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Abstract indices I, I, ..., k, numbered successively from the

Loop interchange is a powerful restructuring technique outermost to the innermost loop, ardiy, iz, ...,ig) be an
for supporting vectorization and parallelization. In this iteration vector, we usedi$¢S(y, iz, ...,iq) to indicate the
paper, we propose a technique which is better to execution of S during the particular iteration step while
determine whether loops can be interchanged between twd:i=i1, 12=i2, ..., k=ig and call it the instance of S associated
non-adjacent |Oops_ We also present a method forwith i. The set of all iteration vectors of S is referred to the
determining whether we can directly make loop €xecution index set of S, denoted by [S]dAested loop
interchange on an imperfectly nested loop. Someis said to be perfect if and only if the body of loop with
experimental results are also presented to show theindex kis exactly that with indexd; (1<k<d-1); otherwise
effectiveness. to be imperfect. Whenever we refer to nested loop in this
paper, perfect loop is meant unless otherwise stated. Based
on these notations, we have following definition:
Definition 1: Let S and T be two statements inl-aested
loop and (jj) O [S]X[T]. The distance vector afandj is
defined byu=j-i. The direction vectof of i andj is of

) i ) _ length d, and for all k & k <d) defined by
In converting serial programs into their parallel

Keywords:Direction vector, Imperfectly nested loop, Loop
interchange, Non-adjacent loop.

1. Introduction

equivalents, loops are especially important because they o<, if u >0
possess the greatest amount of potential parallelism in the _LUh. _
) . e, =0=", if u =0
program structure. Many loops, which reveal no explicit _
parallelism on the surface, can be finally parallelized or H >, if u, <0
vectorized after making use of appropriate loop m

transformations. Loop interchange is a kind of loop

transformation first proposed by Wolfe[15], which 2. Loop interchange for non-adjacent loops
permutes two adjacent levels of a nested loop so that the
outer loop becomes the inner loop and vice versa. Itis a 1, geal with the interchange between two adjacent

powerful ~ restructuring  technique  for  supporting loops, there is a well-known result proposed by Wolfe:
vectorization and parallelization. Loop interchange can Lemrr;a 1[15]: If loops L and L are perfectly nested

also be used to reduce memory bank conflicts, enhanc oops, L containing L, the loops can be interchanged if
cache efficiency, and decrease the number of page faults in | | (;nly if there aré no two statements S and T (not

a virtual memory system. In addition, many other goals . C g . .
can be satisfied by using this technique. Loop interchangenecessarlly distinct) in 4 such that S3 T and their

T s (<.>).
[6,7,9,14,15,16,17] has been a powerful restructuringdlrecuon vector s (<,>) -

st_rategy in supercompiler desi_gn. _For these reasons, We ag for the interchange between two non-adjacent loops,
will proposed a technique which is easier to determine 5011 classified all possible direction vectors between

whether loops can be interchanged between two NoN%o0 arbitrary loops k and L, as safe or unsafe for loop
adjacent loops. Besides, since most studies of loop.

. . ! rinterchange:
interchange are restricted in perfectly nested loops, we will
also present a method to deal with imperfectly nested loops.
For easier explanation, we begin with some notations.
Let S be a statement enclosed ird-aested loop with



(i) SAFE (interchangeable) () Si(i) << S() = i<j and
(1) Sol i) <Skp) Siliwp) = Jiwp) <liwp) (r+1<k<psd)

Lk Lp
<g - < But jip < iykp) iS impossible, because the (r+1)th entry in
<= < = the direction vector is “<”. Thus, we must havgig )
=< - < <<kp) S ikpy)- This implies that we can find an Kk,
=< - such that <, j. That is:

(i) UNSAFE (uninterchangeable) 1=(0, s, b e, o o)
Lo L J=01  hens B dxens 00 Jo)

with iy < jx. Since inijpy andj . p), the components k and p

<0 > are switched (x<k<gd) and § < jy, their direction vector
== > will be of this form
K = e > D vee =

ez(:x-l,<,D‘ ’D(' e q)' ’Q), jSX<k
Here O denotes any choice of {<,=g2z#} and --- )
represents an indefinite continuation of the previous entry.ThIS completes the proof. -
Obviously, Allen's method already combined Wolfe's , L .
. . The first two direction vectors patterns can deal with
method, because Wolfe only discussed adjacent loop_ .. . .
adjacent loops, while the others treat non-adjacent loops.

interchange but Allen considered both adjacent and non- : : .
. After applying the maximum and minimum bounds
adjacent loops.

Although Allen poposed a powerful way to handle developed in the proof of Banerjeénequality[4,5,17], we

- : ._have the following theorem:
non-adjacent loop interchange, he as well as Wolfe, in ) -
dealing with adjacent loop interchange, only considers theTheorem L LetL_ = (L, LZ_’ ! Ld ) be perfectly qested
dependence directions between the loops to beIoops with loop m_dex variables, ii;, -+ ,ig respectively,
interchanged. This makes many legal loop interchangeSuch that L contains k., (Ist<d-1), § and $ be two
prevented. Therefore, we propose following lemma to helpStatéments enclosed in the perfectly nested lhopl$ S,
us determine whether two arbitrary levels in a perfectly @1d $ are of the form
nested loop can be interchanged directly. In this lemma, St Alf(iniz, )=
not only the dependence direction of the loops to be S,: C =AQ(inis, - 4ig) -
interchanged, but also that of prior loop is taken into
account. where all loop lower boundsand upper bounds (1<j<d)
Lemma 2: Let L=(Ly, Ly ... , Ly ),(d=3) be perfectly inL are constants, arfcandg are linear functions of loop
nested loops such that ¢ontains L, (1<t<d-1), S and $ index variables, i.e..f(iyiz =+ i) =a + Y & i and
be two statements enclosed in the perfectly nested loops. _ ) telsd
Then, I and L, (k<p) are interchangeable if the direction 9(iniz - i) =bo + 5 by ij, then there exists a legal

. . . 1<j<d
vector@ of S and $is one of the following types: loop interchange of loopland L, (k<p), if and only if one

{="<0- O G, e 0 Q) of the following inequalities, which correspond to the five
(=< <0 )} 2) patterns of direction vectors in Lemma 2 respectively,
(E<0= <0, 50 )} A3) ?10)Ids:
{= <0 00 W) (4) - S
- A_bA ._|A + A_bA | +[- . +b+ " _| -
(<0 - ,0=, 0 )} (5) Jgsr [-(&-by) (u-lj)+(@-Dy)liT+[-(are1 +Dre1) (Ursa-lrsa
where &r<k-2, O may be empty or any choice of D+ @rr1-Brea) e -braa]
{<,=><,2#}, and--- represents an indefinite continuation  + T @)U +Ha-b)l]
of the previous entry. r+2<jsd
|
<bg-ap<

Proof: We only prove case (1); the other cases are similar.
Let Ly denote a loop constructed by exchanging the 5 [(g-by)"(u-1j)+(@-0)lj]+[(@rea ~Brea) (Ursa-lrsa-

order of the do-control associated with loopsand Ly, I=jer

“<” denote the lexicographical order, and “<<” denote the 1)+(@r+1-Bre1)lre1-braa ]

standard execution order. If case (1) is not interchangeable, b 7Y (U] Y+ (a-b)

then we have: r+Eja [(& b )u-)+ ()]



(2)
}R [-(a-by) " (ui-1)+(&-by) 1]+ [-(aw +bi) (U l-1) + (-
I<)<k-1
b)l-b
+ 0y [EH )W)+ Eb)lI+-(ap +by) (Ul
k+1<j<p-1

1)+(ap' bp) I p” bp]
+ 5 (@ b))+l

pHig<d
<bg-ag<
2 [(a-bn) " (u-1)+ (&)1 1+{(a D) (Uil 1) + @
- blebd
* o2 L@ ED) (2 by (Ul
_ 1)+(ap-bp)l byl
PR CREpCHRCEN
@
2 [-(ay-0) (1) +(@-b)l+[-(a+h) (Uil 1) +Hae
- blebd
+ kﬂsz( . [-(ay-b) (Uil + @b+ (b (Ul
N 1)+@cblby
+ M;p_l [-(a -+ ) (uj-1) + (& -by)1]+[-(ap-bp) (U )+ (8-
bl
P INRCRUPCIDACN
<bg-ag<
s [(ay-by) " (uy1) +(&-by)T+[(a b (Uil 1)+
" bgleby
T s [(a-b))"(u-1)+(a-by) 11+ [(a -0 (U1 1) +ax
" bien)
i w;p_l [(ay"+0y7) (ui-1) +(@-b) 1+ [(35-1p) " (U )+ (3
bl
IR CREPICRMCE

In this case, if loop& andp are directly interchanged, all
dependences in levek of original code become the
dependences in levalof transformed code, whekax<p
[1].

(4)

Zk [-(a-by) " (u-1)+(@-b)1]+[-(8 ks1+bren) "(Ukra -l

I<)<
1)+(8kr1-bre1 Mie1-bis]
+ 5 @) (U)o I+ -(ap +bg) (Ul

k+2<j<p-1
1) + (ap' bp) I p~ bp]
+ 5 [(E ) (U +(a-by)l]

p+l<j<d
<bg-ap<
> [(ay-by) (1) + (@b T+(&a-bien) (Ui a1
1<)k
1)+ @+~ 1)l kr1-De]
+ 5 [ b))+ @)+ (@ ™-bp) (Ul -
k+2<j<p-1
1)+(@p-0p)lp-by]
+ 5 (&™) +H(a-b)l]
p+l<)=d
In this case, if loop& andp are directly interchanged, all
dependences in levgb of original code become the
dependences in levalof transformed code, whek&x<p

[1].

(5)
Zk [-(&-by) " (uy-1j)+ (@-by) ]+ [-(8 ks 1H0ice1) "(Ura-Tioa-

) 1)+ (@ 17D 1)l ke 1-Diea]
+ 5 [T () a0+ -(apop) (Ul +(ap-

k+2<j<p-1

be)lp)
"y [-(a™+by ") (u-1)+(a-0))1 ]
p+l<)<

<bg-ag<

]SZK [(ay-0)) " (u1)+ (@)1 1+ [(8 ke a-Brrs) " (Uea-lieen-
@b bl

r 3 @A) (e

bp)l ]
+ Y (&) () +a-b)l]

p+l<j=d
[ |
Proof. We only prove case (1); the other cases are similar.
After applying the maximum and minimum bounds
developed in the proof of Banerjednequality [4,5,17],
the lower bound of direction vectof is

> [(ab) (u-l)+(a-b)h]

I<<r

(1)

The lower bound of direction vector < is



-(a,-+1_+b,-+1)+(u,-+1 -l r+1 '1)
+(ar+1'br+l)|r+1'br+l (2)

The lower bound of direction vectoy.s, --- ,0} is

r+;jsd [-(aj_+bj+)(ul-lj)+(ai-bJ)IJ] (3)

Combining (1), (2) and (3), we can obtain the lower bound

of case (1). Similarly, the upper bound can be obtained.
[ |

3.Loop interchange for imperfectly nested
loops

The conventional method of loop interchange in dealing
with imperfectly nested loops is to convert them into
perfectly ones by loop distribution, then applies regular
loop interchange schemes. In this section, we will

proposed a method, by which we can determine whether

two loops can be interchanged or not in an imperfectly
nested loop as shown in Figure 1:

Lq: DO |=|| , Ui
Lo: DO J:h y Ui
S
Ls: DO Kzlk , Uk
S
ENDDOK
ENDDOJ
ENDDOI

Figure 1. A structure of imperfectly nested loop.

Let's consider the example in Figure 2, whose execution

order is shown in Figure 3(a). There is a true dependence

from S to S due to array A, since the value of A(i,j,j)
produced in &i,j) is used in i+1,j+1,j). This relation is
shown in Figure 3(b). The distance vector ¢fad S is
(1,1), and their direction vector is (<,<). In this casg, L

and Lz are interchangeable because the original data
dependence is preserved after loop interchange. This is

demonstrated in Figure 3(c). The resulting loop after loop
interchange is shown in Figure 4.

Ly DO I=1,2

L, DOJ=13

St A(,J,9)=B(1,J,J)+1

Lz DOK=13

Sy C(1,J,K)=A(-1,3-1,K)2
ENDDOK

ENDDOJ

ENDDOI

Figure 2. An example of true dependence in imperfectly
nested loop.

=1
S2(1,3,
2.%/3
& 12)
$039 51,2
o /522’2/
$(1,2.2)
S2(12, ! |
0%2 / &
.z S$(1.11) o~ 211
/ $(112) o 5212
/S:(Zlyl,i%) $(2,1,3)
K
(a)
J
I=1 =
S (13,1 Si(t3) $(2,3,1 $:(2:3)
82*132’ 7§2§2,3,2
sz(.1,3,3 5121 Sr(L2y - - ’Sz(.2,3,3 §2(2,2,1’S“(2’2)
- - 5222 S
32(0’0'3} o 1(211) I
[
5,(2,1,1)
$(2,.1,2)
$(2,1,3)
(b)
J
I=1 1=2
S5 S1(1.3) 52(2? S1(2,3)
SR $:(2.3.2)
039 sa28%"? 8% 52)?2,2;, s
T @22}

(©)

Figure 3. (&) The execution order of Figure 2. (b) The
iteration space dependence graph of Figure 2. (c) The
execution order after loop interchange of Figure 2.



Ly DOI=1,2

Lz DOK=1,3

St ALK, K)=B(I,K,K)+1

Ly DOJ=1,3

S:  C(,d,K)=A(-1,J-1,K)R
ENDDOJ

ENDDOK

ENDDOI

Figure 4. The result after loopJland L; are interchanged
in Figure 2.

Therefore, from the properties of direction vector, we
can see that, for the program segment in Figure, And

L are interchangeable if all the data dependence relations

are:

(1) Si(i,j) 3S.(i,j) wherei<iori=i,j<j;

(2) S(i,j,K) 3 S,(i,j K) wherei<iori=i,j<j,ksk;
(3) Su(i,j) 3 S:(ij k) wherei<iori=i,j<j,j<k;
(4) S(i,j,k) dSy(i,j) where i <iori=i,j<j,k<j;

After investigating the iteration spaces of these cases,

some properties are revealed. When | wé get Figure 5,

in which Rl(l) contams R?2), R1(2) contains R3), and so

on. Wheni=jj<j, and j< k we get Figure 6, in which
R.i(1) contains R(2), Rx(2) contains R(3), and so on.
Wheni=i, j<j, and k < jwe have Figure 7, where;)
contains R(2), R3|(2) contams R(1), and so forth. As for
the case of i =,ij < j, and k< k , the iteration space is
similar to that of perfect nested Ioop.

After loop interchange in imperfectly nested loop, the , *

dependences will preserve when:

(1) Statement Sor S in region R(i) depends on Sor S
in region R(i+1), as shown in Figure 8(a).

(2) Statement Sin region Ri(j-1) depends on ,j), as
shown in Figure 8(b).

(3) S(ij) depends on statement $ region Ri(j), as
shown in Figure 8(c).
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Figure 8. Example of legal data dependence relation in
imperfectly Ioop mterchange (a) The case for i. <(b)
The case for i=jij<j,andj<k.(c) The case fori=,ij
<j,and k<j

The inequality for imperfectly loop interchange is

[-(a,«‘+bi)+(ui-Ii-1)+(ai-bi)li-bi]
+[-(a™+by ") (up)+(@-by)]
+[-bk+(uk-lk)-bklk]
<bg-ag<
[(&"-b) " (u-li-1)+(@-bi)li-bi]
+[(&"+by7) (u-1)+(&-by)l]
+[bk_(uk'|k)'bk Ik]
[ |
Proof: By applying the maximum and minimum bounds
developed in the proof of Banerjeeinequality [4,5,17]
under the case of direction vector[{},the inequality can

be obtained.
[ ]

4. Experimental results

We implement the loop interchange scheme of ours and
Allen’s respectively using Sage++ and compare their
performance. In this experiment, five benchmarks:
LAPACK, VECTOR, PARALLEL and DMR are used.
Their applications and numbers of perfectly nested loops
are listed in Table 1 and Table 2 respectively. There are
totally 453 perfectly nested loops in these benchmarks.
Two-level nested loop is about 87.4% (396/453), three-
level nested loop is about 11.5% (52/453), four-level
nested loop is about 0.66% (3/453), and five-level nested
loop about 0.44% (2/453). The loop pairs we tested are
590 (396+52B+3[6+2(110) in total.

The experimental results are shown in Table 3. By our
method, there are 502 loop pairs able to be interchanged
and 88 loop pairs unable to be interchanged. In other hand,
there are 479 loop pairs able to be interchanged and 111
loop pairs unable to be interchanged using Adlenethod.

derived in Theorem 3. This inequality is also based onQur method finds 23 more loop pairs to be interchangeable.
Banerjee inequality, and is more exact than the directionThe improvement rate are 3.9 percents.

vector in compiler implementation.
Theorem 3: For the imperfectly nested loops shown in
Figure 1, wherg=l,, y=u.. Let § and $ be of this form

St A(f(i)) =
S:: =AQ(LJK) ) -
where f and g are linear functions of loop induction

variables.
i.e.,

fi.j)=ai+aj+a and
g(i,j,k)=bii+bjj+bk+bg

Then, loops k and Lz are interchangeable if the following

inequality holds:

Table 1. Applications of the benchmarks.

Benchmark Application
LAPACK Numerical Linear Algebra
VECTOR Testing the Ability of_AnaIysns on Vector
Compiler
Testing the Ability of Parallelization on
HARALLSE Software/Hardware System
DMR Testing the Time of Linear Algebra Operatjon
on IBM RS/6000-530 System
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