is (2(v/2 — 1) + o(1))n. We show how to construct such a
bisection and prove that no bisection is smaller. This result
is surprising, because it contradicts the prior folklore belief
'that the bisection width was. In Section 3 we give upper
and lower bounds on the edge- and node-expansion functions
of W,, and B,,. We show, for example, that for every sét
of k£ nodes ini¥,, there are at leagt + o(1))%/ log k edges
from A to A, provided that = o(n).

2 The bisection width of the butterfly



Henceforth, let: always be a power of 2. What follows

Proof: Let B’ be a connected component Bf, [, logn],

is a list of properties of the butterfly that we use in our and letB” be the other connected componentfi, logn]
constructions; most of these properties are well known andsych that\'(B”) = A (B’). Moreover, let: be the graph

are given with no proof.

Lemma 2.1 There is an automorphism @f,, (i.e., an iso-
morphism ofB,, to itself) that maps each levdl; onto
Llogn—z’-

Lemma2.2 Letv and v’ be two nodes on the same level
of B,,. Then there is a level-preserving automorphisiof
B, s.t.w(v) = v'. Moreover, letv—u andv'—u’ be two
edges ofB,, s.t.v andv’ are on the same level andand

u’ are on the same level. Then there is a level-preserving

automorphismr of B,, s.t.w(v) = v/ andn(u) = v’.

Let p be a path in a grapl’ whose nodes have been
partitioned into levels. We call monotonidf p visits any
level at most once.

Lemma 2.3 Let v and « be nodes ofB,,, v € Lo and

u € Liogn. Then there is exactly one monotonic path linking

v andu.

For0< i < j <logn, let B,[i, j] denote the subgraph
of B, induced by leveld.;, L;1q, - - -, L;.

Lemma2.4Let0 < i < j < logn. ThenB,[i,j] has

n/2/~% connected components; each component is isomor

phic to B,,-i; and thek—th level of each component is a
subset of thé: + k)—th level ofB,,.

Lemma 2.5 Letn > 1. Then there is a partition of, the
first level of B,,, into two disjoint sets/ and O, each of
cardinality n/2 s.t. if we assign two distinct “input ports”
to each node of and two distinct “output ports” to each
node of0 then the resulting network is rearrangeable. That
is, for any bijection of the input ports to the output ports
there is a set ofi edge-disjoint paths that link each input
port with its image output port.

We say that a subset of nodéss compacin G if for any
given cut ofG we can move all of/ to one side of the cut
without increasing its capacity. Formally, &t = (V, E)
be a graph and’ C V. ThenU is compact in’7 if for any
cutof G g = (A, A), there is another cyt = (A’, A’) s.t.:
1. either/ C A’ orU C A/,
2ANWV-U)=A"N(V-U),and
3.C(g') < Cly).

Lemma 2.6 U is compact in’i if U is compact in the sub-
graph ofG induced by |JN (U).

Lemma 2.7 LetU be a compact set of nodes of a grah
Then every connected component induced by U is also
compact.

Lemma 2.8 B, [1,logn] is compact inB,, = B,[0,logn].

Lemma 2.9 Each connected component Bf, [, logn] is
compactinB,,1 < < logn

induced inB,, by B’ U B” UN(B’). G is isomorphic to
By, j2i-1, and by Lemma 2.8’ U B is compact inB,, /-1,
andthusby Lemmas 2.6 and 2H#,andB" are also compact
in B,,. O
Lemma2.10 Let0 < i < logn,0 < j andk = n2/. Then
there is an embedding of By, into B, s.t.:

1. The dilation of the embedding is 1.

2. The congestion of any edge is exaétly

3. m mapsBy[0, i — 1] on B, [0, ¢ — 1] with uniform load of
2,

4. w mapsB[i + 1+ j,logn + j] on By [i + 1, logn] with
uniform load of2/.

5. For eachl € [i,i + j], 7 maps exactly2/_nodes of the
[-th level ofB; on each node of the-th level ofB,,.

2.1 Reducing the butterfly to a mesh of stars

Thej x k£ mesh of starsdenoted} O5; 1, is the graph
obtained from the complete bipartite grafh ,, by replac-
ing each edge with a path of length two. This graph has
three levels that we refer to d¢; (with j nodes) M, (with
jk nodes), and/3 (with & nodes).

Let G = (V, E) be a graph, ley = (A, A) be a cut of
G, and letU be a subset of’. We say thay bisectsU if
IANU| < |ANU| < |JANU|+ 1. TheU-bisection width
of G is defined by:

BW(G,U) =min{C(g) : gisacutofG that bisectd/ }.

In this section we show that

2BW (MOSy 0, Ma) _ BW(By)
2 g

n n

< 2BW(MOS)(n),1(n), M2)
- f(n)?

for some functiory s.t. lim,_. f(n) = . Later we will
compute the bisection width of the mesh of stars, which will
give us lower and upper bounds &W (B, )

We establish both bounds @1V (B, ) via the following
embedding of butterflies into meshes of stars.
Lemma2.11 Letj, k > 1, and supposgk dividesn. Then
there is an embedding of B,, into M OS; ;. s.t.:

1. The dilation of the embedding is 1.

2. The congestion of any edge is exaetly jk.

3. m maps the firstog k levels ofB,, onto M; with uniform
load.

4. = maps the lastog j levels ofB,, onto M3 with uniform
load.

5. = maps the other nodes 8f, onto M, with uniformload.
Moreover, ifjk = n thenz—1({v}) is compact for any node
v of MOS} i, and the load of any node df is 1.

+o(1)



First, let us establish the lower bound on the bisection
width of B, interms ofBW (M OS,, ,,, M>).

Lemma?2.12 Letn > 1. Then:
1. There isani s.t.0 < ¢ < logn and BW (B, L;) <

BW(B,). )

2. BW(B,z, Llogn)/nz < BW(

Proof: To establish (1), ley = (A, A) be a bisec-
tion of B, s.t. C(g) = BW(B,). Assume, without loss
of generality, that{ A Lo| < n/2. Then there is an
st.]ANL;| < n/2 < |ANLiy1|. Letg = (A A)
be a cut of B, s.t. C'(¢') < Clg), |A'NLi| < n/2 <
|[A"( Lit1] and |A' () Liy1] — |A () Li| is minimal. '
does not necessarily biseét,.) We establish (1) by
showing thaty’ bisects eitherZ; or L;;;. Assume oth-
erwise. Sincd A’ L;| < n/2 < |A'() Liy1|, there is
a 4-cycle,v—u—v'—u'—v, with v,v’ € L; andu,u’ €
Liz1 st |JA N{v,v"}| < |A"N{u,u'}|. Hence, either
|A"N{v,v"}| = 0 or|A'({u,«'}| = 2. In both cases we
can modifyg’ by moving a single node from’ to A or vice
versa to reducéA’ () L; 41| — |A' () L;| without increasing
the capacity. A contradiction.

To prove (2), letBW(B,,L;) < BW(B,) and let

g = (A, A) be a cut of B, that bisectsL; and C(g) =
BW(BH,L) Apply Lemma 2.10 withj = logn and
k = n?. Let m be the embedding aB,,. into B,, given by

thislemma. Define acutdt,.byg’ = (771(A), 7~ 1(A4)).
Since the congestion efich edge oB,, is exactlyn, C'(g) -
n = C(G'), and hence’(¢')/n? = C(g)/n. Sinceg bi-
sects thé-th level of B,, and logn € [i, i+logn], ¢’ bisects
the(logn)—th level of B,,.. Hence,BW (B,,2, Liogn)/n? <
C(g")/n? = C(g)/n = BW(By, L;) < BW(B,)/n. O

Lemma 2.13 2BW (M OS,, ,,, M) /n? < BW(B,)/n.

Let us now establish the upper bound on the bisection
width of B,,. Let G = (V, E) be a graphg = (A4, A) a cut
of G andU C V. We say that/ is amenable w.r.tcut g if
the g can capture any number of nodesi6f(but not nec-
essarily any subset @f) from 0 to || without increasing
its capacity, i.e.{/ is amenable w.r.y in the graph if for
every 0< k < |U|thereis acuy’ = (A’ A’) s.t.:
LAV -U)=AN(V-=-U),
2. |A'N\U| =k, and
3.C(g') < Cly).

Lemma2.14 Letg = (A, A) be a cut ofG, U a set of
nodes and¥ = U [JN(U). ThenU is amenable w.rtg

in G iff U7 is amenable w.ry |y 2 (AW, AN W)inthe
subgraph of7 induced by,

Lemmaz2.15Letn > 2, U be a connected component
of B,[Llogn — 1] and g = (A, A) a cut of B, st
LoON(U) C A and Lig, NN (U) C A. ThenU is
amenable w.r.tyg.

Lemma2.16 BW(B,)/n < 2BW(MOS; ;, M2)/j% +
4/j for anyj, a power of 2, for all large enough.

2.2 The bisection width of the mesh of stars

In this subsection we show:

V2-1< BW(M(;fj’j’Mz) <V2-1+o0(1).

To this end, we use the symmetry of the grajtOJ5; ;
which causes the capacity of an ‘hongst’, A) cut to de-
pend only ory, |A () Ma|, and| A [ M3].

The real functiory (z, y) 2 z+y—min(1, 2zy), defined
on the closed domai = {{(z,y): 0< 2,y < 1land 1<
x + y}, is relevant taBW (M OS; ;, M) as demonstrated
by the next lemma.

Lemma2.17 Let j be an even integer angt, y) € D s.t.
z-jandy - j are integers. LeB3 be the set of cutg4, A)
of M OS; ; that bisectM, and satisfy.A [ M1| = z - j and
|[ANMs| =y - j. Thenf(z,y)j* = min{C(g) : g € B}.

Proof: Letg = (4, A) beacutinB s.t.C(g) is minimal.
The graphMOS; ; hasz(1 — y);j? monotonic paths (of
length two) leading fromt () My to A () M3, and(1—x)y;?
monotonic paths leading from () M; to A [ M3. Each of
these paths contributes one to the capacity. of

In addition, there are: - y - j2 monotonic paths from
AN Myto A M. Assume w.l.o.g. thatl—z)(1—y) <
zy. Sinceg bisectsMy, if 3 < zy then the middle node
of exactly(zy — %)j2 of these paths is inl. Each of these
nodes contribute two to the capacity @f Otherwise, if
ry < % then these paths contribute nothing to the capacity
of g. Since(1—z)(1—y) < xy, there are at mogt/2 paths
from A () My to A M3, and hence these paths contribute
nothing to the capacity of.

In summary,C'(g)/j? r(1—y)+ (1—-2)y+

maxzy — %,O) =z+y—2zy+ max2zy — 1,0) =

r4+y+max—1,—2xy) = x+y—min(1, 2zy) = f(x,y).

Lemma 2.18 The functionf = « + y — min(1, 2xy)
continuous in the domai® = {{z,y) : 0 < z,y <

landl< z+y},andf (\ﬂ \[) V2—1lisa(global)

minimum off.

o U

Lemma 2.19 For an even integey:

V2—1< BW(MOS;;, M2)/j? < V2~ 1+ o(1).

Proof: Letg = (A, A) be a cut ofM O.5; ; that bisects
My, such that”(g) is minimal. Assume, w.l.0.g., thgt <
|AN(M1|J M3)|. (Otherwise, swapi and A.) Letz =
|[AN My|/j andy = |A () M3|/j. Clearly,(z,y) € D.

The first inequalityy/2 — 1 < BW(MOS; ;, M)/ 52,
follows from Lemmas 2.17 and 2.18 and the fact tfat- 1
is irrational.



The second inequality3 W (M OS; ;, M3)/j2 < /2 —
1+ o(1), follows from the same two lemmas and the fact
that, asj goes to infinity,f(z, y) converges to the minimal
value of f. |

Lemmas 2.13, 2.16 and 2.19 imply:
Theorem 2.20For 1 < n,
2(vV2—1n < BW(B,) < 2(v2— 1)n + o(n).

3 Expansion of W, and B,

Complete proofs for the theorems in this section can be

found in [7].

Thedown-tre€rl, is ann-leaf complete binary tree rooted
at nodeu of W,,. Let nodeu be in leveli of W,,. Tree’l,
is a subgraph of¥,, such that thg” level of 7}, consists
of nodes in leveli + j) mod logn of 1¥,. Note that the
leaves off,, also belong to level of 1W/,,. Theup-treeT}, is
defined in a similar fashion.

Lemma 3.1 The edge-expansion functiéi (17, , k) is at
most(4 + o(1))k/logk, for1 < k < N.

Proof: Let A be a sub-butterfly ofV/,, with & nodes. Each
level of the sub-butterflyd has(1 + o(1))k/logk nodes.
Each input and output node of sub-butterdlyras two inci-
dent edges that belong to qut, A). Thus, the total number
of edges in cut(A4, A) is (4 + o(1))k/logk. Therefore,
EE(W,, k) < (44 0(1))k/logk. O

Lemma 3.2 The edge-expansion functiéi (17, , k) is at
least(4+ o(1))k/logk, for k = o(n).
Proof: Let A beanyset ofk = o(n) nodes of¥,,. To prove

are at most 2 edges notin cufA, A) that retain credit from
nodeu, and each such edge retain®®97+1 = 1/(2n)
units of credit fromu. Thus the amount of credit from node
u € A that is retained by edges in ¢ut A) is at least
1—2k/2n = 1— k/n. Since there aré nodes in4, the
total units of credit retained by the edges in ¢4t A) is at
least

K (1_ %) — (1+ o(L)k,

sincek = o(n). _

Next, we show that each edge in ¢ut, A) retains a total
of at most(|log 4| + 1)/4 units of credit. Letw, w) be a cut
edge suchthat € A andw € A. Withoutloss of generality,
let nodess andw be in levels and(: + 1) mod logn of W,
respectively. Lefl’ be the up-tree rooted at node The
cut edge(v, w) retains the most number of credits wradh
the & nodes inA are placed in the firstlogk| + 1 levels
of treeT as close ta as possible, i.e., when all nodes in
levels 0 throughlog # | — 1 and some nodes in levdbg & |
of treeT) are inA. Since eacmodeu € A at levelj of
treeT! contributes 12712 credits to cut edgév, w), and
since there are’2nodes in leve}j of treeT},, the total units
of credit retained by cut edge, w) is at most

Y 1\ [logk|+1
22 ) T 4

It follows from Equations 1 and 2 that the number of
edgesincutA, A) is at least

1)

[logk]

2

Jj=0

(2)

the lemma, we use a credit distribution scheme to show that

C(A,A) is at least(4 + o(1))k/logk. Each node: € A
distributes 1 unit of credit to edges in out, A) using the
following procedure. Let,, be the down-tree rooted at node
u. Furthermore, let the edges 6f be directed from root
to leaf. Nodeu passes A2 unit of credit down the tre&,,

using an iterative procedure. First, the two outgoing edgese(k/ logk)

of w in treeT,, receive ¥4 units of credit each. lteratively,
each tree edg@, w) does one of the following. If tree edge
(v,w) is an edge in cutd, A) or if w is a leaf ofT;,, edge
(v,w) retainsall the credit it received. Otherwise, edge
(v, w) retains none of the credit ieceived and passes half

the credit it received to each of the two outgoing tree edges

of w. In a similar fashion, node distributes ¥2 unit of
credit via the up-tre&}, rooted atu.

— 4

C(AA) > (1+0(1)k - Tlogh] + 1 =(4+ o(1))i

logk
O
Theorem 3.3 The node-expansion functiohz (1, , k) is

Theorem 3.4 The edge-expansion functidh®(B,, k) is
(24 0(1))k/ logk, whenk = o(y/n).

Theorem 3.5 The node-expansion functiohE (B, , k) is
O(k/logk).

The lower bound oz E(1V,,, k) cannot be extended to
hold for all values of: up toN/2 because fok = N/2, the

We bound the total amount of credit retained by the edgesvalue of the expansion function cannotegd the bisection

incut(A, A) as follows. Each node € A distributes 1 unit

of credit, of which some portion is retained by edgesincut n = (1 + o(1))N/logN.

(A, A) and the rest is retained by edges w) such that
w € Als aleaf ofT,, or T),. If an edge(v, w) not in cut
(A, A) retains credit from node then there is a path of
length logr from nodeu to w such that every node in the
pathbelongstel. Note thata node may appear as aleafin
bothT,, andT},. Sincethereareatmadshodess € A, there

width of W,,, which we showed in [7] to b&W (V) =
Hence FE(W,,N/2) <
BW(W,) = (2+0(1))(N/2)/log(N/2), which is smaller
than our bound fork = o(n) by a factor of about 2.
For larger values oftc, however, we can use the tech-
nigue of embeddingyy into W,,, which gives a bound
of EE(W,, k) Q(k/logn). For k = n, for any
fixed ¢ > 0, this lower bound iQ(k/logk). Hence,



for all values ofk, EE(W,,k) = O(k/logk).

Our

bounds forN E(W,,, k) are not as tight. We show that
(14 o(1))k/logk < NE(W,,k) < (34 o(1))k/logk,

for k = o(n).

For larger values of we can again use

the technique of embeddingx into W,,, which yields
NE(W,, k) = ©(k/logk) over the whole range df. A
similar argument shows that the lower bound®h( B, , k)
cannot be extended to hold for all valueskotip to N/2,
but that for all values ok, EE(B,, k) = ©(k/logk). Our
bounds forN E(B,, k) are not as tight, but we can show
that N E(W,, k) = ©(k/logk) over the whole range df.
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