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This paper proves tight bounds on the bisection width
and expansion of butterfly networks with and without
wraparound. Previously it was known that the bisection width of an n-input butterfly with wraparound is n.
Wepshow that without wraparound, the bisection width is
2( 2 , 1)n + o(n)  :82n. This result is surprising because it contradicts the prior “folklore” belief that the bisection width is n in both cases. We also show that for every
set A of k nodes in a butterfly with wraparound there are at
least (4 + o(1))k= log k edges from A to Ā, provided that
k = o(n).
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Introduction
Figure 1. A 32-node butterfly network.

This paper analyzes the bisection width and expansion
of a network called a butterfly. This network has been
studied extensively and it, or one of its variants, has served
as the routing network in several parallel computers and
ATM switches. Surprisingly, however, the precise values
of the butterfly’s bisection width and expansion were not
previously known. This paper proves tight upper and lower
bounds on these parameters.
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1.1

The butterfly and cube-connected cycles networks

Throughout this paper, we use the following terminology
to describe butterfly networks. The (log n)-dimensional
butterfly Bn has N = n(log n + 1) nodes arranged in log n +
1 levels of n nodes each. (All logarithms in this paper are
base 2.) Each node has a distinct label hw; ii where i is
the level of the node (0  i  log n) and w is a log n-bit
binary number that denotes the column of the node. All
nodes of the form hw; ii, 0  i  log n, are said to belong
to column w. Similarly, the ith level Li consists of all of
the nodes hw; ii, where w ranges over all log n-bit binary
numbers. Two nodes hw; ii and hw0 ; i0i are linked by an
edge if i0 = i + 1 and either w and w0 are identical or w
and w0 differ only in the bit in position i0 . (The bit positions
are numbered 1 through log n, the most significant bit being
numbered 1.) The edges in the network are undirected. The
nodes on level 0 are called the input nodes or just inputs
of the network, and the nodes on level log n are called the
output nodes or just outputs. A 32-node butterfly network
is shown in Figure 1.
Sometimes the level 0 and log n nodes in each column
are assumed to be the same node. In this case, the butterfly

is said to wrap around. We use Wn to denote the (log n)dimensional butterfly with wraparound. This network has
n log n nodes.
A number of properties of butterfly networks were known
prior to this work. For example, it is not difficult to show
that the diameter of Bn is 2 log n, and the diameter of Wn
is b(3 log n)=2c, where the diameter of a network is the
maximum, over all pairs of nodes u and v, of the length, in
terms of edges, of the shortest path between u and v. Also,
the VLSI layout area of Bn is (1  o(1))n2 [3] and the layout
area of Wn is Θ(n2 ). Furthermore, the three-dimensional
layout volumes of Bn and Wn are Θ(n3=2 ) [14].
A network closely related to the butterfly is the cubeconnected cycles [8, 21]. A log n-dimensional cubeconnected cycles network CCCn consists of n cycles, each
containing log n nodes. Each cycle has a distinct log nbit label, and within a cycle each node is labeled with its
position, a number between 1 and log n, inclusive. Taken
together, these labels give each node a distinct label hw; ii,
where w is the label of its cycle, and i is its position in the
cycle. Two nodes in different cycles are connected by an
edge if and only if they share the same position i within their
respective cycles, and their cycle labels differ only in the bit
in position i. I.e., two nodes hw; ii and hw0 ; ii are connected
if w and w0 differ in bit position i.

1.2

in order to solve the problem. In each case, I=BW (G) is a
lower bound on the time, T , to solve the problem.
The bisection width of a network also gives a lower bound
on the VLSI layout area, A, of a network G. In particular,
Thompson proved that A  (BW (G))2 [24]. Combining
this inequality with the inequality T 2  (I=BW (G))2 for
any particular problem yields the so-called “AT 2 ” bound
AT 2  Ω(I 2 ). (See [24].)

1.3

Expansion

The expansion of a network G is defined as follows. The
edge expansion of a set S of nodes is C (S; S̄ ). We define
the edge-expansion function EE (G; k) of the network to be

EE (G; k) = S :min
C (S; S̄ )
jS j=k
for 1  k  N . The set of neighbors N (S ) of a set S are
the nodes in S̄ that are adjacent to nodes in S , i.e.,

N (S ) = fv 2 S̄ j 9u 2 S; (u; v) 2 E g:
The node expansion of a set S is jN (S )j. We say that a
network G has node-expansion function NE (G; k) if, for
1  k  N,
NE (G; k) = S :min
N (S ):
jS j=k

Bisection width

The expansion of a network G is an indicator of the speed
at which information can disseminate in G. In particular, if
each node in a set of k nodes holds a small piece of information, they can increase the number of nodes holding the
information to k + NE (G; k) in a single step. Several loadbalacing algorithms exploiting this property are reported in
[9]. The expansion function can also be used to compare the
computational powers of different networks. In particular,
a difference in the expansion functions of a guest network
and a host network has been used to prove lower bounds on
the inefficiency of any emulation of the guest by the host
[12, 22]. Finally, we observe that the only N -node boundeddegree networks known to be capable of routing and sorting
deterministically in O(log N ) time are those that incorporate some form of expansion (i.e., expansion functions of
the form NE (G; k)  (1 + )k, for some fixed  > 0) into
their structures [1, 2, 15, 16, 26].

The bisection width of an N -node network G = (V; E )
is defined as follows. A cut (S; S̄ ) of G is a partition of
its nodes into two sets S and S̄ , where S̄ = V , S . The
capacity of a cut, C (S; S̄ ), is the number of (undirected)
edges with one endpoint in S and the other in S̄ . A bisection
of a network is a cut (S; S̄ ) such that jS j  dN=2e and
jS̄ j  dN=2e. The bisection width BW (G) is the minimum,
over all bisections (S; S̄ ), of C (S; S̄ ). In other words, the
bisection width is the minimum number of edges that must
be removed in order to partition the nodes into two sets of
equal cardinality (to within one node).
The bisection width of a network is an important indicator
of its power as a communications network. As an example,
suppose that an N -node network G is used to route messages between the processors in a general-purpose parallel
computer, with one processor attached to each node. If each
processor sends a message to another processor chosen at
random, then the expected number of messages that cross
the bisection is N=2. Assuming that each edge of the network can transmit one message in one time step, the time
required by the network to route the messages is at least
N=2BW (G). Hence, the smaller the bisection width, the
longer it will take to route these messages. In addition to this
example, there are a large number of problems for which it
is possible to prove some lower bound, I , on the number of
messages that must cross a bisection of a parallel machine

1.4

Lower bounds based on embeddings

Lower bounds on the bisection width and expansion of an

N -node network H can often be proved by embedding the
complete graph G = KN into H . In general, an embedding
of a guest network G into a host network H is a mapping
that maps nodes of G to nodes of H and edges of G to
paths in H . The load l of an embedding is the maximum
number of nodes of G mapped to any one node of H . The
2

with the ith node on level log n node of Bn0 . The nodes on
level 0 of Bn are called the input nodes of the Beneš network, and the nodes on level 0 of Bn0 are called the output
nodes. Typically each input node is viewed as having two
input ports (i.e., connections for edges), and each output
node is viewed as having two output ports. The Beneš network is called rearrangeable because it is possible to route
edge-disjoint paths between its 2n-input ports and 2n-output
ports in any permutation [5, 6, 27].
In addition to the cube-connected cycles and Beneš networks, the butterfly has been shown to be closely related
to the hypercube and other bounded-degree variants of the
hypercube, including the shuffle-exchange network and the
de Bruijn network. For example, it is not difficult to prove
that an N -node butterfly network can be embedded in an
N -node hypercube with constant load, congestion, and dilation. In fact, Greenberg, Heath, and Rosenberg [11] proved
that, for some sizes of N , the butterfly network is a subgraph of the hypercube. Also, Schwabe [23] showed that
an N -node butterfly network can emulate T steps of any
computation of an N -node shuffle-exchange network (or de
Bruijn network) in O(T ) steps, and vice versa.
More information about the structural and algorithmic
properties of butterflies can be found in the book by Leighton
[13]. Some of the parallel computers that use butterfly
networks or its variants are described in [4, 10, 18, 19, 20].
The butterfly network and its variants are also used as routing
networks in modern ATM switches [25].

congestion c of the embedding is the maximum number of
paths (corresponding to edges in G) that cross any one edge
of H . The dilation d of an embedding is the length of the
longest path. In proving lower bounds on bisection width
and expansion, the embedding typically has load one, and
routes the same number of paths, c, across each edge of H .
Given an embedding of KN into H with load one and
congestion c, a lower bound on BW (H ) is computed as
follows. Let (A; Ā) be a bisection of H with capacity
C (A; Ā) = BW (H ). Then removing the edges from KN
whose paths cross (A; Ā) yields a bisection of KN with capacity at most c  BW (H ). Since BW (KN ) = N 2 =4, we
have c  BW (H )  N 2 =4, and hence BW (H )  N 2 =4c.
This approach readily yields Ω(n) lower bounds on the bisection widths of Bn and Wn , but without the right leading
constants.
The same technique can be used to prove lower bounds on
the edge expansion of a graph. Suppose that KN is embedded in H with load one and congestion c. Let A be any set of
k nodes in H . For each of the EE (KN ; k) edges leading out
of the corresponding set in KN , a path must be routed out
of A in H . Thus, we must have c  C (A; Ā)  EE (KN ; k).
Since the edge expansion of KN is EE (KN ; k) = k(N ,k),
we have C (A; Ā)  k(N , k)=c. Since A was an arbitrary
set of k nodes, EE (KN ; k)  k(N , k)=c. For k  N=2,
EE (KN ; k)  kN=2, which gives EE (H; k)  kN=2c.
Prior to this work some bounds on BW (Bn) were known,
and BW (Wn ) had been analyzed exactly. It is not difficult
to show that BW (Bn )  n and BW (Wn )  n: partition the columns into those whose numbers start with a 0
and those that start with a 1. Similarly, BW (CCCn) 
n=2. For the cube-connected cycles network, Manabe,
Hagihara, and Tokura [17] proved the converse, namely
BW (CCCn)  n=2. The same approach can be used to
show that BW (Wn )  n. Hence BW (CCCn) = n=2 and
BW (Wn ) = n. Since these results appear only in Japanese,
we present original proofs in [7], but for the sake of brevity
omit them here. Prior to this work, BW (Bn ) was known to
be at least n=2. This lower bound is proved by embedding
the graph 2KN into Bn , where 2KN is a variant of the complete graph in which any two nodes are connected by two parallel edges. There is an embedding of 2KN = 2Kn(log n+1)
into Bn with load 1 and congestion n(log n + 1)2 . Since
BW (2Kn(log n+1)) = (n(log n + 1))2 =2, BW (Bn )  n=2.
These embeddings also imply that the edge expansion
functions of Bn and Wn satisfy EE (Bn ; k) = Ω(k= log n)
and EE (Wn ; k) = Ω(k= log n), for k  N=2.

1.5

1.6

Our results

We begin in Section 2 by proving that the bisection width
of thepn-input butterfly network without wraparound, Bn ,
is (2( 2 , 1) + o(1))n. We show how to construct such a
bisection and prove that no bisection is smaller. This result
is surprising, because it contradicts the prior folklore belief
that the bisection width was n. In Section 3 we give upper
and lower bounds on the edge- and node-expansion functions
of Wn and Bn . We show, for example, that for every set A
of k nodes in Wn there are at least (4 + o(1))k= log k edges
from A to Ā, provided that k = o(n).

2

The bisection width of the butterfly

In this section we show that p
the bisection width of the
butterfly,
BW
(
B
)
,
satisfies:
2
(
2 , 1)n < BW (Bn ) 
n
p
2( 2 , 1)n + o(n).
We reach this result as follows. We begin by introducing
a highly symmetric graph, the mesh of stars, and an embedding of the butterfly into this graph. We use the embedding
and the (as of yet unknown) bisection width of the mesh of
stars to establish tight lower and upper bounds on BW (Bn ).
We conclude by computing the bisection width of the mesh
of stars.

Related networks

Another network closely related to the butterfly is the
Beneš network. A log n-dimensional Beneš network consists of two back-to-back log n-dimensional butterflies Bn
and Bn0 , where the ith node on level log n of Bn is identified
3

Henceforth, let n always be a power of 2. What follows
is a list of properties of the butterfly that we use in our
constructions; most of these properties are well known and
are given with no proof.

Proof: Let B 0 be a connected component of Bn [i; log n],
and let B 00 be the other connected component of Bn [i; log n]
such that N (B 00 ) = N (B 0 ). Moreover, let G be the graph
induced in Bn by B 0 [ B 00 [ N (B 0 ). G is isomorphic to
Bn=2i,1 , and by Lemma 2.8 B 0 [ B 00 is compact in Bn=2i,1 ,
and thus by Lemmas 2.6 and 2.7, B 0 and B 00 are also compact
in Bn .

Lemma 2.1 There is an automorphism of Bn (i.e., an isomorphism of Bn to itself) that maps each level Li onto
Llog n,i.

Lemma 2.10 Let 0  i  log n, 0  j and k = n2j . Then
there is an embedding  of Bk into Bn s.t.:
1. The dilation of the embedding is 1.
2. The congestion of any edge is exactly 2j .
3.  maps Bk [0; i , 1] on Bn [0; i , 1] with uniform load of
2j .
4.  maps Bk [i + 1 + j; log n + j ] on Bn [i + 1; log n] with
uniform load of 2j .
5. For each l 2 [i; i + j ],  maps exactly 2j nodes of the
l–th level of Bk on each node of the i–th level of Bn .

Lemma 2.2 Let v and v0 be two nodes on the same level
of Bn . Then there is a level-preserving automorphism  of
Bn s.t. (v) = v0 . Moreover, let v,u and v0 ,u0 be two
edges of Bn s.t. v and v0 are on the same level and u and
u0 are on the same level. Then there is a level-preserving
automorphism  of Bn s.t. (v) = v0 and (u) = u0.
Let p be a path in a graph G whose nodes have been
partitioned into levels. We call p monotonic if p visits any
level at most once.

Lemma 2.3 Let v and u be nodes of Bn , v 2 L0 and
u 2 Llog n . Then there is exactly one monotonic path linking
v and u.

2.1

The j  k mesh of stars, denoted MOSj;k , is the graph
obtained from the complete bipartite graph Kj;k by replacing each edge with a path of length two. This graph has
three levels that we refer to as M1 (with j nodes), M2 (with
jk nodes), and M3 (with k nodes).
Let G = (V; E ) be a graph, let g = (A; A) be a cut of
G, Tand let U beT a subset of
V . We say that g bisects U if
jA U j  jA U j  jA T U j + 1. The U –bisection width
of G is defined by:

For 0  i  j  log n, let Bn [i; j ] denote the subgraph
of Bn induced by levels Li ; Li+1 ;    ; Lj .

Lemma 2.4 Let 0  i  j  log n. Then Bn [i; j ] has
n=2j ,i connected components; each component is isomorphic to B2j,i ; and the k–th level of each component is a
subset of the (i + k)–th level of Bn .

Lemma 2.5 Let n > 1. Then there is a partition of L0 , the
first level of Bn , into two disjoint sets, I and O, each of
cardinality n=2 s.t. if we assign two distinct “input ports”
to each node of I and two distinct “output ports” to each
node of O then the resulting network is rearrangeable. That
is, for any bijection of the input ports to the output ports
there is a set of n edge-disjoint paths that link each input
port with its image output port.

BW (G; U ) = minfC (g) : g is a cut of G that bisects U g:
In this section we show that
2BW (MOSn;n; M2 )

 BWn(Bn )

n
f (n);f (n) ; M2 )
 2BW (MOS
+ o(1)
f (n)2
for some function f s.t. limn!1 f (n) = 1. Later we will
2

We say that a subset of nodes U is compact in G if for any
given cut of G we can move all of U to one side of the cut
without increasing its capacity. Formally, let G = hV; E i
be a graph and U  V . Then U is compact in G if for any
cut of G g = (A; A), there is another cut g0 = (A0 ; A0) s.t.:
0
1. either
 A0 ,
T U  A or U0 T
2. A (V , U ) = A (V , U ), and
3. C (g0 )  C (g).

compute the bisection width of the mesh of stars, which will
give us lower and upper bounds on BW (Bn )
We establish both bounds on BW (Bn ) via the following
embedding of butterflies into meshes of stars.
Lemma 2.11 Let j; k > 1, and suppose jk divides n. Then
there is an embedding  of Bn into MOSj;k s.t.:
1. The dilation of the embedding is 1.
2. The congestion of any edge is exactly 2n=jk.
3.  maps the first log k levels of Bn onto M1 with uniform
load.
4.  maps the last log j levels of Bn onto M3 with uniform
load.
5.  maps the other nodes of Bn onto M2 with uniform load.
Moreover, if jk = n then ,1 (fvg) is compact for any node
v of MOSj;k , and the load of any node of M2 is 1.

Lemma 2.6 U is compactSin G if U is compact in the subgraph of G induced by U N (U ).

Lemma 2.7 Let U be a compact set of nodes of a graph G.
Then every connected component induced in G by U is also
compact.
Lemma 2.8 Bn [1; log n] is compact in Bn = Bn [0; log n].
Lemma 2.9 Each connected component of
compact in Bn , 1  i  log n

Reducing the butterfly to a mesh of stars

Bn [i; log n] is

4

Lemma 2.16 BW (Bn )=n  2BW (MOSj;j ; M2 )=j 2
4=j for any j , a power of 2, for all large enough n.

First, let us establish the lower bound on the bisection
width of Bn in terms of BW (MOSn;n ; M2 ).
Lemma 2.12 Let n > 1. Then:
1. There is an i s.t. 0  i  log n and
BW (Bn ).
2. BW (Bn2 ; Llog n)=n2  BW (Bn )=n.

2.2

BW (Bn ; Li ) 

The bisection width of the mesh of stars

In this subsection we show:

BW (MOSj;j ; M2)  p2 , 1 + o(1):
j2
To this end, we use the symmetry of the graph MOSj;j
which causes the capacity
of an ‘honest’
(A; A) cut to deT
T
pend only on j; jA M1 j, and jA M3 j.
4
The real function f (x; y) = x + y , min(1; 2xy), defined
on the closed domain D = fhx; yi : 0  x; y  1 and 1 
x + yg, is relevant to BW (MOSj;j ; M2) as demonstrated

p

2,1 <

Proof: To establish (1), let g = (A; A) be a bisection of Bn s.t. C (g) =T BW (Bn ). Assume, without loss
of generality,
that jA L0 j T
 n=2. Then there is an i
T
0
0 0
s.t. jA Li j  n=2  jA Li+1 j. Let
T g = (A ; A )
0
0
be aTcut of Bn s.t. C
(g )  C (g ), jA
Li j  n=2 
jA0 Li+1 j and jA0 T Li+1 j , jA0 T Li j is minimal. (g0
does not necessarily bisect Bn .) We establish (1) by
showing that g0 bisects
T either Li or Li+T1 . Assume otherwise. Since jA0 Li j < n=2 < jA0 Li+1 j, there is
0
0
a 4–cycle, v,Tu,v0 ,u0,v, with
T v; v 0 2 Li and u; u 2
0
0
0
Li+T
fv; v gj < jA fu; u gj. Hence, either
1 s.t. jA
jA0 fv; v0 gj = 0 or jA0 Tfu; u0gj = 2. In both cases we
0
0
can modify g0 by moving
T a single node
T from A to A or vice
0
0
versa to reduce jA Li+1 j , jA Li j without increasing
the capacity. A contradiction.
To prove (2), let BW (Bn ; Li )  BW (Bn ) and let
g = (A; A) be a cut of Bn that bisects Li and C (g) =
BW (Bn ; Li). Apply Lemma 2.10 with j = log n and
k = n2 . Let  be the embedding of Bn2 into Bn given by
this lemma. Define a cut of Bn2 by g0 = (,1 (A); ,1 (A)).
Since the congestion of each edge of Bn is exactly n, C (g) 
n = C (G0), and hence C (g0)=n2 = C (g)=n. Since g bisects the i–th level of Bn and log n 2 [i; i + log n], g0 bisects
the (log n)–th level of Bn2 . Hence, BW (Bn2 ; Llog n )=n2 
C (g0 )=n2 = C (g)=n = BW (Bn ; Li )  BW (Bn )=n.

by the next lemma.
Lemma 2.17 Let j be an even integer and hx; yi 2 D s.t.
x  j and y  j are integers. Let B be theTset of cuts (A; A)
of MOS
M1 j = x  j and
j;j that bisect M2 and satisfy jA
jA T M3 j = y  j . Then f (x; y)j 2 = minfC (g) : g 2 B g.
Proof: Let g = (A; A) be a cut in B s.t. C (g) is minimal.
The graph MOSj;j has xT
(1 , y )j 2 monotonic paths (of
T
length two) leading from A M1T
to A M3 ,T
and (1 , x)yj 2
monotonic paths leading from A M1 to A M3 . Each of
these paths contributes one to the capacity of g.
2
TIn addition,T there are x  y  j monotonic paths from
A M1 to A M3 . Assume w.l.o.g. that (1 , x)(1 , y) <
xy. Since g bisects M2 , if 12 < xy then the middle node
of exactly (xy , 12 )j 2 of these paths is in A. Each of these
nodes contribute two to the capacity of g. Otherwise, if
xy  12 , then these paths contribute nothing to the capacity
2
of g. Since
T (1 , x)(1T, y) < xy, there are at most j =2 paths
from A M1 to A M3 , and hence these paths contribute
nothing to the capacity of g.
In summary, C (g)=j 2 = x(1 , y) + (1 , x)y +
2 max(xy , 12 ; 0) = x + y , 2xy + max(2xy , 1; 0) =
x + y + max(,1; ,2xy) = x + y , min(1; 2xy) = f (x; y).

Lemma 2.13 2BW (MOSn;n; M2 )=n2  BW (Bn )=n.
Let us now establish the upper bound on the bisection
width of Bn . Let G = hV; E i be a graph, g = (A; A) a cut
of G and U  V . We say that U is amenable w.r.t. cut g if
the g can capture any number of nodes of U (but not necessarily any subset of U ) from 0 to jU j without increasing
its capacity, i.e., U is amenable w.r.t. g in the graph G if for
0
0 0
everyT0  k  jU j there
T is a cut g = (A ; A ) s.t.:
0
1. A T
(V , U ) = A
(V , U ),
2. jA0 U j = k, and
3. C (g0 )  C (g).

x + y , min(1; 2xy) is
q fh
 x; ypi : 0  x; y 
1
1
2 , 1 is a (global)
2;
2 =

Lemma 2.18 The function f
continuous in the domain
qD
1 and 1  x + yg, and f
minimum of f .

=

=

Lemma 2.19 For an even integer j :

p

p

2 , 1 < BW (MOSj;j ; M2 )=j 2  2 , 1 + o(1):
Proof: Let g = (A; A) be a cut of MOSj;j that bisects
M2Tsuch that
C (g) is minimal. Assume, w.l.o.g., that j 
jA T(M1 S M3)j. (Otherwise,
swap A and A.) Let x =
T
jA M1 j=j and y = jAp M3 j=j . Clearly, hx; yi 2 D.
The first inequality, 2 , 1 < BW (MOSj;j ; Mp2 )=j 2 ,
follows from Lemmas 2.17 and 2.18 and the fact that 2 , 1
is irrational.

Lemma 2.14 Let g S= (A; A) be a cut of G, U a set of
nodes and W = U N (U ). Then U is amenable w.r.t. g
in G iff U is amenable w.r.t. gjW
subgraph of G induced by W .

+

4 A T W; A T W ) in the

=(

Lemma 2.15 Let n > 2, U be a connected component
of T
Bn [1; log n , 1] and g = (A; A) a cut of Bn s.t.
L0 N (U )  A and Llog n T N (U )  A. Then U is
amenable w.r.t. g.
5

p

The second inequality, BW (MOSj;j ; M2 )=j 2  2 ,
1 + o(1), follows from the same two lemmas and the fact
that, as j goes to infinity, f (x; y) converges to the minimal
value of f .
Lemmas 2.13, 2.16 and 2.19 imply:
Theorem
p 2.20 For 1 < n,
p
2( 2 , 1)n < BW (Bn )  2( 2 , 1)n + o(n).

3

are at most 2k edges not in cut (A; Ā) that retain credit from
node u, and each such edge retains 1=2log n+1 = 1=(2n)
units of credit from u. Thus the amount of credit from node
u 2 A that is retained by edges in cut(A; Ā) is at least
1 , 2k=2n = 1 , k=n. Since there are k nodes in A, the
total units of credit retained by the edges in cut (A; Ā) is at
least



k

Expansion of Wn and Bn

1,

k
n

o

= (1 + (1))

k;

(1)

since k = o(n).
Next, we show that each edge in cut (A; Ā) retains a total
of at most (blog kc + 1)=4 units of credit. Let (v; w) be a cut
edge such that v 2 A and w 2 Ā. Without loss of generality,
let nodes v and w be in levels i and (i + 1) mod log n of Wn
respectively. Let Tv0 be the up-tree rooted at node v. The
cut edge (v; w) retains the most number of credits when all
the k nodes in A are placed in the first blog kc + 1 levels
of tree Tv0 as close to v as possible, i.e., when all nodes in
levels 0 through blog kc, 1 and some nodes in level blog kc
of tree Tv0 are in A. Since each node u 2 A at level j of
tree Tv0 contributes 1=2j +2 credits to cut edge (v; w), and
since there are 2j nodes in level j of tree Tu0 , the total units
of credit retained by cut edge (v; w) is at most

Complete proofs for the theorems in this section can be
found in [7].
The down-tree Tu is an n-leaf complete binary tree rooted
at node u of Wn . Let node u be in level i of Wn. Tree Tu
is a subgraph of Wn such that the j th level of Tu consists
of nodes in level (i + j ) mod log n of Wn . Note that the
leaves of Tu also belong to level i of Wn . The up-tree Tu0 is
defined in a similar fashion.
Lemma 3.1 The edge-expansion function EE (Wn ; k) is at
most (4 + o(1))k= log k; for 1  k  N .
Proof: Let A be a sub-butterfly of Wn with k nodes. Each
level of the sub-butterfly A has (1 + o(1))k= log k nodes.
Each input and output node of sub-butterfly A has two incident edges that belong to cut (A; Ā). Thus, the total number
of edges in cut (A; Ā) is (4 + o(1))k= log k. Therefore,
EE (Wn ; k)  (4 + o(1))k= log k.

blog
Xkc 

2

Lemma 3.2 The edge-expansion function EE (Wn ; k) is at
least (4 + o(1))k= log k, for k = o(n).
Proof: Let A be any set of k = o(n) nodes of Wn . To prove
the lemma, we use a credit distribution scheme to show that
C (A; Ā) is at least (4 + o(1))k= log k. Each node u 2 A
distributes 1 unit of credit to edges in cut (A; Ā) using the
following procedure. Let Tu be the down-tree rooted at node
u. Furthermore, let the edges of Tu be directed from root
to leaf. Node u passes 1=2 unit of credit down the tree Tu
using an iterative procedure. First, the two outgoing edges
of u in tree Tu receive 1=4 units of credit each. Iteratively,
each tree edge (v; w) does one of the following. If tree edge
(v; w ) is an edge in cut (A; Ā) or if w is a leaf of Tu , edge
(v; w ) retains all the credit it received. Otherwise, edge
(v; w ) retains none of the credit it received and passes half
the credit it received to each of the two outgoing tree edges
of w. In a similar fashion, node u distributes 1=2 unit of
credit via the up-tree Tu0 rooted at u.
We bound the total amount of credit retained by the edges
in cut (A; Ā) as follows. Each node u 2 A distributes 1 unit
of credit, of which some portion is retained by edges in cut
(A; Ā) and the rest is retained by edges (v; w ) such that
w 2 A is a leaf of Tu or Tu0 . If an edge (v; w) not in cut
(A; Ā) retains credit from node u then there is a path of
length log n from node u to w such that every node in the
path belongs to A. Note that a node w may appear as a leaf in
both Tu and Tu0 . Since there are at most k nodes w 2 A, there

j =0

j

 2 j +2
1


=

blog kc + 1
4

(2)

It follows from Equations 1 and 2 that the number of
edges in cut (A; Ā) is at least

C (A; Ā)  (1 + o(1))k  blog k4c + 1 = (4 + o(1)) logk k
Theorem 3.3 The node-expansion function NE (Wn ; k) is
Θ(k= log k).
Theorem 3.4 The edge-expansion
p function
(2 + o(1))k= log k; when k = o( n).

EE (Bn ; k) is

Theorem 3.5 The node-expansion function NE (Bn ; k) is
Θ(k= log k).
The lower bound on EE (Wn ; k) cannot be extended to
hold for all values of k up to N=2 because for k = N=2, the
value of the expansion function cannot exceed the bisection
width of Wn , which we showed in [7] to be BW (Wn ) =
n = (1 + o(1))N= log N . Hence EE (Wn ; N=2) 
BW (Wn ) = (2 + o(1))(N=2)= log(N=2), which is smaller
than our bound for k = o(n) by a factor of about 2.
For larger values of k, however, we can use the technique of embedding KN into Wn , which gives a bound
of EE (Wn ; k) = Ω(k= log n). For k = n , for any
fixed  > 0, this lower bound is Ω(k= log k). Hence,
6

for all values of k, EE (Wn ; k) = Θ(k= log k). Our
bounds for NE (Wn ; k) are not as tight. We show that
(1 + o(1))k= log k  NE (Wn ; k )  (3 + o(1))k= log k ,
for k = o(n). For larger values of k we can again use
the technique of embedding KN into Wn, which yields
NE (Wn ; k) = Θ(k= log k) over the whole range of k. A
similar argument shows that the lower bound on EE (Bn ; k)
cannot be extended to hold for all values of k up to N=2,
but that for all values of k, EE (Bn ; k) = Θ(k= log k). Our
bounds for NE (Bn ; k) are not as tight, but we can show
that NE (Wn ; k) = Θ(k= log k) over the whole range of k.
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