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Abstract. We derive cost formulae for three di�erent parallelisation
techniques for training supervised networks. These formulae are param-
eterised by properties of the target computer architecture. It is therefore
possible to decide the best match between parallel computer and train-
ing technique. One technique, exemplar parallelism, is far superior for
almost all parallel computer architectures. Formulae also take into ac-
count optimal batch learning as the overall training approach.

1 Introduction

Neural network learning is expensive, and hence a natural application for par-
allelism [1, 2, 8]. Almost all of these papers demonstrate that speedup can be
achieved, although it is often disappointing when compared to the resources
used. In this paper we answer a much more interesting question: given a range
of parallel computers, and a set of parallelisation strategies for training, which
combination delivers the best performance? Knowing the answer makes it possi-
ble to match parallelisation strategy to architectures, but also makes it possible
to match architecture choice and number of processors to the particular prob-
lem domain of interest. One technique, exemplar parallelism, is much superior
to all of the others over almost all hardware con�gurations and all but the small-
est training data set sizes. Thus there is little point investigating more esoteric
parallelisation strategies. We derive these results using the Bulk Synchronous
Parallelism (BSP) cost model, which is both simple and accurate on real parallel
computers. Although derived for a particular computation model, these results
are generally applicable.

Section 2 describes the properties of BSP and its cost model. Section 3 de-
scribes the parallelisation strategies that are investigated. Section 4 derives the
costs of training for each of these parallelisation strategies. Section 5 reviews
the training performance improvements possible by the use of batch learning.
Section 6 combines these performance results to give cost formulae from which
optimal strategies can be derived for individual architectures.

2 Bulk Synchronous Parallelism

Bulk Synchronous Parallelism (BSP) is a parallel computation model that facil-
itates the development and analysis of general-purpose parallel software [5, 9]. A



BSP abstract machine is very simple: it is a set of processor-memory pairs, linked
by some interconnection network. This abstraction can be easily implemented
by any MIMD machine. BSP programs consist of sequences of supersteps. Su-
persteps specify the actions of every processor in the architecture, that is they
are global actions that �ll the entire computer. Each superstep consists of three
sequential phases: computation in each processor, using only values in its local
memory; communication between processors; and a barrier synchronisation, after
which communicated values become visible in the local memories of the proces-
sors to which they were transferred. This structure separates data transfer from
synchronisation and makes it impossible to write programs that deadlock. The
current best implementation of the BSP model is BSPLib, a library callable from
C and Fortran [3].

The cost of a BSP superstep can be straightforwardly computed from the
program text and two architecture-speci�c parameters. The �rst of these pa-
rameters, g, measures the permeability of the parallel machine to uniformly-
random tra�c [9], in units of 
ops per transmitted word. The second parameter,
l, measures the average time required for a barrier synchronisation, in units of

ops.

The cost of a BSP superstep is the sum of the cost of each phase:

MAX
processes

ci + MAX
processes

hi g + l (1)

where, for processor i, ci is the number of 
oating point instructions performed
during the local computation phase, and hi is the number of words sent or
received. The cost of the program is the sum of the cost of each superstep.

The BSP cost model has been shown to be highly accurate for estimating
the execution times of real-world parallel applications { typically within a few
percent of the actual value [5].

3 Parallelisation Strategies

Di�erent parallelisation strategies for neural networks can be categorised in
terms of their granularity. We consider three levels of parallelism:

Exemplar Parallelism (EP). The data set is partitioned among each of the
processors in the parallel computer. Each processor receives an identical copy of
the initial neural network, and calculates the error gradients for its exemplars
(in the standard sequential fashion). At the end of an epoch, a total exchange
of gradient estimates takes place (hence this technique is deterministic. Each
processor then updates its weights, leaving every processor with an identical
copy of the network. In e�ect, each network is in the state that it would have
been in if it had trained on the entire data set.

Block Parallelism (BP). The neural network is divided into blocks of adjacent
neurons and each is allocated to a processor. For simplicity, we assume that
these blocks are non-overlapping and rectangular, with depth x and width y.



This approach to parallelisation attempts to take advantage of the locality that
exists between adjacent neurons.

Neuron Parallelism (NP). Every neuron is treated as a parallel process. No
attempt is made to exploit the locality between neurons { they are randomly
allocated to processors.

There are two other levels of neural parallelism that have been considered:
training-session parallelism, and weight parallelism. The results here imply that
neither extreme is attractive.

4 Cost Analysis using BSP

The neural network that will be considered in these cost analyses is the cross-
entropy multi-layer perceptron. Despite the use of a speci�c network, the results
apply to a wide range of supervised neural network algorithms. Detailed deriva-
tion of these cost formulae can be found in [6].

We assume that the neural network consists of L layers with M neurons
per layer, with each layer fully connected to the neurons in the preceding and
succeeding layers. The total number of neurons is LM , and the total number of
weights is W = LM2. The rectangular structure of this hypothetical network is
a superset of all other regular network topologies. We assume N exemplars in
the training set, and W adjustable weights.

Training the network for a single epoch requires evaluating the network func-
tion and calculating the error gradient for each exemplar, and updating every
weight at the end of the epoch. All three phases require a constant number of
computations per weight, so the computation cost of training for an epoch is:

CE = ANW (2)

and A is determined empirically. Note that this cost is independent of the net-
work topology, except as it a�ects the number of weights.

Exemplar Parallelism Cost Analysis. The cost of network training is re-
duced by partitioning the data set across the processors. Each processor receives
N=p examples, where p is the number of processors.

Two supersteps are required. The �rst computes the weight adjustments for
each processor and distributes them globally, while the second combines the
adjustments received from each processor and updates the network weights. The
computational cost of the �rst superstep is is AN

p
W from Equation (2). Once

each processor has derived the error gradients using its local data set, these
results are exchanged globally. The cost of the communication phase of this
superstep is (p� 1)Wg.

The second superstep involves combining the W gradient estimates received
by each processor to update the network weights. The computational cost of
combining these estimates is (p�1)W . No communication needs to be performed
during this superstep.



The total cost of exemplar parallelism for each epoch is:

CEP =

�
ANW

p
+ (p� 1)W

�
+ [(p� 1)W ] g + 2l (3)

Block Parallelism Cost Analysis. The network is partitioned into non-
overlapping rectangular blocks of neurons which are distributed to each of the
processors of the parallel computer. Clearly xyp = LM . The total number of
steps required to process a data set of N exemplars is (N � 1) + 2(L

x
� 1),

because of pipelining. Each of these steps will be called a big superstep.
The cost of the computation phase of each big superstep is simply the forward

and backward propagation costs for each of the xy neurons in the block. Thus,
the cost of computation is Axy, which can be rearranged, using the equality
xyp =W , to AW=p. The cost of communication comes from sending the outputs
of the �rst and last layer in the block to the processors containing adjacent layers.
Thus, 2y values are sent to theM=y processors in the two adjacent columns. The
cost of the communication phase for each big superstep is therefore 2yM=y.

However, if each block spans multiple network layers (x > 1), additional
communication is needed between distinct processors containing neurons from
the same layer. Because each processor only contains y neurons from each layer,
the other M � y values are required. This additional set of communications
is called a small superstep. Because there are x layers in each block, (x � 1)
small supersteps are required for each big superstep. The communication cost
for small supersteps is therefore (M�y)(x�1). The complete BSP cost for block
parallelism is:

CBP = (N � 1) + 2(
L

x
� 1)

�
AW

p
+ (2M + (M � y)(x� 1))g + xl

�
(4)

Clearly, block parallelism can be made more e�cient by reducing the num-
ber of small supersteps. If each processor is assigned an entire layer, the small
supersteps can be eliminated. This is known as layer parallelism. The BSP cost
reduces to:

CLP = (N � 1) + 2(L� 1)

�
AW

p
+ 2Mg + l

�
(5)

Neuron Parallelism Cost Analysis. An equal number of neurons, ML=p,
is assigned to each processor. Neuron parallelism performs (N � 1) + 2(L � 1)
supersteps per epoch.

The computation cost is distributed evenly among the processors in the par-

allel machine so that each performs ML
p

th
of the total computations. The total

cost of the local computation phase for each superstep is AW=p.
The cost of the communication phase is greater for neuron parallelism than

for block parallelism because of the absence of locality. In the worst case, a
neuron must transmit its output to all p processors. The cost of communication
is therefore 2M . Because this cost is shared by all of the ML=p neurons in each



processor, the total communication cost for each superstep is 2M2L=p. The BSP
cost of neuron parallelism is:

CNP = (N � 1) + 2(L� 1)

�
AW

p
+

2WL

p
g + l

�
(6)

EP LP NP

total computation N
p
AW N AW

p
N AW

p

total communication W (p� 1)g N2Mg N 2W
p
g

total synchronisation 2l Nl Nl

Table 1. Parallel implementation costs per epoch.

Comparison of Parallelisation Strategies. There are some practical con-
straints on the range of values of the BSP parameters, which simpli�es com-
parisons. For example, because processors are a �nite and expensive resource,
the number of processors is typically small relative to the size of the network,
in particular p � ML. An additional constraint is the size of the network in
relation to the number of data examples. As a rule of thumb, the size of the
data set should be proportionally greater than the number of weights by some
constant factor � [4, p. 179],

N �
W

�
(7)

where � is inversely proportional to the desired accuracy of the network. There-
fore, the number of examples N is likely to be considerably larger than the
number of weights, especially for data mining applications. Simpli�ed costs are
compared in Table 1.

The main di�erence between the three parallelisation strategies is the amount
of communication required and the number of barrier synchronisations per-
formed. The superiority of layer parallelism over neuron parallelism is apparent.
For layer and exemplar parallelism, it is not so obvious which technique is supe-
rior. Exemplar parallelism performs less communication than layer parallelism
if N > 1

2
ML(p� 1). Rule of thumb (7) suggests that this is usually true. There-

fore, exemplar parallelism is the optimal technique for parallelising training in
supervised neural networks.

Figure 1 shows the predicted parallel implementation costs of a supervised
neural network using the three methods of parallelisation as a function of N .
These results are for a neural network with 16 layers of 32 neurons, on a 16-
processor Cray T3E parallel computer with g = 1:7 and l = 751. The constant
A is assumed to be 6. For the purpose of comparison, an unrealistically large
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(a) Predicted total costs.
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(b) Predicted communication costs.

Fig. 1. Comparison of predicted costs for exemplar, layer and neuron parallelism. Solid
line { exemplar parallelism, dashed line { layer parallelism, dotted line { neuron par-
allelism.

number of layers is used in this example. Even so, exemplar parallelism is better
than layer parallelism for modest numbers of examples. Figure 1 also compares
the communication costs of the three parallelisation strategies. It is clear that,
even for a very small number of examples and a very large network, the cost
of communication for layer parallelism quickly outgrows the communication re-
quired by exemplar parallelism.

5 Batch Learning

A neural network algorithm that uses every example to compute the gradient
(deterministic learning) reaches the best available approximation of the true er-
ror gradient. Batch learning compromises the accuracy of the gradient estimate
to achieve greater speed of convergence. The training data set is partitioned into
disjoint, equal-sized batches. The network updates its weights only after evalu-
ating the gradient for all the exemplars in a batch. The gradient for a batch can
be viewed as a noisy estimate of the deterministic gradient. If the noise term
is su�ciently small, the batch delta weights are close to the deterministic delta
weights, and the network is in almost the same state after training on the batch
as after training on the entire data set. Using smaller batches speeds convergence
as long as the batch gradient continues to approximate the deterministic gradi-
ent. Unless the database is completely redundant, there is eventually insu�cient
information in a small set of examples to accurately estimate the true gradient.
A tradeo� exists between the accuracy of the gradient estimate, and the number
of weight updates per epoch. Between the extremes of deterministic and stochas-
tic learning there is an optimal batch size that maximises the convergence speed
of the network.

The number of epochs required to train batch learning networks behaves as
shown in Figure 2. The curve is divided into two regions. For batch sizes from
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Fig. 2. Number of epochs required for convergence as a function of batch size.

B0 to N , the number of epochs required for convergence increases linearly with
the batch size. For batch sizes smaller than B0, the number of epochs required
for convergence is constant as B decreases. Details can be found in [7].

6 Using Parallelism and Batch Learning

For sequential computation, batch learning provides substantial performance
improvement. This is not so clear for a parallel implementation because the
multiple weight updates per epoch require additional communication and syn-
chronisation. Combining the batch learning network training results with the
BSP cost model results enables us to determine this de�nitively.

The BSP cost formulae need to be slightly altered to take batch learning
into account. Exemplar parallelism is the superior strategy for parallelising neu-
ral networks, so only this technique is considered. For batch learning using b
batches, b weight updates are performed each epoch, and the number of super-
steps increases by a factor of b.

The BSP cost of exemplar parallelism per epoch for batch learning neural
networks is:

Cbatch

EP = b

�
N

b

AW

p
+ (p� 1)Wg + 2l

�
(8)

and so the total cost for training for E epochs is

Ctotal

EP = E

�
NAW

p
+ b(p� 1)Wg + 2bl

�
(9)

Consider batch sizes in the range where number of epochs required for con-
vergence depends linearly on B. In this range, we can write E = c=b, for some
constant c. Applying this to (9), we get:

Ctotal

EP =
c

b

NAW

p
+ c(p� 1)Wg + 2cl (10)

The cost of communication and synchronisation are independent of the number
of batches. Thus, minimising the overall cost requires minimising the computa-
tion term. This happens when b is as large as possible, that is when the batch



0 50 100 150 200 250 300
0

1

2

3

4

5

6

7

8

9
x 10

8

Number of batches (weight updates/epoch)

B
S

P
 e

xe
cu

tio
n 

co
st

 (
flo

ps
)

Fig. 3. Breakdown of the BSP cost for training on the thyroid database using a 4-
processor IBM SP2. Solid line { total BSP cost of parallel implementation, dashed line
{ cost of computation, dot-dashed line { cost of communication, dotted line { cost of
synchronisation.

size, B, is as small as possible consistent with being in the appropriate range.
This occurs when B = B0 or b = b0 = N=B0.

When batch sizes are smaller than B0, the number of epochs required is
approximately constant. Thus the total cost is

Ctotal

EP = C

�
NAW

p
+ b(p� 1)Wg + 2bl

�
(11)

for some constant, C. Now the computation term is constant, but the commu-
nication and synchronisation costs increase with the number of batches (or with
decreasing batch size). Clearly this is minimised by choosing as few batches as
possible, that is once again choosing B = B0. The shape of this graph for a
real data set is shown in Figure 3 using the communication parameters of a
4-processor IBM SP2.

Note that p appears in the denominator of the computation term but linearly
in the communication term. Thus for small values of p and large (i.e. poor) values
of g, parallelism may not increase performance.

Although these performance formulae are expressed in terms of the BSP
architecture parameters, the conclusions do not change for other computational
frameworks. For example, implementing without barrier synchronisations is equiv-
alent to setting l = 0, which changes the absolute, but the not the relative,
performance of di�erent parallelisation techniques. The g parameter captures
a fundamental property of architectures rather than programming models, but
even for an idealised machine with g = 1 the relative performance results change
little { the crossover between exemplar parallelism and layer parallelism moves
to the right (but this is not practically interesting for networks with few layers).



7 Conclusions

We have constructed parallelised algorithms for training supervised networks in
the BSP style. From these algorithms, predicted execution costs based on archi-
tectural parameters have been derived. We conclude that exemplar parallelism
is the technique of choice for all architectures, and all but the smallest train-
ing data sets. We then derive formulae for training cost using both exemplar
parallelism and batch learning.

These results show that there is little to be gained by trying to exploit the
�ne-grained parallelism available in neural network computation, because to do
so requires too much extra communication. It also suggests constraints on spe-
cialised hardware if it is to provide any real increase in training performance.
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