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Abstract. In this paper the problem of fault-tolerant message routing

in two-dimensional meshes, with each inner node having 4 neighbors,
is investigated. It is assumed that some nodes/links can be faulty, so it
is necessary to route messages, using local information at each step. A
new and efficient algorithm is proposed to solve this problem. This
algorithm is local and consists of pre-routing and routing stages. The
pre-routing algorithm is implemented off-line. The complexity of the
pre-routing stage is O(tN), where N is the number of nodes in the
system, and t is the number of faulty nodes. The complexity of the on-
line routing stage (the size of the routing table stored in the local
memory) is O(t). The pre-routing algorithm is performed only once,
after a new fault is detected. The algorithm allows 100% of deliverable
messages to be delivered in the presence of faulty nodes with no
deadlocks or lifelocks. No nodes are declared unsafe. The main idea is
to construct fault-free rectangular clusters during the pre-routing stage
and store the information about their boundaries in local memories. At
the routing stage the direction for sending a message at any node is
determined by a cluster to which the destination node belongs. The
algorithm is generalized on the case of multidimensional meshes.

Key Words. Fault-tolerant network computing, multiprocessors,
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1 Introduction

The problem of fault-tolerant message routing is of a great practical importance. It is
assumed that some of the nodes and/or links in the computer network can be faulty,
and it is necessary to find, if possible, a simple routing algorithm for message
transmission between non-faulty nodes. Due to the large number of nodes, the routing
algorithm must be local, i.e. that no central host is used for message routing.

The above problem was investigated by several authors (see e.g. [1-5]). The
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common drawback of the existing methods is that a message from a source to a target
node may not find its way, even if it exists. This means, that a large number of
potentially “unsafe” nodes, which are excluded from communication may be present
in the network. In this paper we propose a routing algorithm which does not require
declaring any fault-free nodes unsafe. If it is possible for a message to be delivered
from nodeS to nodeD, then the corresponding path will be found by the proposed
algorithm.

Suppose that we have a multiprocessor network, consistihgrafdes, each of
these (except the border ones) connectedntmedghbors. In this paper we first
analyze the case of two-dimensional meshes mith nodes, where each inner node
has 4 neighbors. The proposed methods are expanded to other regular structures, such
as two-dimensional torus and three-dimensional meshes.
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Fig. 1. An example of the 2-dimensional mesh with faulty nodes shaded

The maximal number of faulty nodes is denotedt.biynless specifically stated
otherwise, we will assume that only nodes (and not links) are faulty. In Section 5 we
discuss the case when links can be faulty. Each node can test its neighbors. We assume
that if a testing node is fault-free, it will receive the correct state of the node under test
(including the link between these nodes). Only catastrophical (permanent) faults are
investigated. An example of ax® network witht=5 faulty nodes is shown in Fig.1.
(Faulty nodes in Fig.1 and following Figs are 7shown in black.)

In Section 2 an overview of the existing methods for fault-tolerant routing in
meshes is given. Criteria for comparison between routing algorithms are introduced
and necessary requirements are formulated.

In Section 3 a new cluster algorithm for fault-tolerant message routing in 2-
dimensional meshes is described. The algorithm consists of the following steps:

- off-line pre-routing (at the end of this stage information is stored in the routing
table of each node. This information is used for message routing);

- on-line message routing during the normal work of the network. At this stage the
message routing algorithm has to decide:

1) whether the message will be sent;



2) if it will be sent, then what direction will be used for routing.

Section 4 is devoted to generalizations of the proposed algorithms. In particular, 2-
dimensional toruses and 3-dimensional meshes are analyzed. A more general fault
model, including dynamic faults and faulty links, is considered.

Experimental results are given in Section 5. The simulation results illustrate the
efficiency of the proposed algorithm for 2-dimensional meshes.

2 Overview of Existing Algorithms

Different approaches to the problem of constructing message routing algorithms in
networks containing faulty nodes are outlined below. They can be compared using
such criteria as:

1) reliability (the probability that message will not be delivered after sending or the
probability that a message to a reachable destination will not be sent);

2) dilation time - additional length of a message path compared with the shortest
possible path;

3) the number of necessary computations - related to 2);

4) amount of additional information stored in a message,;

5) amount of additional information stored in one node (size of the routing table);
6) length of the initial pre-routing stage;

7) the complexity of information update after new faults occur.

To be efficient, an algorithm has to be deadlock-free and lifelock-free. It means
that any message will be either delivered, or at least efficiently canceled. Cycles must
be avoided. It is essential for the case of many messages in the system [4,10].

All routing algorithms can be divided into exact and non-exact algorithms. For an
exact algorithm we can be sure that if a message is sent, it will reach the destination. A
non-exact algorithm can cancel a message. A simple example of such an algorithm is a
directional one - if a message can not be sent one step closer to destination, it will be
canceled.

Any non-exact algorithm can be transformed into an exact one, if during the pre-
routing stage messages with all possible sources and destinations are sent,
acknowledgments received and this global information stored in local memories. This
approach is time-consuming and depending on the algorithm, which is used at the pre-
routing stage for message transmission, there can be a situation when a message will
not be sent although in principle it can be delivered.

An example of the deadlock-free routing algorithm is NAFTA [2,3]. This
algorithm is based on the combination of North-Last and South-Last strategies and
allows deadlock-free routing without global knowledge. However, it introduces some
unsafe nodes. The number of these nodes can growd(&s for the worst
configuration of faulty nodes.

Another recent algorithm [6] uses the concept of faulty rings to route around
faulty nodes. Its main drawback is severe restrictions on fault locations - it is
prohibited to have faulty nodes both to ®euthandNorth, or to theEastandWest



from a fault-free node.

The main idea of the proposed cluster algorithm consists of the construction of
fault-free clusters (rectangles) at the off-line pre-routing stage. Within fault-free
rectangles a simple deadlock-free algorithm can be used for message transfers. A
cluster connectivity graph is also formed at the pre-routing stage to be used for
routing. For each message being sent, first a path in the cluster terms is determined,
and then the message is sent to the corresponding adjacent cluster. This will minimize
the computational complexity at the routing stage, at the price of additional work at
the pre-routing stage. The pre-routing algorithm is performed only once after new
faults are detected. The size of a local memory, needed to store the routing
information, will decrease from the number of notle® the number of clustefs =
O(t), wheret is the number of faults.

The proposed algorithm allows to achieve an efficient routing in the presence of a
large number of faults. In particular, it is scaleable - we can inchaseepingt/N
constant. As opposed to the approaches presented in [2,3], the proposed algorithm
does not require that some fault-free nodes be declared “unsafe” and excluded from
the system.

3 Adaptive Routing Using Fault-Free Clusters

At the off-line pre-routingstage, the following operations have to be implemented:
1) Cluster formation.

2) The boundaries of all clusters (fault-free rectangles) are broadcasted to all
reachable fault-free nodes. In each of these nodes a list of all reachable clusters is
constructed. If several clusters are identical, only one of them remains in the list.

3) For each cluster, adjacent clusters are determined.

4) A cluster connectivity graph is formed and the shortest path problem for this graph
is solved. As the result at this stage, routing tables are constructed and stored in local
memories. (Contents of these tables will be different for different nodes.)

At the routing stage for each message it is determined, whether the destination
node is reachable, and if it is, to which cluster it belongs. After this the routing table is
used to find the next cluster on the path to the destination cluster.

3.1 Cluster Formation

The main concept, used in the proposed algorithm, is the concept of a cluster. Only
rectangular clusters are considered in this paper, to minimize the memory required to
store information about them.

Definition 1. A cluster is defined as a rectangular area in the mesh, free from faulty
nodes and faulty links.

Each cluster is formed by the expansion first inxttieen in they direction starting
with one fault-free “basic” node. The following nodes are selected as basic ones, if



they are fault-free:
- nodes to th&lorth, West, Eastrom the corresponding faulty nodes,

- South-Westorner node of the mesh, with the coordinates (1,1) (or any one node for
the toroid structure).
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Fig. 2. Basic node selection and message routing during cluster formation

Basic nodes](,2,...,10 for the example of Fig.1 are presented in Fig.2. In this case
we haveNB=11 basic nodes and=10 clusters (two basic nodes generate the same
cluster).

To construct a cluster, the,{)-expansion algorithm (first - expansion along the
row, then - along the column), beginning from the basic nodes, is used. (The example
of cluster formation for basic nodd with coordinates (4,6) is represented in Fig.2).
Clusters can intersect. If a node is faulty, all messages from this node will be ignored
by the fault-free nodes.

Let us analyze the process of cluster formation in detail, taking basiclBadéh
coordinates (4,6) as an example (see Fig.2). At the first stage, two messages are sent
EastandWest until they come to the edges of the mdshsf node (6,6) andVest
node (1,6)). They then return back, bringlef _edgeandright edgeparameters (1
and 6) to the basic nod®. At the second stage, two messages are sent from the basic
node of the rectangle under construction one more time, one traveling to the top,
another to the bottom of the network. The second message, for example, will travel the
following path: Eastto theright_edge one node to th8outh Westto theleft_edge
one node to th&outh etc., until a fault or an edge of the mesh is reached. After this
the message travels back to the basic node. On the forward path the coordinates of the
basic node,left_edge and right_edge are transmitted, at the backtracking step
top_edgss sent to the basic node. When btith_edgeandbottom_edg@arameters
are received by the basic node, the cluster is constructed. (For the above example
top_edge = bottom_edg6. The constructed cluster is shown at Fig.2 by the dot line)

The maximal complexity in hops of this stage is of the otferbut the cluster



formation can be implemented in parallel by a local algorithm, reducing the time
complexity for this stage. We note that at the cluster formation stage each node from a
row containing a basic node, receives not more than 4 messages, and all other nodes -
not more than 2.

It is worth mentioning also that the process of cluster formation for several basic
nodes can result in the same cluster. In this case only one cluster remains in list. This
elimination is done at the next stage, during the cluster list formation. To reduce the
number of generated clusters the following rule is used during cluster formation - if to
the Westof the given basic node there is another basic node, the process of cluster
formation is aborted.

For the above example the following 10 different clusters will be constructed:
[1]=(1.6,11); [2=(1312); [3]=(56,13); [4=(12106); [5=(563.3);

[6] =(4,4,3,4); [7]=(6,6,1,6); B]=(1,3,56); [9]=(5,6,5,6);[10=(1,6,6,6).

Here &1, %, V1, ¥») are boundaries of a clusteg£x,, y1<y,). The total number of
nodes in a cluster is£x;+1)x(y>-y1+1). Cluster {] is generated by the basic nade

If the number of fault$ is greater than, then one can select as basic all fault-free
nodes from the first column and to tBastfrom the faulty nodes. Also in this case it
is advantageous to modify the process of cluster construction. Clusters are constructed
in two steps. At the first step for each fault-free node the distances to the closest faulty
node (or to the edge of the mesh) toNweth and to theSouthare determined. At the
second step, for each basic node omgxpansion is made and minimal distances of
the included nodes are used to determine north and south boundaries of the
constructed cluster. In this case complexities of cluster formation and cluster
broadcasting stages are decreasing (see Section 2.2).

Since the number of cluste@ is important to estimate a complexity of the
algorithm, we will present below some upperbound€on

Theorem 1 For a 2-dimensionalr ¢r) mesh witht faulty nodes the number of
clusters is upperbounded by

C < min (3t+1, t+r, [ %/20). (1)

Proof. 1. Since each basic node corresponds to a cluster, and each cluster corresponds
to at least one basic node, we have from the definition of basic nddss3t+1.

2. All clusters can be classified by the corresponding basic nodes-ahisters,
which are formed by the basic nodes, which are t&tds/\Wesfrom the fault, ang-
clusters, formed byorth basic nodes and node (1,1). Ontglusters that do not
coincide withx-clusters are required. Let us suppose that therefatdt-free rows in
the mesh. Then the number of differgrtlusters is upperbounded hysince any two
basic nodes in a fault-free row will form the same cluster. If there is a fault either to
the Westor to theEastfrom a basic node, which is to therth from another faulty
node, then the correspondigecluster will be the same as one of thelusters. A
number of differenk-clusters, generated by the basic nodes in a rowtwidults is
upperbounded bt +1. Making a sum over all such rows, we recdimel. It means
that the total number of clusters is upperboundet-by



3. To prove the last part of the statement, it is sufficient to note that for each row
the number of differenk-clusters is upperbounded Hy /2] and for each two
adjacent rows - by.

We note that all three upper bounds of Theorem 1 are precise, i.e. it is possible to
construct fault patterns for each one of the bounds such that numbers of clusters for
these fault patterns are equal to the corresponding bounds in (1). Thus we have from
Theorem 1 for the compression r&éN for global information to be stored in local
memories

O(3t+1)/r?, t<r/2;
CIN< Otr?+ 1, r/2<t<r?/2; (2)
00.5 t>r?2.

Theorem 2 For a 2-dimensionak &r) mesh witht faulty nodes each fault-free node
of the mesh belongs to at least one and at tmdsof the clusters.

Proof. 1. Let us suppose that there exist fault-free node that do not belong to any
cluster. Consider a southmost such node. There are two cases - when it belongs to a
fault-free row and when it does not. In the second case either to the left or to the right
of the node (perhaps after some fault-free nodes) a basic node can be found. In the
first case it is either a bottom row, containing a fault-free node (which is covered by
basic node (1,1)), or a node ju&buthbelongs to a cluster, which can be expanded
one line to théNorth. This contradicts the original assumption.

2. To prove that the maximal number of clusters, to which a given Adadongs,
is upperbounded hiy-1 recursion by can be used. Let us assume that this statement is
valid for t=k and prove it fort=k+1. An arbitrary faulty nod@& can be considered
“additional” (k+1)-th faulty node. For each faulty node, clusters containing nodes to
the Eastand Westfrom this faulty node, can not intersect, the same is true for the
North/Southnodes. It means that nodébelongs to at most two clusters, generated by
fault B. However, ifA belongs to two such clusters, then if n@lis non-faulty, nodes
A and B belong to the same cluster, now deleted. So the total number of clusters,
intersecting at one node, is upperboundedky -1+2=t+1. If t<r-1, this bound can
not be improved, as it is clear from the example given at Fig.3, whérand node
(1,1) belongs to 5 clusters. (For this cd$e36,r=6, C=10).
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Fig. 3. The configuration of faulty nodes such that a fault-free node (1,1) belotigk=®
clusters

We note also that if several faults can be grouped in one rectangle, then the
number of basic nodes and the number of clusters can be reduced. Namely, intstead of
in the formulation of the Theorems 1 and 2 the numbeaf disjoint rectangles,
covering faulty nodes, may be used. Also, the basic nodes in this case can be selected
in the following way: for each faulty rectangle, 3 basic nodes are generated - the
southmost of theEast and West of faulty nodes in the faulty rectangle and the
westmost of théNorth nodes (if these nodes are fault-free). So, the total number of
basic nodes is upperbounded k#3. (An example is given at Fig. 2 where faults
(3,3) and (3,4) form the rectangle, so instead of 2 basic nodes - (2,3) and (2,4) - only
node (2,3) is sufficient.)

3.2 Broadcasting of Clusters Boundaries in 2-Dimensional Meshes with Faulty
Nodes

After cluster formation each basic node has an information about the boundaries of the
corresponding cluster generated by this node. This information must be transmitted to
other nodes to form a cluster list, which will be stored in all nodes (local memory of
sizeO(t) will be required for this). To this purpose the following simple broadcasting
algorithm is used.

Let us assume that a messag@eeds to be transmitted from the basic nSde
all other reachable nodes. To do this, each node must perform the following
procedure: when it receivéd, it checks, whether this information is already stored at
the local memory, if yes, nothing is done. If the received information is new, message
M is transmitted to the 3 other directions (excluding faulty nodes). In such a way, each
node can generate not more than 3 messages (any basic node can have maximum 3
non-faulty neighbors).

We note that the total number of messages for broadcasting from one basic node to
all nodes is upperbounded biM.ZEach node receives not more than 4 messages.



At the cluster list formation process each basic node generate a message,
containing its coordinates and 4 numbers, defining the rectangle borders — altogether 6
log,r bits. To minimize the total number of messages, one additional improvement is
used - each time when a new message is received, it is checked, whether information
exist in the local memory about another cluster with the same borders. In this case
only the cluster with the minimal basic node is left in the list; if it is a new one, the
message will be transmitted to the neighbors.

This “storing forward” broadcasting can be implemented efficiently and without
deadlocks if at the broadcasting stage of the pre-routing procedure we allocate in each
one of the local memories for every source (basic node) a block of kger 6Since
by Theorem 1 a number of basic nodes is upperboundet+by 3+1 blocks will be
sufficient.

It is well known that storing forward broadcasting may be very inefficient but in
our case this approach will be sufficient for the following reasons:

1. This broadcasting is implemented off-line and only when a new fault in the system
is detected.

2. Each source sends a single message.

3. These messages are shotb(fr information bits).

4. A number of sources are small (at mdstLl3or at most+r).

We note that for the described procedure some clusters can be completely covered
by a union of other clusters. In general, such clusters can be removed from the list but
this cluster reduction is difficult to implement (the covering problem is NP-hard [14]).

3.3 Cluster Connectivity Graphs

At the next step in each node the same cluster connectivity graph is formed and the
shortest path problem for this graph is solved, using a well-known algorithm for a
weighted shortest path in a non-oriented graph, (see e.g. [15]). This procedure is
implemented independently in each node, using a shortest distance (in links) from this
node to a destination as a weight. The computational complexity of this procedure is
O(t*), no hops are required.

The cluster connectivity graph for the above example is shown at Fig.4.

The whole graph does not need to be stored. All that is needed to be stored in each
node the name of the next cluster for the shortest path, the distance from the node to
the cluster and the coordinates of the closest node in this cluster, called entry node -
arraysNC, D andK are used for this purpose, wh&\€(i) is the number of the next
cluster, if f] is a destination clusteB)(i) - distance (in links) from the source to the
cluster [] (D(i) = 0 if a node under consideration belongs to clusferq(i) - closest
to the source node from clustér (entry node).
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Fig.4. The cluster connectivity graph for the mesh of Fig.1

To construct these arrays, a modified search in breadth is used. We use 2 node lists
- openand close Initially first list includes all clusters that contain the node under
consideration, and the second one is empty. During each step the cluster is selected
from open which has a minimal distance from the source node (minirBi)).
Selected clusteis moved toclose and all new clusters, adjacent to it, are added to
open If cluster k] is moved and clusteny] added, therNC(y) is set adNC(x), if
NC(x)Z 0, otherwiseNC(y)=x. Also if cluster J] is adjacent to)¥] and belongs to the
openalready, it is checked whether a new distance (via clugdefr¢m the source to
[y] is less than the existing one; if yes, then valud3(gf and K(y) are modified.
New value oD(y) is calculated aB(x)+R, whereR is the distance between nodes
K(x) andK(y), K(y) is the nearest tK(x) node in clustenj. In a similar way arrayp
and K are constructed. If a source nodeb( belongs to the clusteri][ then
NC(i)=D(i)=0, K(i)=(a,b). The process always begins from the clusieithat has
D()=0 (there can be several such clusters that contain the initial node under
consideration).
To illustrate the above algorithm, let us consider a node (5,3) at Fig. 2. After a pre-
routing stage, it has the following information stored in the local memory:
(1) arrayB [16,6] (t=5), containing the information about the basic nodes and the
borders of the corresponding clusters
B[1]=(1,1,16,1,1); B[2=(3,21,3,1,2); B[3]=(525,61,2);
B[4]=(231216); BI[5=(4356,33); BI[6]=(444434);
B[7]=(6,4,6,6,1,6); B[8 =(3,5,1,3,5,6); B [9] = (5,55,6,5,6);
B[1Q] = (4,6,1,6,6,6); B[11] = (0,0,0,0,0,0); ...
whereB[i]= (i, iy, X1, X, Y1, Y2), ix, Iy are coordinates of the basic nage, x and y;,
y, arex andy coordinates for boundaries of the cluster [
(2) arrayNC [16] (only first 10 values will be used)
NC(1)=1, NC(2)=1, NC(3)=0, NC(4)= 1,NC(5)=0,
NC(6)= 6, NC(7)=7, NC(8)=7, NC(9)=7,NC(10)=7,
(3) arrayD [16] (only first 10 values will be used)
D(1)= 2, D(2)=4, D(3)=0, D(4)=5, D(5)=0,
D(6)=1, D(7)=1, D(8)=7, D(9)=3, D(10)=4,
(4) array K [16] (only first 10 values will be used)
K(1)=(5.1), K(2)=(3,1), K(3)=(5.1), K(4)=(2,1),K(5)= (5.1),
K(6)= (4,3), K(7)=(6,3), K(8)=(3,6), K(9)= (6,5),K(10)= (6,6),



The node (5,3) belongs to the clusté&8kgnd p]. These two clusters correspond
to the first two opened nodes for the process of the cluster connectivity graph
construction.

3.4 On-Line Routing Stage

At the routing stage for each message a destination cluster is found from the list of
clusters stored in the local memory. To avoid additional calculations, the name
(coordinates of the basic node that was used for cluster construction) of this cluster
can be sent with a message, rather than be recalculated in each subsequent cluster. If a
message has to be sent fr@to D, whereS belongs to clusteru] andD to cluster

[w], thenNC(w) is retrieved from the routing table, stored in the local memorg for

and the message is sent to clusi#grNC(w). A restriction iSNC(u)xNC(v)=0, so the
message travels via nodes which belong eitheutoof to [v]. This procedure is
implemented untiNC(v)=0, which means that the next cluster has been reached. After
coming to the next cluster, the process is repeated. No backtracking can happen at the
routing stage.

An example of routing based on the cluster algorithm for the network of Fig.1 is
given at Fig. 5. A cluster, generated by the basic rdis shown. Also a path
between nodeS=(5,3) andD=(3,5) is given. This path includes clustes§ [7], [10]
and B]. Another possible path includes clustedk [1], [4], [8].

- Hy------ P

/ ) N & <
O C —O¢ <

N
( !
! |
! 1
\\1__ _______________ Lo —__L__| J

6
5

y
O C O
N

4 @ C 4 O 4

\

!

|

I

|

I

|

I

|

I

|

T

I

L

I

|
N7l

4 P15 1 A
30— O—@——O——O—=O !
\ I /
N R
2 3
7 O C O L 4 O——0
|
7 |
| O—O0—O0—O0—0—+0
1 2 3 4 5 6

Fig. 5. Message routing using cluster algorithm

A long message can be divided into flits, according to the wormhole routing strategy.
To simplify the routing procedure, each node keeps in the local memory the name of
the next node for several last flits. For the each new flit it is checked, whether this
information is already available.



3.5 Deadlock Elimination

Now let us consider the deadlock/lifelock problem for the proposed cluster algorithm.
The problem of deadlock elimination consists of 2 parts - deadlock elimination for the
routing stage and deadlock elimination for the pre-routing stage.

For pre-routing stage the number of messages that can be received by each node is
restricted. It means that if the local memory is large enough, no deadlocks will occur,
since stored-forward approach is in use. In fact, a local memory of th®@)zeill
suffice, since by Theorem 1 and Theorem 2, each node receives not more thah 2(3
at the cluster formation stage (see Section 3.1) and not more theh)4{®ssages at
the cluster broadcasting stage (see Section 3.2).

Since there are no faults inside a cluster, we can use any deadlock-free algorithm
developed for fault-free networks, with virtual channels to eliminate deadlocks [4] for
message routing inside clusters. To simplify the following consideration, we assume
thatx-y algorithm is used for fault-free routing.

The message must be transferred between clusters, either by vertical, or by
horizontal link. In the first case this edge can be added to the prewiopath, in the
second case — to the next one. At most 2 additional virtual channels may be required
for nodes at the boundaries of clusters to break cycles in channel dependency graph
[4] and avoid deadlocks. These channels are used when it is necessary to change the
message direction fromto x direction (it is be done only in nodes, where message
goes from one cluster to another).

To show that the developed algorithm is lifelock-free, it is sufficient to note that
the length of any message path at the pre-routing and routing stages is upperbounded
by the total number of nodés=r2

Hence, the cluster algorithm is deadlock-free and lifelock-free.

3.6 Multiple Entry Nodes for Clusters

One of the important criteria for algorithm evaluation is dilation time - the difference
between the length of the routing path constructed by the developed algorithm and the
shortest path (in the presence of faulty nodes). As it is shown at Fig.6, it can be greater
than zero for the proposed algorithm (path between 18qé,1) andD=(2,3) is
considered in this case). Shortest path contains 6 links, while for the proposed cluster
algorithm this number is 7.

To decrease the dilation, not one, but several entry nodes can be stored for each
cluster. For the proposed example, the destination cluster has two entry nodes - (1,3),
with distance 5 from the source, and (6,3), with distance 4 from the source.
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Fig. 6. Example of non-zero dilation time

Theorem 3 If one entry point is used for every cluster, then the dilation time is equal
to zero for each path containing not more than 2 clusters. If two entry points are used
for each cluster, then the dilation time is equal to zero for each path containing not
more than 3 clusters.

The proof of this Theorem follows immediately from the definitions of a cluster
and an entry point.

With an increase in the number of entry polgthe dilation time is decreasing but
the size of the routing table is increasing proportionkl to

The proposed cluster algorithm can be generalized to the case when both faulty
nodes and faulty links may be present. To allow a problem-free message delivering
inside a cluster, the process of cluster formation (see Section 3.1) has to be modified
in this case. The first stepx-éxpansion) remains the same, but yegxpansion all
vertical links must be checked. It results in an increase in the number of hops for
cluster construction by about a factor of 2. Another change is that the procedure for
constructing all neighbors of a given cluster is more complex. In this case if two
clusters do not have common nodes, but have adjacent nodes, all links between such
nodes must be checked. Since appropriate information must be broadcasted before
construction of the cluster connectivity graph, another broadcasting stage with the
same complexity as the one described in Section 3.2 is added to the developed
algorithm.

If a new fault is detected, the routing tables in all nodes must be updated. Since the
list of the clusters is the same in all reachable nodes, a fault-free node adjacent to a
new faulty node, which will become basic, will be able to calculate the boundaries of
all new clusters and broadcast this information throughout the system. We note that
only clusters, containing a new fault, will be affected.



4 Algorithm Extension to the Multidimensional Case

Up to now, only 2-dimensional meshes were analyzed. The developed algorithm can
be, however, extended to other network architectures, including toruses and 3-
dimensional meshes.

First, let us analyze 2-dimensional torus, where each node has 4 neighbors. In this
case some clusters can also be toroids, that can be represented by setting the
corresponding border values to zero. Several minor changes must be made in the
procedure for cluster construction. Instead of checking for a boundary node, in this
case we check whether the next node already belongs to the cluster under construction.

For a 2-dimensional torus, it is sufficient to select only two basic nodes for each
fault at the cluster construction stage (for example, ta\ibith and Westfrom the
fault).

Theorem 4 Fort>1, a total number of cluste@for a toroidal 2-dimensional mesh is
upperbounded by the min t(2+#/20) (1%20) and the maximal number of clusters
containing the same fault-free node is upperboundedy

The proof of this theorem is similar to the proofs of Theorems 1 and 2.

For the 3-dimensional case, parallelepipeds will be used as clusters instead of
rectangles. So, the procedure of cluster formation will be more complex- it will have
three stages - expamgdexpandy, expandz - instead of X,y)-expansion, described in
Section 3.1. Similar modifications have to be made to the algorithm, used to send
messages inside a cluster. In this case the total number of clostand number of
clusters containing the same fault-free node are upperbounded byt 52+2
correspondingly.

The most general theoretical modehidimenstional mesh, witim closed andh-m
opened dimensions. The proposed algorithm can be generalized for this model. In
practice, the particular case of hypercube architecture is worth mentioned. For this
architecture the total number of nodés2".

5 Experimental Results

In this section some results of the experimental investigation of the cluster algorithm
are given. All experiments were conducted for 2-dimensional meshes.

First, we analyze the process of cluster formation. Results of the experiments are
given in Table 1, whereis the size of the mesh; the number of faulty nodeBN -
the number of different basic nodé&s,- the number of different clusterkC - the
maximum number of clusters intersecting at one nddd, - the number of
unreachable nodes. (All experiments are repeated 100 times and the average values
are presented.)

Table 1 The results of cluster formation experiment.

r|t|BN|C|IC|NU|




8 1 3.62 3.49 2.00 0

8 2 5.98 5.57 2.74 0.02
8 3 8.35 7.43 3.52 0.10
8 4 10.45 8.87 3.87 0.15
8 5 12.57 10.15 4.14 0.37
8 6 14.66 11.38 4.28 0.52
8 7 16.64 12.42 4.47 0.87
8 8 18.52 13.21 4.65 1.16
16 1 3.80 3.67 2.00 0

16 2 6.13 571 2.73 0.01
16 3 8.68 7.95 3.55 0.03
16 4 11.06 10.06 3.91 0.04
16 5 13.20 11.12 4.15 0.11
16 6 15.04 12.25 4.31 0.19
16 8 19.25 15.17 4.65 0.34
16 12 25.87 19.22 5.09 1.25

In the second part of the simulation the efficiency of the resulting routing is
analyzed. For randomly generated messages, the following parameters are edtimated:
- the average length of a message path (in clusters)the average length of a
message path (in nodek),, - the length of the shortest path (in nodésy, L-L i, -
dilation time.

Table 2 The results of routing experiments.

r t I L L min o

8 1 1.6 4.10| 4.10 0
8 2 1.9 442 4.42 0
8 3 2.3 4.83| 4.83 0
8 4 2.5 5.13| 5.07 0.05
8 5 2.7 532 5.21 0.1
8 6 2.9 5.65| 5.53 0.1
8 7 2.9 6.24| 5.95 0.3
16 1 1.7 8.42| 8.42 0
16 4 2.5 8.74| 8.74 0
16 8 3.2 9.26| 9.17 0.1
16 12 3.4 | 10.78§ 10.47 0.3

It follows from Table 2 that the proposed cluster algorithm provides the lengths of
message paths very close to the shortest ones and the dilation time grows very slowly
with t.

To compare the experimental results with the theoretical estimations, in Fig. 7 the



graphC(t) for r=8 andr=16 is shown. In the same graph theoretical upperbounds from
Theorem 1 is given.

Fig.7 shows that average numbers of clusteere considerably smaller than the
upperbounds given by Theorem 1 and the difference is increasing with an increase of
a number of faults. Also it follows from Table 1 that almost all fault-free nodes are
reachable with the proposed cluster algorithm.
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Fig. 7. Estimations on a number of clust&() for r=8 andr=16 (experimental results are
shown as dots).

5. Conclusions

A new adaptive algorithm for fault-tolerant deadlock-free and lifelock-free routing in
two-dimensional meshes is proposed. This algorithm is local and consists of pre-
routing and routing stages. The complexity of the off-line pre-routing staQ@Ns,
whereN is the number of nodes in the system, tisdhe number of faulty nodes.

The complexity of the on-line routing stage (the size of the routing table stored in
the local memory) i©(t). The pre-routing algorithm is performed only once, after a
new fault is detected. The algorithm allows 100% of deliverable messages to be



delivered in the presence of faulty nodes with no deadlocks or lifelocks. No nodes are
declared unsafe. The further advantage of this algorithm is in its scaleability - it works

for

large numbers of faults and large numbers of nodes. The algorithm was expanded

to toroid networks and 3-dimensional meshes.
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